


Texts in Applied Mathematics 20

Editors
Stuart Antman
Philip Holmes

K.R. Sreenivasan

Advisors
G. Iooss

P. Holmes
D. Barkley
M. Dellnitz

P. Newton

For further volumes:
http://www.springer.com/series/1214





Mark H. Holmes

Introduction to Perturbation
Methods

Second Edition

123



Mark H. Holmes
Department of Mathematical Sciences
Rensselaer Polytechnic Institute
110 8th Street
Troy, NY 12180-3590

ISSN 0939-2475
ISBN 978-1-4614-5476-2 ISBN 978-1-4614-5477-9 (eBook)
DOI 10.1007/978-1-4614-5477-9
Springer New York Heidelberg Dordrecht London

Library of Congress Control Number: 2012951042

Mathematics Subject Classification (2010): 34-XX , 34D15, 34Exx, 35-XX, 35B25, 35B27, 76-XX,
76M45, 41-XX, 41A60

© Springer Science+Business Media New York 2013
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection
with reviews or scholarly analysis or material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work. Duplication of
this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publisher’s location, in its current version, and permission for use must always be obtained from Springer.
Permissions for use may be obtained through RightsLink at the Copyright Clearance Center. Violations
are liable to prosecution under the respective Copyright Law.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.
While the advice and information in this book are believed to be true and accurate at the date of
publication, neither the authors nor the editors nor the publisher can accept any legal responsibility for
any errors or omissions that may be made. The publisher makes no warranty, express or implied, with
respect to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



To Colette, Matthew, and Marianna
A small family with big hearts





Preface

First, let me say hello and welcome to the subject of perturbation methods.
For those who may be unfamiliar with the topic, the title can be confus-
ing. The first time I became aware of this was during a family reunion when
someone asked what I did as a mathematician. This is not an easy question
to answer, but I started by describing how a certain segment of the applied
mathematics community was interested in problems that arise from physical
problems. Examples such as water waves, sound propagation, and the aero-
dynamics of airplanes were discussed. The difficulty of solving such problems
was also described in exaggerated detail. Next came the part about how one
generally ends up using a computer to actually find the solution. At this
point I editorialized on the limitations of computer solutions and why it is
important to derive, if at all possible, accurate approximations of the solu-
tion. This led naturally to the mentioning of asymptotics and perturbation
methods. These terms ended the conservation because I was unprepared for
people’s reactions. They were not sure exactly what asymptotics meant, but
they were quite perplexed about perturbation methods. I tried, unsuccess-
fully, to explain what it means, but it was not until sometime later that I
realized the difficulty. For them, as in Webster’s Collegiate Dictionary, the
first two meanings for the word perturb are “to disturb greatly in mind (dis-
quiet); to throw into confusion (disorder).” Although a cynic might suggest
this is indeed appropriate for the subject, the intent is exactly the opposite.
For a related comment, see Exercise 3.18(d).

In a nutshell, this book serves as an introduction to systematically con-
structing an approximation of the solution to a problem that is otherwise
intractable. The methods all rely on there being a parameter in the prob-
lem that is relatively small. Such a situation is relatively common in ap-
plications, and this is one of the reasons that perturbation methods are a
cornerstone of applied mathematics. One of the other cornerstones is scien-
tific computing, and it is interesting that the two subjects have grown up
together. However, this is not unexpected given their respective capabilities.
Using a computer one can solve problems that are nonlinear, inhomogeneous,

vii



viii Preface

and multidimensional. Moreover, it is possible to achieve very high accuracy.
The drawbacks are that computer solutions do not provide much insight
into the physics of problems (particularly when one does not have access
to the appropriate software or computer), and there is always the question
as to whether or not the computed solution is correct. On the other hand,
perturbation methods are also capable of dealing with nonlinear, inhomoge-
neous, and multidimensional problems (although not to the same extent as
computer-generated solutions). The principal objective when using pertur-
bation methods, at least as far as the author is concerned, is to provide a
reasonably accurate expression for the solution. In doing this one can derive
an understanding of the physics of a problem. Also, one can use the result,
in conjunction with the original problem, to obtain more efficient numerical
procedures for computing the solution.

The methods covered in the text vary widely in their applicability. The
first chapter introduces the fundamental ideas underlying asymptotic ap-
proximations. This includes their use in constructing approximate solutions
of transcendental equations as well as differential equations. In the second
chapter, matched asymptotic expansions are used to analyze problems with
layers. Chapter 3 describes a method for dealing with problems with more
than one time scale. In Chap. 4, the WKB method for analyzing linear singu-
lar perturbation problems is developed, while in Chap. 5 a method for deal-
ing with materials containing disparate spatial scales (e.g., microscopic vs.
macroscopic) is discussed. The last chapter examines the topics of multiple
solutions and stability.

The mathematical prerequisites for this text include a basic background
in differential equations and advanced calculus. In terms of difficulty, the
chapters are written so the first sections are either elementary or interme-
diate, while the later sections are somewhat more advanced. Also, the ideas
developed in each chapter are applied to a spectrum of problems, includ-
ing ordinary differential equations, partial differential equations, and differ-
ence equations. Scattered through the exercises are applications to integral
equations, integrodifferential equations, differential-difference equations, and
delay equations. What will not be found is an in-depth discussion of the the-
ory underlying the methods. This aspect of the subject is important, and
references to the more theoretical work in the area are given in each chapter.

The exercises in each section vary in their complexity. In addition to the
more standard textbook problems, an attempt has been made to include
problems from the research literature. The latter are intended to provide a
window into the wide range of areas that use perturbation methods. Solutions
to some of the exercises are available and can be obtained, at no charge,
from the author’s home page. Also included, in the same file, is an errata
sheet. Readers who would like to make a contribution to this file or who have
suggestions about the text can reach the author at holmes@rpi.edu.

I would like to express my gratitude to the many students who took my
course in perturbation methods at Rensselaer. They helped me immeasurably
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in understanding the subject and provided much needed encouragement to
write this book. It is a pleasure to acknowledge the suggestions of Jon Bell,
Ash Kapila, and Bob O’Malley, who read early versions of the manuscript.
I would also like to thank Julian Cole, who first introduced me to perturbation
methods and is still, to this day, showing me what the subject is about.

Troy, NY Mark H. Holmes





Preface to the Second Edition

It’s interesting reading something you wrote 15 years earlier, not just be-
cause of what you did write but also because of what you did not write.
You also realize how the subject has evolved, that certain topics should be
rewritten and others included. It is for these reasons that this second edition
was undertaken. As will be explained in the next paragraph, every section
has been edited, many only in minor ways, while others have been completely
revised; new material has also been added. This includes approximations for
weakly coupled oscillators, analysis of problems that involve transcendentally
small terms, an expanded discussion of Kummer functions, and metastability.
Also, one of the core objectives of this book is to develop the ideas under-
lying perturbation methods and then demonstrate how they can be used in
a wide variety of problems. To provide background on some of these areas,
two appendices have been added, one on solving difference equations, the
other on delay equations. Finally, a few things have also been removed, the
most prominent of which is the appendix containing the numerical solution
of boundary-value problems. The code given in the earlier edition is available
at the author’s home page and is also discussed at length in Holmes (2007).
Finally, the references have been updated, new exercises added, and a few of
the original exercises modified.

There is an interesting aside that is worth telling. The first edition was
written using a commercial software program. At the time, Springer published
their books using LaTeX, so they needed to use a translator program to
convert the manuscript. With this, they had to redraw, by hand, all of the
figures. They also had to write macros to produce some of the lettering used
for balancing equations. The result was very nice. Unfortunately, none of this
worked for this edition. The original files cannot be used with the current
version of the commercial software program, and the converted LaTeX files
exist only in fragments. Consequently, this edition was written practically
from scratch, with every figure redrawn. With this effort come a few benefits.
One is that the manuscript is now in LaTeX and should be useable for the
foreseeable future. Second, many of the figures were redrawn using MATLAB,
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xii Preface to the Second Edition

and the codes used for the figures are available at the author’s home page.
You might find them useful, either for teaching a class or else for the insights
they provide into how to proceed when working out the homework problems.
You might also enjoy the videos available, which show some of the solutions
of the time-dependent problems solved in the book. Also, there is an errata
page as well as answers to some of the exercises.

I would like to thank those who developed and have maintained TeXShop,
a free and very good TeX previewer.

Troy, New York Mark H. Holmes
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Chapter 1

Introduction to Asymptotic
Approximations

1.1 Introduction

We will be interested in this book in using what are known as asymptotic ex-
pansions to find approximate solutions of differential equations. Usually our
efforts will be directed toward constructing the solution of a problem with
only occasional regard for the physical situation it represents. However, to
start things off, it is worth considering a typical physical problem to illus-
trate where the mathematical problems originate. A simple example comes
from the motion of an object projected radially upward from the surface
of the Earth. Letting x(t) denote the height of the object, measured from
the surface, from Newton’s second law we obtain the following equation of
motion:

d2x

dt2
= − gR2

(x+R)2
, for 0 < t, (1.1)

where R is the radius of the Earth and g is the gravitational constant. We
will assume the object starts from the surface with a given upward velocity,
so x(0) = 0 and x′(0) = v0, where v0 is positive. The nonlinear nature of the
preceding ordinary differential equation makes finding a closed-form solution
difficult, and it is natural to try to see if there is some way to simplify the
equation. For example, if the object does not get far from the surface, then
one might try to argue that x is small compared to R and the denominator
in (1.1) can be simplified to R2. This is the type of argument often made
in introductory physics and engineering texts. In this case, x ≈ x0, where
x′′0 = −g for x0(0) = 0 and x′0(0) = v0. Solving this problem yields

x0(t) = −1

2
gt2 + v0t. (1.2)

One finds in this case that the object reaches a maximum height of v20/2g
and comes back to Earth when t = 2v0/g (Fig. 1.1). The difficulty with
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Figure 1.1 Schematic of solution x0(t) given in (1.2). This solution comes from the
linearization of (1.1) and corresponds to the motion in a uniform gravitational field

this reduction is that it is unclear how to determine a correction to the
approximate solution in (1.2). This is worth knowing since we would then be
able to get a measure of the error made in using (1.2) as an approximation
and it would also be possible to see just how the nonlinear nature of the
original problem affects the motion of the object.

To make the reduction process more systematic, it is first necessary to
scale the variables. To do this, let τ = t/tc and y(τ) = x(t)/xc, where tc
is a characteristic time for the problem and xc is a characteristic value for
the solution. We have a lot of freedom in picking these constants, but they
should be representative of the situation under consideration. Based on what
is shown in Fig. 1.1, we take tc = v0/g and xc = v20/g. Doing this the problem
transforms into the following:

d2y

dτ2
= − 1

(1 + εy)2
, for 0 < τ, (1.3)

where
y(0) = 0 and y′(0) = 1. (1.4)

In (1.3), the parameter ε = v20/Rg is dimensionless and its value is important
because it gives us a measure of how high the projectile gets in comparison
to the radius of the Earth. In terms of the function x0(t) it can be seen from
Fig. 1.1 that ε/2 is the ratio of the maximum height of the projectile to the
radius of the Earth. Assuming R = 4,000 mi, then ε ≈ 1.5× 10−9v20s

2/ft2. It
would therefore appear that if v0 is much less than 103 ft/s, then (1.2) is a
reasonably good approximation to the solution. We can verify this assertion
by reconstructing the first-order approximation in (1.2). This can be done by
assuming that the dependence of the solution on ε can be determined using a
Taylor series expansion about ε = 0. In other words, for small ε it is assumed
that

y ∼ y0(τ) + εy1(τ) + · · · .
The first term in this expansion is the scaled version of x0, and this will be
shown later (Sect. 1.6). What is important is that with this approach it is
possible to estimate how well y0 approximates the solution of (1.3), (1.4) by
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finding y1. The method of deriving the first-order approximation (y0) and
its correction (y1) is not difficult, but we first need to put the definition
of an asymptotic approximation on a firm foundation. Readers interested
in investigating the ideas underlying the nondimensionalization of a physical
problem and some of the theory underlying dimensional analysis may consult
Holmes (2009).

1.2 Taylor’s Theorem and l’Hospital’s Rule

As in the preceding example, we will typically end up expanding functions in
powers of ε. Given a function f(ε), one of the most important tools for doing
this is Taylor’s theorem. This is a well-known result, but for completeness it
is stated below.

Theorem 1.1. Given a function f(ε), suppose its (n+1)st derivative f (n+1)

is continuous for εa < ε < εb. In this case, if ε0 and ε are points in the
interval (εa, εb), then

f(ε) = f(ε0) + (ε− ε0)f
′(ε0) + · · ·+ 1

n!
(ε− ε0)

nf (n)(ε0) +Rn+1, (1.5)

where

Rn+1 =
1

(n+ 1)!
(ε− ε0)

n+1f (n+1)(ξ) (1.6)

and ξ is a point between ε0 and ε.

This result is useful because if the first n+ 1 terms from the Taylor series
are used as an approximation of f(ε), then it is possible to estimate the error
using (1.6).

A short list of Taylor series expansions that will prove useful in this book
is given in Appendix A. Examples using this list are given below.

Examples

1. Find the first three terms in the expansion of f(ε) = sin(eε) for ε0 = 0.

Given that f ′ = eε cos(eε) and f ′′ = eε(cos(eε)− sin(eε)), it follows that

f(ε) = sin(1) + ε cos(1) +
1

2
ε2(cos(1)− sin(1)) + · · · . �

2. Find the first three terms in the Taylor expansion of f(ε) = eε/(1− ε) for
ε0 = 0.
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There are a couple of ways this can be done. One is the direct method
using (1.5), the other is to multiply the series for eε with the series for
1/(1− ε). To use the direct method, note that

f ′(ε) =
eε

1− ε
+

eε

(1− ε)2

and

f ′′(ε) =
eε

1− ε
+

2eε

(1 − ε)2
+

2eε

(1 − ε)3
.

Evaluating these at ε = 0 it follows from (1.5) that a three-term Taylor
expansion is

f(ε) = 1 + 2ε+ 5ε2 + · · · . �

Another useful result is l’Hospital’s rule, which concerns the value of the
limit of the ratio of two functions.

Theorem 1.2. Suppose f(ε) and φ(ε) are differentiable on the interval
(ε0, εb) and φ

′(ε) �= 0 in this interval. Also suppose

lim
ε↓ε0

f ′(ε)
φ′(ε)

= A,

where −∞ ≤ A ≤ ∞. In this case,

lim
ε↓ε0

f(ε)

φ(ε)
= A

if either one of the following conditions holds:

1. f → 0 and φ→ 0 as ε ↓ ε0, or
2. φ→ ∞ as ε ↓ ε0.

The proofs of these two theorems and some of their consequences can be
found in Rudin (1964).

1.3 Order Symbols

To define an asymptotic approximation, we first need to introduce order, or
Landau, symbols.1 The reason for this is that we will be interested in how
functions behave as a parameter, typically ε, becomes small. For example,

1 These symbols were first introduced by Bachmann (1894), and then Landau (1909)
popularized their use. For this reason they are sometimes called Bachmann–Landau
symbols.
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the function φ(ε) = ε does not converge to zero as fast as f(ε) = ε2 when
ε→ 0, and we need a notation to denote this fact.

Definition 1.1.

1. f = O(φ) as ε ↓ ε0 means that there are constants k0 and ε1 (independent
of ε) so that

|f(ε)| ≤ k0|φ(ε)| for ε0 < ε < ε1.

We say that “f is big Oh of φ” as ε ↓ ε0.

2. f = o(φ) as ε ↓ ε0 means that for every positive δ there is an ε2 (indepen-
dent of ε) so that

|f(ε)| ≤ δ|φ(ε)| for ε0 < ε < ε2.

We say that “f is little oh of φ” as ε ↓ ε0.

These definitions may seem cumbersome, but they usually are not hard
to apply. However, there are other ways to determine the correct order. Of
particular interest is the case where φ is not zero near ε0 (i.e., φ �= 0 if
ε0 < ε < εβ for some εβ > ε0). In this case we have that f = O(φ) if the
ratio |f/φ| is bounded for ε near ε0. Other, perhaps more useful, tests are
identified in the next result.

Theorem 1.3.

1. If

lim
ε↓ε0

f(ε)

φ(ε)
= L, (1.7)

where −∞ < L <∞, then f = O(φ) as ε ↓ ε0.

2. If

lim
ε↓ε0

f(ε)

φ(ε)
= 0, (1.8)

then f = o(φ) as ε ↓ ε0.
The proofs of these statements follow directly from the definition of a limit

and are left to the reader.

Examples (for ε ↓ 0)

1. Suppose f = ε2. Also, let φ1 = ε and φ2 = −3ε2 + 5ε6. In this case,

lim
ε↓0

f

φ1
= 0 ⇒ f = o(φ1)
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and

lim
ε↓0

f

φ2
= −1

3
⇒ f = O(φ2). �

2. If f = ε sin(1 + 1/ε) and φ = ε, then the limit in the preceding theorem
does not exist. However, |f/φ| ≤ 1 for 0 < ε, and so from the definition it
follows that f = O(φ). �

3. If f(ε) = sin(ε) then, using Taylor’s theorem, f = ε − 1
2ε

2 sin(ξ). Thus,
limε↓0(f/ε) = 1, and from this it follows that f = O(ε). �

4. If f = e−1/ε then, using l’Hospital’s rule, f = o(εα) for all values of α. We
say in this case that f is transcendentally small with respect to the power
functions εα. �

Some properties of order symbols are examined in the exercises. Three
that are worth mentioning are the following (the symbol ⇔ stands for the
statement “if and only if”):

(a) f = O(1) as ε ↓ ε0 ⇔ f is bounded as ε ↓ ε0.
(b) f = o(1) as ε ↓ ε0 ⇔ f → 0 as ε ↓ ε0.
(c) f = o(φ) as ε ↓ ε0 ⇒ f = O(φ) as ε ↓ ε0 (but not vice versa).

The proofs of these statements are straightforward and are left to the reader.
Some of the other basic properties of these symbols are given in Exercises 1.2
and 1.3.

Two symbols we will use occasionally are � and ≈. When we say that
f(ε) � φ(ε), we mean that f = o(φ), and the statement that ε� 1, or that
ε is small, means ε ↓ 0. The symbol ≈ does not have a precise definition and
it is used simply to designate an approximate numerical value. An example
of this is the statement that π ≈ 3.14.

Exercises

1.1.(a) What values of α, if any, yield f = O(εα) as ε ↓ 0: (i) f =
√
1 + ε2,

(ii) f = ε sin(ε), (iii) f = (1 − eε)−1, (iv) f = ln(1 + ε), (v) f = ε ln(ε),
(vi) f = sin(1/ε), (vii) f =

√
x+ ε, where 0 ≤ x ≤ 1?

(b) For the functions listed in (a) what values of α, if any, yield f = o(εα)
as ε ↓ 0?

1.2. In this problem it is assumed that ε ↓ 0.
(a) Show f = O(εα) ⇒ f = o(εβ) for any β < α.
(b) Show that if f = O(g), then fα = O(gα) for any positive α. Give an

example to show that this result is not necessarily true if α is negative.
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(c) Give an example to show that f = O(g) does not necessarily mean that
ef = O(eg).

1.3. This problem establishes some of the basic properties of the order sym-
bols, some of which are used extensively in this book. The limit assumed here
is ε ↓ 0.
(a) If f = o(g) and g = O(h), or if f = O(g) and g = o(h), then show that

f = o(h). Note that this result can be written as o(O(h)) = O(o(h)) =
o(h).

(b) Assuming f = O(φ1) and g = O(φ2), show that f + g = O(|φ1| + |φ2|).
Also, explain why the absolute signs are necessary. Note that this result
can be written as O(f) +O(g) = O(|f |+ |g|).

(c) Assuming f = O(φ1) and g = O(φ2), show that fg = O(φ1φ2). This
result can be written as O(f)O(g) = O(fg).

(d) Show that O(O(f)) = O(f).
(e) Show that O(f)o(g) = o(f)o(g) = o(fg).

1.4. Occasionally it is useful to state the order of a function more precisely.
One way to do this is to say f = Os(φ) as ε ↓ ε0 ⇔ f = O(φ) but f �= o(φ)
as ε ↓ ε0.
(a) What values of α, if any, yield f = Os(ε

α) as ε ↓ 0? (i) f = ε sin(ε), (ii)
f = (1− eε)−1, (iii) f = ln(1 + ε), (iv) f = ε ln(ε), (v) f = sin(1/ε).

(b) Suppose the limit in (1.7) exists. In this case, show that f = Os(φ) as
ε ↓ ε0 ⇔ 0 < limε↓ε0 |f/φ| <∞.

1.5. Suppose f = o(φ) for small ε, where f and φ are continuous.
(a) Give an example to show that it is not necessarily true that

∫ ε

0

fdε = o

(∫ ε

0

φdε

)
.

(b) Show that ∫ ε

0

fdε = o

(∫ ε

0

|φ|dε
)
.

1.4 Asymptotic Approximations

Our objective is to construct approximations to the solutions of differential
equations. It is therefore important that we state exactly what we mean
by an approximation. To introduce this idea, suppose we are interested in
finding an approximation of f(ε) = ε2 + ε5 for ε close to zero. Because
ε5 � ε2, a reasonable approximation is f(ε) ≈ ε2. On the other hand, a lousy
approximation is f(ε) ≈ 2

3ε
2. This is lousy even though the error f(ε)− 2

3ε
2

goes to zero as ε ↓ 0. The problem with this “lousy approximation” is that
the error is of the same order as the function we are using to approximate
f(ε). This observation gives rise to the following definition.
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Definition 1.2. Given f(ε) and φ(ε), we say that φ(ε) is an asymptotic ap-
proximation to f(ε) as ε ↓ ε0 whenever f = φ + o(φ) as ε ↓ ε0. In this case
we write f ∼ φ as ε ↓ ε0.

As demonstrated in the preceding example, the idea underlying this defini-
tion is that φ(ε) serves as an asymptotic approximation of f(ε), for ε close to
ε0, when the error is of higher order than the approximating function. In the
case where φ(ε) is not zero near ε0, we can make use of (1.8). In particular,
we have that f ∼ φ as ε ↓ ε0 if

lim
ε↓ε0

f(ε)

φ(ε)
= 1. (1.9)

Examples

1. Suppose f = sin(ε) and ε0 = 0. We can obtain an approximation of f(ε)
by expanding about ε = 0 using Taylor’s theorem. This yields

f = ε− 1

6
ε3 +

1

120
ε5 cos(ξ).

From this the following asymptotic approximations are obtained:

(i) f ∼ ε,

(ii) f ∼ ε− 1
6ε

3.

However, it is not hard to show that the following expression is also an
asymptotic approximation:

(iii) f ∼ ε+ 2ε2.

In comparing these approximations with the Taylor series expansion it
would appear that, for small ε, (ii) is the most accurate and (iii) is the
least accurate. However, our definition of an asymptotic approximation
says little about comparative accuracy. This weakness is corrected below
by introducing asymptotic expansions. �

2. Suppose f = x + e−x/ε, where 0 < x < 1 is fixed. In this case f ∼ x for
small ε. However, it is natural to ask how well this does in approximating
the function for 0 < x < 1. If we plot both together, we obtain the curves
shown in Fig. 1.2. It is apparent that the approximation is quite good
away from x = 0. It is also clear that we do not do so well near x = 0.
This is true no matter what value of ε we choose since f(0) = 1. It should
be remembered that with an asymptotic approximation, given a value of
x, the approximation is a good one if ε is close to ε0 = 0. What we are
seeing in this example is that exactly how small ε must be can depend
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Figure 1.2 Comparison between the function f = x + e−x/ε and its asymptotic
approximation f ∼ x. Note that the two functions are essentially indistinguishable
everywhere except near x = 0. In this plot, ε = 10−2

on x (the closer we are to x = 0, the smaller ε must be). In later sections
we will refer to this situation as a case where the approximation is not
uniformly valid on the interval 0 < x < 1. �

3. Consider the function f = sin(πx)+ε3 for 0 ≤ x ≤ 1
2 . For small ε it might

seem reasonable to expect that f ∼ sin(πx). For this to hold it is required
that f − sin(πx) = o(sin(πx)) as ε ↓ 0. If x �= 0, then this is true since
limε↓0(ε3/ sin(πx)) = 0. However, at x = 0 this requirement does not hold
since sin(0) = 0. Therefore, sin(πx) is not an asymptotic approximation
of f over the entire interval 0 ≤ x ≤ 1

2 . This problem of using an ap-
proximating function whose zeros do not agree with the original function
is one that we will come across on numerous occasions. Usually it is a
complication we will not worry a great deal about because the correction
is relatively small. For instance, in this example the correction is O(ε3)
while everywhere else the function is O(1). This is not true for the cor-
rection that is needed to fix the approximation in the previous example.
There the correction at, or very near, x = 0 is O(1), and this is the same
order as the value of the function through the rest of the interval. We are
therefore not able to ignore the problem at x = 0; how to deal with this
is the subject of Chap. 2. �

1.4.1 Asymptotic Expansions

Two observations that come from the preceding examples are that an asymp-
totic approximation is not unique, and it also does not say much about the
accuracy of the approximation. To address these shortcomings, we need to
introduce more structure into the formulation. In the preceding examples,
the sequence 1, ε, ε2, ε3, . . . was used in the expansion of the function, but
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other, usually more interesting, sequences also arise. In preparation for this,
we have the following definitions, which are due to Poincaré (1886).

Definition 1.3.

1. The functions φ1(ε), φ2(ε), . . . form an asymptotic sequence, or are well
ordered, as ε ↓ ε0 if and only if φm+1 = o(φm) as ε ↓ ε0 for all m.

2. If φ1(ε), φ2(ε), . . . is an asymptotic sequence, then f(ε) has an asymptotic
expansion to n terms, with respect to this sequence, if and only if

f =

m∑
k=1

akφk + o(φm) for m = 1, 2, . . . , n as ε ↓ ε0, (1.10)

where the ak are independent of ε. In this case we write

f ∼ a1φ1(ε) + a2φ2(ε) + · · ·+ anφn(ε) as ε ↓ ε0. (1.11)

The φk are called the scale or gauge or basis functions.

To make use of this definition, we need to have some idea of what scale
functions are available. We will run across a wide variety in this book, but a
couple of our favorites will turn out to be the following ones:

1. φ1 = (ε−ε0)α, φ2 = (ε−ε0)β , φ3 = (ε−ε0)γ , . . ., where α < β < γ < · · · .

2. φ1 = 1, φ2 = e−1/ε, φ3 = e−2/ε, . . . .

The first of these is simply a generalization of the power series functions, and
the second sequence is useful when we have to describe exponentially small
functions. The verification that these do indeed form asymptotic sequences
is left to the reader.

Now comes the harder question. Given a function f(ε), how do we find an
asymptotic expansion of it? The most commonly used methods include em-
ploying one of the following: (1) Taylor’s theorem, (2) l’Hospital’s rule, or (3)
an educated guess. The last one usually relies on an intuitive understanding
of the problem and, many times, on luck. The other two methods are more
routine and are illustrated in the examples below.

Taylor’s theorem is a particularly useful tool because if the function is
smooth enough to let us expand about the point ε = ε0, then any one of
the resulting Taylor polynomials can be used as an asymptotic expansion
(for ε ↓ ε0). Moreover, Taylor’s theorem enables us to analyze the error very
easily.
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Examples (for ε � 1)

1. To find a three-term expansion of eε, we use Taylor’s theorem to obtain

eε = 1 + ε+
1

2
ε2 +

1

3
ε3 + · · ·

∼ 1 + ε+
1

2
ε2. �

2. Finding the first two terms in the expansion of f(ε) = cos(ε)/ε requires
an extension of Taylor’s theorem because the function is not defined at
ε = 0. One way this can be done is to factor out the singular part of f(ε)
and apply Taylor’s theorem to the remaining regular portion. The singular
part here is 1/ε, and the regular part is cos(ε). Using the expansion for
cos(ε) in Appendix A we obtain

f(ε) ∼ 1

ε

(
1− 1

2
ε2 + · · ·

)

∼ 1

ε
− 1

2
ε.

As expected, the expansion, like the function, is not defined at ε = 0. �
3. To find a two-term expansion of

f(ε) =

√
1 + ε

sin(
√
ε)
,

note that √
1 + ε = 1 +

1

2
ε+ · · ·

and

sin(
√
ε) = ε1/2 − 1

6
ε3/2 + · · · .

Consequently,

f(ε) ∼ 1 + 1
2ε+ · · ·

ε1/2 − 1
6ε

3/2 + · · · =
1

ε1/2
1 + 1

2ε+ · · ·
1− 1

6ε+ · · ·

∼ 1

ε1/2

(
1 +

1

2
ε+ · · ·

)(
1 +

1

6
ε+ · · ·

)

∼ 1

ε1/2

(
1 +

1

3
ε

)
. �

A nice aspect about using Taylor’s theorem is that the scale functions do
not have to be specified ahead of time. This differs from the next procedure,
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which requires the specification of the scale functions before constructing the
expansion.

To describe the second procedure for constructing an asymptotic expan-
sion, suppose the scale functions φ1, φ2, . . . are given, and the expansion of
the function has the form f ∼ a1φ1(ε) + a2φ2(ε) + · · · . From the preceding
definition, this means that f = a1φ1 + o(φ1). Assuming we can divide by
φ1, we get limε↓ε0(f/φ1) = a1. This gives us the value of a1, and with this
information we can determine a2 by noting f = a1φ1 + a2φ2 + o(φ2). Thus,
limε↓ε0 [(f − a1φ1)/φ2] = a2. This idea can be used to calculate the other
coefficients of the expansion, and one obtains the following formulas:

a1 = lim
ε↓ε0

f

φ1
, (1.12)

a2 = lim
ε↓ε0

f − a1φ1
φ2

, (1.13)

a3 = lim
ε↓ε0

f − a1φ1 − a2φ2
φ3

. (1.14)

This assumes that the scale functions are nonzero for ε near ε0 and that each
of the limits exists. If this is the case, then the preceding formulas for the ak
show that the asymptotic expansion is unique.

Example

Suppose φ1 = 1, φ2 = ε, φ3 = ε2, . . ., and

f(ε) =
1

1 + ε
+ e−1/ε .

From the preceding limit formulas we have that

a1 = lim
ε↓0

f

1
= 1,

a2 = lim
ε↓0

f − 1

ε
= lim

ε↓0

( −1

1 + ε
+

1

ε
e−1/ε

)
= −1,

a3 = lim
ε↓0

f − 1 + ε

ε2
= lim

ε↓0

(
1

1 + ε
+

1

ε2
e−1/ε

)
= 1.

Thus, f ∼ 1− ε+ ε2 + · · · . What is interesting here is that the exponential
makes absolutely no contribution to this expansion. This is because e−1/ε =
o(εα) for all values of α; in other words, the exponential decays so quickly
to zero that any power function considers it to be zero. In this case, we say
that this exponential function is transcendentally small with respect to these
scale functions. �
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As seen in the previous example, two functions can have the same
asymptotic expansion. In particular, using the power series functions φ0 = 1,
φ1 = ε, φ2 = ε2, . . . one obtains the same expansion as in the previous
example for any of the following functions:

(i) f1 =
tanh(1/ε)

1 + ε
,

(ii) f2 =
1 + e−1/ε

1 + ε
,

(iii) f3 =
1

1 + ε
+ ε100sech(−1/ε).

This observation brings up the idea of asymptotic equality, or asymptotic
equivalence, with respect to a given sequence φ1, φ2, φ3, . . .. We say that two
functions f and g are asymptotically equal to n terms if f − g = o(φn) as
ε ↓ ε0.

1.4.2 Accuracy Versus Convergence
of an Asymptotic Series

It is not unusual to expect that to improve the accuracy of an asymptotic
expansion, it is simply necessary to include more terms. This is what happens
with Taylor series expansions, where in theory one should be able to obtain
as accurate a result as desired by simply adding together enough terms. How-
ever, with an asymptotic expansion this is not necessarily true. The reason
is that an asymptotic expansion only makes a statement about the series in
the limit of ε ↓ ε0, whereas increasing the number of terms is saying some-
thing about the series as n → ∞. In fact, an asymptotic expansion need
not converge! Moreover, even if it converges, it does not have to converge
to the function that was expanded! These two observations may seem to be
major flaws in our definition of an asymptotic expansion, but they are, in
fact, attributes that we will take great advantage of throughout this book.

A demonstration that a convergent asymptotic expansion need not con-
verge to the function that was expanded can be found in the last example.
It is not hard to show that the asymptotic series converges to the function
(1+ ε)−1. This is clearly not equal to the original function since it is missing
the exponential term.

A well-known example of a divergent asymptotic expansion arises with the
Bessel function J0(z), which is defined as

J0(z) =

∞∑
k=0

(−1)kz2k

22k(k!)2
. (1.15)
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Figure 1.3 The error when using the convergent series (1.15) or the asymptotic
series (1.16) to determine the value of the function f(ε) = J0(ε−1) for ε = 1

15
. The

values are given as a function of the number of terms used

If we let f(ε) = J0(
1
ε ), then it can be shown that an asymptotic expansion

of f(ε) for small ε is (Abramowitz and Stegun, 1972)

f ∼
√

2ε

π

[
α cos

(
1

ε
− π

4

)
+ β sin

(
1

ε
− π

4

)]
, (1.16)

where

α ∼ 1− 1 · 32ε2
2! 82

+
1 · 32 · 52 · 72ε4

4! 84
+ · · · (1.17)

and

β ∼ ε

8
− 1 · 32 · 52ε3

3! 83
+ · · · . (1.18)

It is not hard to show that the series expansions in (1.17) and (1.18) are
divergent for all nonzero values of ε (Exercise 1.14). To see just how well a
divergent series like (1.16) can approximate the function f(ε), the errors in
using (1.15) and (1.16)–(1.18) are shown in Fig. 1.3 for ε = 1/15. What is
immediately apparent is that the asymptotic approximation does very well
using only 1 or 2 terms, while the convergent series needs to include more
than 20 terms to achieve the same error. If a smaller value of ε is used, then
the situation is even more pronounced, eventually getting to the point that
it is essentially impossible to calculate the value of the Bessel function using
the series representation since so many terms are needed.

The preceding observations concerning convergence should always be kept
in mind when using asymptotic expansions. Also, it should be pointed out
that asymptotic approximations are most valuable when they can give in-
sights into the structure of a solution or the physics of the problem under
study. If decimal place accuracy is desired, then numerical methods, or per-
haps numerical methods combined with an asymptotic solution, are probably
worth considering.

The ideas underlying an asymptotic approximation are so natural that
they are found in some of the earliest work in mathematics. The basis of
the definitions given here can be traced back to at least Legendre (1825).
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In his Traité des Fonctions Elliptiques he considered approximating a function
with a series where the error committed using the first n terms is of the same
order as the (n + 1)st term. He referred to this as a semiconvergent series.
This is a poor choice of words since an asymptotic series need not converge.
Somewhat earlier than this, Laplace (1812) had found use for asymptotic
series to be able to evaluate certain special functions because the standard
series expansions converged so slowly. He considered the fact that they did not
converge to be “inconvenient,” an interesting attitude that generally leads to
disastrous results. The most significant contribution to the subject was made
by Poincaré (1886). He was able to make sense of the numerous divergent
series solutions of differential equations that had been found up to that time
by introducing the concept of an asymptotic expansion. His ideas form the
basis of our development. It is interesting that his paper actually marked the
modern beginnings of two areas in mathematics: the asymptotic solution of a
differential equation and the study of divergent series. The latter can also be
called the theory of summability of a divergent series, and the books by Ford
(1916) and Hardy (1954) are good references in this area. However, if the
reader has not heard of this particular subject, it is not surprising because
it has since died of natural causes. Readers interested in the early history of
the development of asymptotic approximations may consult the reviews by
McHugh (1971) and Schlissel (1977a).

1.4.3 Manipulating Asymptotic Expansions

It is not hard to show that two asymptotic expansions can be added together
term by term, assuming that the same basis functions are used for both
expansions. Multiplication is also relatively straightforward, albeit more te-
dious and limited to asymptotic sequences that can be ordered in particular
ways (e.g., Exercise 1.12). What is not completely clear is whether or not
an asymptotic approximation can be differentiated (assuming the functions
involved are smooth). To be more specific, suppose we know that

f(x, ε) ∼ φ1(x, ε) + φ2(x, ε) as ε ↓ ε0. (1.19)

What is of interest is whether or not it is true that

d

dx
f(x, ε) ∼ d

dx
φ1(x, ε) +

d

dx
φ2(x, ε) as ε ↓ ε0. (1.20)

Based on the conjecture that things will go wrong if at all possible, the only
possible answer to the preceding question is that, no, it is not always true.
To give an example, let f(x, ε) = e−x/ε sin(ex/ε). For small ε one finds that,
for 0 < x < 1,

f ∼ 0 + 0 · ε+ 0 · ε2 + · · · . (1.21)
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However, the function

d

dx
f(x, ε) = −1

ε
e−x/ε sin(ex/ε) +

1

ε
cos(ex/ε)

does not even have an expansion in terms of the scale functions used in (1.21).
Another problem is that even if φ1 and φ2 are well ordered, their derivatives

may not be. For example, letting φ1 = 1 + x and φ2 = ε sin(x/ε), for 0 ≤
x ≤ 1, then φ2 = o(φ1) for ε small, but d

dxφ1 and d
dxφ2 are not well ordered.

Thus, the question that we need to address is when can we differentiate an
expansion? Well, the answer to this is that if

f(x, ε) ∼ a1(x)φ1(ε) + a2(x)φ2(ε) as ε ↓ ε0, (1.22)

and if
d

dx
f(x, ε) ∼ b1(x)φ1(ε) + b2(x)φ2(ε) as ε ↓ ε0, (1.23)

then bk = d
dxak [i.e., the expansion for d

dxf can be obtained by differentiating
the expansion of f(x, ε) term by term]. Throughout this book, given (1.22),
we will automatically assume that (1.23) also holds.

The other operation we will have use for is integration, and in this case
the situation is better. If the expansion of a function is as given in (1.22) and
all the functions involved are integrable, then
∫ b

a

f(x, ε)dx ∼
(∫ b

a

a1(x)dx

)
φ1(ε) +

(∫ b

a

a2(x)dx

)
φ2(ε) as ε ↓ ε0.

(1.24)

It goes without saying here that the interval a ≤ x ≤ b must be within the
set of x where (1.22) holds.

Examples

1. Find the first two terms in the expansion of f(ε) =
∫ 1

0
eεx

2

dx.

Given that eεx
2 ∼ 1 + εx2 + · · · , and this holds for 0 ≤ x ≤ 1, then

f(ε) ∼
∫ 1

0

(1 + εx2 + · · · )dx

= 1 +
1

3
ε+ · · · . �

2. Find the first two terms in the expansion of

f(ε) =

∫ 1

0

dx

ε2 + x2
.
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For 0 < x ≤ 1 the integrand has the expansion

1

ε2 + x2
∼ 1

x2
− ε2

x4
+ · · · . (1.25)

Unfortunately, the terms in this expansion are not integrable over the
interval 0 ≤ x ≤ 1. This can be avoided by taking the easy way out
and simply calculating the integral and then expanding the result. This
produces the following:

f(ε) =
1

ε
arctan

(
1

ε

)

=
1

ε

(π
2
− arctan (ε)

)

∼ π

2ε
− 1 +

1

3
ε2 + · · · . (1.26)

For more complicated integrals it is not possible to carry out the inte-
gration, and this brings up the question of whether we can obtain (1.26)
some other way. To answer this, note that for (1.25) to be well ordered we
require ε2/x4 � 1/x2, that is, ε� x. Therefore, to use (1.25), we write

f(ε) =

∫ δ

0

dx

ε2 + x2
+

∫ 1

δ

dx

ε2 + x2
,

where ε � δ � 1. The idea here is that the first integral is over a small
interval containing the singularity, and the second integral is over the re-
mainder of the interval where we can use (1.25). With this

∫ 1

δ

dx

ε2 + x2
∼
∫ 1

δ

(
1

x2
− ε2

x4
+ · · ·

)
dx

= −1 +
1

3
ε2 +

1

δ
− ε3

3δ3
+ · · ·

and

∫ δ

0

dx

ε2 + x2
=

1

ε
arctan

(
δ

ε

)

=
π

2ε
− 1

δ
+ · · · .

Adding these together we obtain (1.26). �
3. Find the first two terms in the expansion of

f(ε) =

∫ π/3

0

dx

ε2 + sinx
.
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Like the last example, this has a nonintegrable singularity at x = 0 when
ε = 0. This is because for x near zero, sinx = x + O(x3), and 1/x is not
integrable when one of the endpoints is x = 0. Consequently, as before, we
will split the interval. First, note that

1

ε2 + sinx
∼ 1

sinx

(
1− ε2

sinx
+ · · ·

)
.

For this to be well ordered near x = 0 we require that ε2/ sinx� 1, that
is, ε2 � x. So, we write

f(ε) =

∫ δ

0

dx

ε2 + sinx
+

∫ π/3

δ

dx

ε2 + sinx
,

where ε2 � δ � 1. With this

∫ π/3

δ

dx

ε2 + sinx
∼
∫ π/3

δ

1

sinx

(
1− ε2

sinx
+ · · ·

)
dx

= ln

(
1

3

√
3

)
− ln

(
tan

(
δ

2

))
+ ε2

(
1

3

√
3− cot(δ)

)
+ · · ·

∼ ln

(
2

3

√
3

)
+

1

3

√
3 ε2 −

(
ln(δ) +

ε2

δ
+

1

12
δ2
)
+ · · ·

and, setting η = δ/ε2,

∫ δ

0

dx

ε2 + sinx
= ε2

∫ η

0

dr

ε2 + sin(ε2r)

∼ ε2
∫ η

0

dr

ε2 + ε2r − 1
6ε

6r3 + · · ·

∼
∫ η

0

(
1

1 + r
+

ε4r3

6(1 + r)2
+ · · ·

)
dr

= ln(1 + η) +
1

6
ε4
(
1

2
η2 − 2η − 1 + 3 ln(1 + η) +

1

1 + η

)
+ · · ·

∼ ln(η) +
1

η
+ · · ·+ 1

6
ε4
(
1

2
η2 + · · ·

)
+ · · · .

Adding these we obtain

f(ε) ∼ −2 ln(ε) + ln

(
2

3

√
3

)
. �

As a final comment, the last expansion contains a log term, which might
not be expected given the original integral. The need for log scale functions
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is not common, but it does occur. In the next chapter this will be mentioned
again in reference to what is known as the switchbacking problem.

Exercises

1.6. Are the following sequences well ordered (for ε ↓ 0)? If not, arrange them
so they are or explain why it is not possible to do so.
(a) φn = (1− e−ε)n for n = 0, 1, 2, 3, . . . .

(b) φn = [sinh(ε/2)]2n for n = 0, 1, 2, 3, . . . .

(c) φ1 = ε5e−3/ε, φ2 = ε, φ3 = ε ln(ε), φ4 = e−ε, φ5 = 1
ε sin(ε

3), φ6 = 1
ln(ε) .

(d) φ1 = ln(1+3ε2), φ2 = arcsin(ε), φ3 =
√
1 + ε/ sin(ε), φ4 = ε ln[sinh(1/ε)],

φ5 = 1/(1− cos(ε)).
(e) φ1 = eε − 1− ε, φ2 = eε − 1, φ3 = eε, φ4 = eε − 1− ε− 1

2ε
2.

(f) φ1 = 1, φ2 = ε, φ3 = ε2, φ4 = ε ln(ε), φ5 = ε2 ln(ε), φ6 = ε ln2(ε),
φ7 = ε2 ln2(ε).

(g) φk =

{
1 if k−1 ≤ ε,
0 if 0 ≤ ε < k−1,

where k = 1, 2, 3, . . . .

(h) φk(ε) = gk(ε) for k = 1, 2, . . ., where g(ε) is continuous and g(0) = 0.

(i) φk(ε) = g(εk) for k = 1, 2, . . ., where g(x) = x sin( 1x ) for k = 1, 2, . . ..

(j) φk(ε) = g(εk) for k = 1, 2, . . ., where g(x) = e−1/x.

1.7. Assuming f ∼ a1ε
α + a2ε

β + · · · , find α, β (with α < β) and nonzero
a1, a2 for the following functions:

(a) f =
1

1− eε
.

(b) f =

[
1 +

1

cos(ε)

]3/2
.

(c) f = 1 + ε− 2 ln(1 + ε)− 1

1 + ε
.

(d) f = sinh(
√
1 + εx), for 0 < x <∞.

(e) f = (1 + εx)1/ε, for 0 < x <∞.

(f) f =

∫ ε

0

sin(x+ εx2)dx.

(g) f =

∞∑
n=1

(
1

2
)n sin(

ε

n
).
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(h) f =

n∏
k=0

(1 + εk), where n is a positive integer.

(i) f =

∫ π

0

sin(x)√
1 + εx

dx.

1.8. Find the first two terms in the expansion for the following functions:

(a) f =

∫ π/4

0

dx

ε2 + sin2 x
.

(b) f =

∫ 1

0

cos(εx)

ε+ x
dx.

(c) f =

∫ 1

0

dx

ε+ x(x − 1)
dx.

1.9. This problem derives an asymptotic approximation for the Stieltjes func-
tion, defined as

S(ε) =

∫ ∞

0

e−t

1 + εt
dt.

(a) Find the first three terms in the expansion of the integrand for small ε
and explain why this requires that t� 1/ε.

(b) Split the integral into the sum of an integral over 0 < t < δ and one
over δ < t < ∞, where 1 � δ � 1/ε. Explain why the second integral is
bounded by e−δ, and use your expansion in part (a) to find an approxima-
tion for the first integral. From this derive the following approximation:

S(ε) ∼ 1− ε+ 2ε2 + · · · .

1.10. Assume f(ε) and φ(ε) are positive for ε > 0 and f ∼ φ as ε ↓ 0.
(a) Show fα ∼ φα as ε ↓ 0.
(b) Give an example to show that it is not necessarily true that ef ∼ eφ as

ε ↓ 0. What else must be assumed? Is it enough to impose the additional
assumption that φ = O(1) as ε ↓ 0?

1.11. In this problem, assume the functions are continuous and nonzero for
ε near ε0.
(a) Show that if f ∼ φ as ε ↓ ε0, then φ ∼ f as ε ↓ ε0.
(b) Suppose f ∼ φ and g ∼ ϕ as ε ↓ ε0. Give an example to show that it is

not necessarily true that f + g ∼ φ+ ϕ as ε ↓ ε0.
1.12. Suppose f(ε) ∼ a0φ0(ε)+a1φ1(ε)+ · · · and g(ε) ∼ b0φ0(ε)+ b1φ1(ε)+
· · · as ε ↓ ε0, where φ0, φ1, φ2, . . . is an asymptotic sequence as ε ↓ ε0.
(a) Show that f + g ∼ (a0 + b0)φ0 + (a1 + b1)φ1 + · · · as ε ↓ ε0.
(b) Assuming a0b0 �= 0, show that fg ∼ a0b0φ

2
0 as ε ↓ ε0. Also, discuss the

possibilities for the next term in the expansion.
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(c) Suppose that φiφj = φi+j for all i, j. In this case show that

fg ∼ a0b0φ0 + (a0b1 + a1b0)φ1 + (a0b2 + a1b1 + a2b0)φ2 + · · · as ε ↓ ε0.

(d) Under what conditions on the exponents will the following be an asymp-
totic sequence satisfying the condition in part (c): φ0 = (ε − ε0)

α,
φ1 = (ε− ε0)

β , φ2 = (ε− ε0)
γ , . . .?

1.13. This problem considers variations on the definitions given in this sec-
tion. It is assumed that φ1, φ2, . . . form an asymptotic sequence.
(a) Explain why f ∼ a1φ1(ε)+a2φ2(ε)+ · · ·+anφn(ε), where a1 �= 0, implies

that the series
m∑

k=1

akφk(ε)

is an asymptotic approximation of f(ε) for m = 1, . . . , n. Also, explain
why the converse is not true.

(b) Assuming the am are nonzero, explain why the definition of an asymp-
totic expansion is equivalent to saying that amφm(ε) is an asymptotic
approximation of

f −
m−1∑
k=1

akφk(ε)

for m = 1, . . . , n (the sum is taken to be zero when m = 1).
(c) Explain why the definition of an asymptotic expansion (to n terms) is

equivalent to saying that

f =
n∑

k=1

akφk(ε) + o(φn) as ε ↓ ε0.

1.14. The absolute value of the εk term in (1.17), (1.18) is

[(2k − 1)!]2

k25k−2[(k − 1)!]3
for k = 1, 2, 3, . . . .

With this show that each series in (1.17), (1.18) diverges for ε > 0.

1.15. The entropy jump [[S]] across a shock wave in a gas is given as (Cole
and Cook, 1986)

[[S]] = cv ln

(
1 + γ−1

2 ε

1− γ+1
2 ε

(1− ε)γ

)
,

where cv > 0, γ > 1, and ε > 0 is the shock strength.
(a) Find a first-term expansion of the entropy jump for a weak shock (i.e.,

ε� 1).
(b) What is the order of the second term in the expansion?
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1.16. This problem derives asymptotic approximations for the complete el-
liptic integral, defined as

K(x) =

∫ π/2

0

ds√
1− x sin2 s

.

It is assumed that 0 < x < 1.
(a) Show that, for x close to zero, K ∼ π

2 (1 +
1
4x).

(b) Show that, for x close to one, K ∼ − 1
2 ln(1− x).

(c) Show that, for x close to one,

K ∼ −1

2

[
1 +

1

4
(1− x)

]
ln(1− x).

1.17. A well-studied problem in solid mechanics concerns the deformation of
an elastic body when compressed by a rigid punch. This gives rise to having
to evaluate the following integral (Gladwell, 1980):

I =

∫ ∞

0

N(x) sin(λx)dx,

where

N(x) =
2α sinh(x)− 2x

1 + α2 + x2 + 2α cosh(x)
− 1

and α and λ are constants with 1 ≤ α ≤ 3. The infinite interval complicates
finding a numerical value of I, and so we write

I =

∫ x0

0

N(x) sin(λx)dx +R(x0).

The objective is to take x0 large enough that the error R(x0) is relatively
small.
(a) Find a two-term expansion of N(x) for large x.
(b) Use the first term in the expansion you found in part (a) to determine a

value of x0 so |R(x0)| ≤ 10−6.
(c) Based on the second term in the expansion you found in part (a), does it

appear that the value of x0 you found in part (b) is a reasonable choice?

1.5 Asymptotic Solution of Algebraic
and Transcendental Equations

The examples to follow introduce, and extend, some of the basic ideas for
using asymptotic expansions to find approximate solutions. They also illus-
trate another important point, which is that problems can vary considerably
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Figure 1.4 Sketch of functions appearing in quadratic equation in (1.28)

in type and complexity. The essence of using asymptotic expansions is adapt-
ing the method to a particular problem.

Example 1

One of the easiest ways to illustrate how an asymptotic expansion can be
used to find an approximate solution is to consider algebraic equations. As a
simple example consider the quadratic equation

x2 + 0.002x− 1 = 0. (1.27)

The fact that the coefficient of the linear term in x is much smaller than the
other coefficients can be used to find an approximate solution. To do this, we
start with the related equation

x2 + 2εx− 1 = 0, (1.28)

where ε� 1.
As the first step we will assess how many solutions there are and their ap-

proximate location. With this in mind the functions involved in this equation
are sketched in Fig. 1.4. It is evident that there are two real-valued solutions,
one located slightly to the left of x = 1, the other slightly to the left of
x = −1. In other words, the expansion for the solutions should not start out
as x ∼ εx0 + · · · because this would be assuming that the solution goes to
zero as ε→ 0. Similarly, we should not assume x ∼ 1

εx0 + · · · as the solution
does not become unbounded as ε → 0. For this reason we will assume that
the expansion has the form

x ∼ x0 + εαx1 + · · · , (1.29)

where α > 0 (this inequality is imposed so the expansion is well ordered
for small ε). It should be pointed out that (1.29) is nothing more than an
educated guess. The motivation for making this assumption comes from the
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observation that in expanding functions one usually ends up using Taylor’s
theorem and (1.29) is simply a reflection of that type of expansion. The
exponent α is to allow for a little flexibility.

Substituting (1.29) into (1.28) one finds that

x20 + 2εαx0x1 + · · ·+ 2ε(x0 + εαx1 + · · · )− 1 = 0. (1.30)

① ② ③ ④

The first problem to solve comes from the terms labeled ①, ④. This is because
this equation is suppose to hold for small ε, and therefore we require it to
hold as ε ↓ 0. This gives us:

O(1) x20 − 1 = 0 .

The solutions are x0 = ±1. An important observation here is that
this problem has as many solutions as the original equation (i.e., both
problems are quadratic).

With the preceding solution we now have a term in (1.30) that is O(ε),
namely, term ③. Since the right-hand side is zero, it must be that ③ balances
with one of the other terms on the left-hand side of the equation. The only
choice is ②, and this means α = 1 (Exercise 1.23). With this we have the
next order problem to solve:

O(ε) 2x0x1 + 2x0 = 0 .

The solution is x1 = −1.

The process used to find x0 and x1 can be continued to systematically
construct the other terms of the asymptotic expansion. We will not pur-
sue this here but point out that the approximations we have calculated so
far are x ∼ ±1 − ε. To illustrate the accuracy of this result, one of the
exact solutions is plotted in Fig. 1.5 along with its asymptotic approxima-
tion. It is clear that they are in very good agreement for small values of
ε. Also, recall that the original problem was to construct approximations
of the solutions of (1.27). In this case, ε = 10−3, and so from the asymp-
totic approximation we get x ≈ −1.001, 0.999, while the exact solution gives
x = −1.0010005 · · · , 0.9990005 · · · .

It is appropriate to comment on the notation used in the preceding para-
graphs. We referred to the equation that x0 satisfies as the O(1) equation.
However, strictly speaking, based on the definition of the order symbol, every
term in (1.30) is O(1). So what we should have done was first introduce a
new notation, such as Os(1) (Exercise 1.4). When stating that f = Os(1),
we would mean that f = O(1) but f �= o(1). We could then specify, without
ambiguity, exactly what terms go into the x0 equation. A few textbooks do
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Figure 1.5 Comparison between positive root of (1.28) and the two-term asymptotic
expansion x ∼ 1 + ε. It is seen that for small ε the asymptotic approximation is very
close to the exact value

exactly this to try to reduce the confusion for those who are first learning the
subject. However, the truth is that few people actually use this symbolism.
In other words, O(·) has two meanings, one connected with boundedness as
expressed in the original definition and the other as an identifier of particular
terms in an equation.

Example 2

As a second example consider the quadratic equation

εx2 + 2x− 1 = 0. (1.31)

A sketch of the functions in this equation is given in Fig. 1.6. In this case, for
small ε, one of the solutions is located slightly to the left of x = 1/2 while
the second moves ever leftward as ε approaches zero. Another observation
to make is that if ε = 0, then (1.31) becomes linear, that is, the order of
the equation is reduced. This is significant because it fundamentally alters
the nature of the equation and can give rise to what is known as a singular
problem.

If we approach this problem in the same way as in the previous example,
then the regular expansion given in (1.29) is used. Carrying out the calcula-
tions one finds that

x ∼ 1

2
− ε

8
+ · · · . (1.32)

Not unexpectedly, we have produced an approximation for the solution near
x = 1

2 . The criticism with this is that there are two solutions of (1.31) and
the expansion has produced only one. One remedy is to use (1.32) to factor
the quadratic Eq. (1.31) to find the second solution. However, there is a more
direct way to find the solution that can be adapted to solving differential
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Figure 1.6 Sketch of functions appearing in quadratic equation in (1.31)

equations with a similar complication. To explain what this is, note that the
problem is singular in the sense that if ε = 0, then the equation is linear
rather than quadratic. To prevent this from happening we assume

x ∼ εγ(x0 + εαx1 + · · · ), (1.33)

where α > 0 (so the expansion is well ordered). Substituting this into (1.31)
we have that

ε1+2γ(x20 + 2εαx0x1 + · · · ) + 2εγ(x0 + εαx1 + · · · )− 1 = 0. (1.34)

① ② ③

The terms on the left-hand side must balance to produce zero, and we need
to determine the order of the problem that comes from this balancing. There
are three possibilities. One of these occurs when γ = 0, and in this case the
balance is between terms ② and ③. However, this leads to the expansion
in (1.32), and we have introduced (1.33) to find the other solution of the
problem. So we have the following other possibilities:

(i) ① ∼ ③ and ② is higher order.
The condition ① ∼ ③ requires that 1 + 2γ = 0, and so γ = − 1

2 . With

this we have that ①,③ = O(1) and ② = O(ε−1/2). This violates our
assumption that ② is higher order (i.e., ② �①) so this case is not possible.

(ii) ① ∼ ② and ③ is higher order.
The condition ① ∼ ② requires that 1+2γ = γ, and so γ = −1. With this
we have that ①,② = O(ε−1) and ③ = O(1). In this case, the conclusion
is consistent with the original assumptions, and so this is the balancing
we are looking for.

With γ = −1 and (1.34), the problem we need to solve is

x20 + 2εαx0x1 + · · ·+ 2(x0 + εαx1 + · · · )− ε = 0.
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From this we have

O(1) x20 + 2x0 = 0.

We are interested in the nonzero solution, and so x0 = −2. With this,
from balancing it follows that α = 1.

O(ε) 2x0x1 + 2x1 − 1 = 0

The solution, for x0 = −2, is x1 = − 1
2 .

Thus, a two-term expansion of the second solution of (1.31) is

x ∼ 1

ε

(
−2− ε

2

)
.

As a final note, in the preceding derivation only the nonzero solution of the
O(1) equation was considered. One reason for this is that the zero solution
ends up producing the solution given in (1.32).

Example 3

One of the comforts in solving algebraic equations is that we have a very good
idea of how many solutions to expect. With transcendental equations this is
harder to determine, and sketching the functions in the equation takes on a
more important role in the derivation. To illustrate, consider the equation

x2 + eεx = 5. (1.35)

From the sketch in Fig. 1.7 it is apparent that there are two real-valued so-
lutions. To find asymptotic expansions of them assume

x ∼ x0 + εαx1 + · · · .

Substituting this into (1.35) and using Taylor’s theorem on the exponential
we obtain

Figure 1.7 Sketch of functions appearing in transcendental equation in (1.35)
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x20 + 2x0x1ε
α + · · ·+ 1 + εx0 + · · · = 5.

From the O(1) equation we get that x0 = ±2 and α = 1, while the O(ε)
equation yields x1 = −1/2. Hence, a two-term expansion of each solution is
x ∼ ±2− ε/2.

Example 4

For the last example we investigate the equation

x+ 1 + ε sech
(x
ε

)
= 0. (1.36)

The functions in this equation are sketched in Fig. 1.8, and it is seen that
there is one real-valued solution. To find an approximation of it, suppose we
proceed in the usual manner and assume

x ∼ x0 + εαx1 + · · · . (1.37)

Substituting this into (1.36) and remembering 0 < sech(z) ≤ 1, it follows
that x0 = −1. The complication is that it is not possible to find a value of
α so that the other terms in (1.36) balance. In other words, our assumption
concerning the structure of the second term in (1.37) is incorrect. Given the
character of the hyperbolic function, it is necessary to modify the expansion,
and we now assume

x ∼ −1 + μ(ε), (1.38)

where we are not certain what μ is other than μ � 1 (so the expansion is
well ordered). Substituting this into (1.36) we get

μ+ εsech(−ε−1 + μ/ε) = 0. (1.39)

Now, since sech(−ε−1+μ/ε) ∼ sech(−ε−1) ∼ 2 exp(−1/ε), we therefore have
that μ = −2ε exp(−1/ε). To construct the third term in the expansion, we
would extend (1.38) and write

Figure 1.8 Sketch of functions appearing in quadratic equation in (1.36)
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x ∼ −1− 2εe−1/ε + ν(ε), (1.40)

where ν � ε exp(−1/ε). To find ν, we proceed as before, and the details are
left as an exercise.

Exercises

1.18. Find a two-term asymptotic expansion, for small ε, of each solution x
of the following equations:
(a) x2 + x− ε = 0,

(b) x2 − (3 + ε)x+ 1 + ε = 0,

(c) x2 + (1− ε− ε2)x+ ε− 2eε
2

= 0,

(d) x2 − 2x+ (1− ε2)25 = 0,

(e) εx3 − 3x+ 1 = 0,

(f) ε2x3 − x+ ε = 0,

(g) x2 +
√
1 + εx = e1/(2+ε),

(h) x2 + ε
√
2 + x = cos(ε),

(i) x =
∫ π

0 eε sin(x+s)ds,

(j) x2+ε =
1

x+ 2ε
,

(k) x2 − 1 + ε tanh(xε ) = 0,

(l) β = x− (x + β)
x− α

x+ α
ex/ε where α and β are positive constants,

(m) εex
2

= 1 +
ε

1 + x2
,

(n)

(
1

x
− 1

)
e

1
x+α =

(
1

ε
− 1

)
e

1
ε where α > 0 is constant,

(o) ε =
(

3
2

∫ x

0

√
rp(r)dr

)2/3
where p(r) is smooth and positive and p′(0) �= 0.

(p) xe−x = ε.

1.19. This problem considers the equation 1 +
√
x2 + ε = ex.

(a) Explain why there is one real root for small ε.
(b) Find a two-term expansion of the root.
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1.20. In this problem you should sketch the functions in each equation and
then use this to determine the number and approximate location of the real-
valued solutions. With this, find a three-term asymptotic expansion, for small
ε, of the nonzero solutions.

(a) x = tanh
(x
ε

)
,

(b) x = tan
(x
ε

)
.

1.21. To determine the natural frequencies of an elastic string, one is faced
with solving the equation tan(λ) = λ.
(a) After sketching the two functions in this equation on the same graph

explain why there is an infinite number of solutions.
(b) To find an asymptotic expansion of the large solutions of the equation,

assume that λ ∼ ε−α(λ0 + εβλ1). Find ε, α, β, λ0, λ1 (note λ0 and λ1
are nonzero and β > 0).

1.22. An important, but difficult, task in numerical linear algebra is to cal-
culate the eigenvalues of a matrix. One of the reasons why it is difficult is
that the roots of the characteristic equation are very sensitive to the values
of the coefficients of the equation. A well-known example, due to Wilkinson
(1964), illustrating this is the equation

x20 − (1 + ε)210x19 + 20, 615x18 + · · ·+ 20! = 0,

which can be rewritten as

(x− 1)(x− 2) · · · (x − 20) = 210εx19.

(a) Find a two-term expansion for each root of this equation.
(b) The expansion in part (a) has the form x ∼ x0 + εαx1. Based on this

result, how small does ε have to be so |x − x0| < 10−2 for every root?
Does it seem fair to say that even a seemingly small error in the accuracy
of the coefficients of the equation has a tremendous effect on the value of
the roots?

1.23. Find a two-term asymptotic expansion, for small ε, of the following:
(a) The point xm = (xm, ym) at which the function

f(x) = x2 + 2ε sin(x+ ey) + y2

attains its minimum value;
(b) The perimeter of the two-dimensional golf ball described as r = 1 +

ε cos(20θ), where 0 ≤ θ ≤ 2π. Explain why ε needs to be fairly small
before this two-term expansion can be expected to produce an accurate
approximation of the arc length. Also, explain why this happens in geo-
metric terms.
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1.24. To find the second term of the expansion when solving (1.30). we took
α = 1. Show that the choice 0 < α < 1 does not determine the next nonzero
term in the expansion. Also, explain why the choice 1 < α is not appropriate.

1.25. An important problem in celestial mechanics is to determine the posi-
tion of an object given the geometric parameters of its orbit. For an elliptic
orbit, one ends up having to solve Kepler’s equation, which is

ε sin(E) = E −M,

where M = n(t − T ) and ε is the eccentricity of the orbit. This equation
determines E, the eccentric anomaly, in terms of the time variable t. After
E is found, the radial and angular coordinates of the object are calculated
using formulas from geometry. Note that in this equation, n, T , and ε are
positive constants.
(a) After sketching the functions in Kepler’s equation on the same graph,

explain why there is at least one solution. Show that if M satisfies jπ ≤
M ≤ (j+1)π, then there is exactly one solution and it satisfies jπ ≤ E ≤
(j + 1)π. To do this, you will need to use the fact that 0 ≤ ε < 1.

(b) The eccentricity for most of the planets in the Solar System is small (e.g.,
for the Earth ε = 0.02). Assuming ε� 1, find the first three terms in an
asymptotic expansion for E.

(c) Show that your result agrees, through the third term, with the series
solution (Bessel, 1824)

E =M + 2

∞∑
n=1

1

n
Jn(nε) sin(nM).

It is interesting that Bessel first introduced the functions Jn(x) when
solving Kepler’s equation. He found that he could solve the problem using
a Fourier series, and this led him to an integral representation of Jn(x).
This is one of the reasons why these functions were once known as Bessel
coefficients.

1.26. The Jacobian elliptic functions sn(x, k) and cn(x, k) are defined as fol-
lows: given x and k, they satisfy

x =

∫ sn(x,k)

0

dt√
(1− t2)(1 − k2t2)

and

x =

∫ 1

cn(x,k)

dt√
(1− t2)[1 + k2(t2 − 1)]

,

where −1 ≤ x ≤ 1 and 0 ≤ k ≤ 1.
(a) Show that sn(x, 0) = sin(x).
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(b) For small values of k, the expansion for sn has the form sn(x, k) ∼ s0 +
k2s1 + · · · . Use the result from (a) to determine s0 and then show that
s1 = − 1

4 (x− sinx cosx) cos x.
(c) Show that, for small values of k, cn(x, k) ∼ cos(x) + k2c1 + · · · , where

c1 = 1
4 (x − sinx cos x) sinx.

1.27. In the study of porous media one comes across the problem of having
to determine the permeability, k(s), of the medium from experimental data
(Holmes, 1986). Setting k(s) = F ′(s), this problem then reduces to solving
the following two equations:

∫ 1

0

F−1(c− εr)dr = s,

F−1(c)− F−1(c− ε) = β,

where β is a given positive constant. The unknowns here are the constant
c and the function F (s), and they both depend on ε (also, s and β are
independent of ε). It is assumed that k(s) is smooth and positive.
(a) Find the first term in the expansion of the permeability for small ε.
(b) Show that the second term in the expansion in part (a) is O(ε3).

1.28. Consider functions y(x) and Y (x) defined, for 0 ≤ x ≤ 1, through the
equations

∫ 2

y

dr

arctanh(r − 1)
= 1− x, and Y (x) = 3e−x/ε.

(a) Show that y is a positive, monotonically increasing function with y ≤ 2.
Use this to show that in the interval 0 ≤ x ≤ 1 there is a point of
intersection xs where y(xs) = Y (xs).

(b) For ε� 1 find the first two terms in the expansion of xs. It is worth point-
ing out that implicitly defined functions, like y(x), arise frequently when
one is using matched asymptotic expansions (the subject of Chap. 2).

The definitions of order symbols and asymptotic expansions for complex val-
ued functions, vector-valued functions, and even matrix functions are ob-
tained by simply replacing the absolute value with the appropriate norm.
The following exercises examine how these extensions can be used with ma-
trix perturbation problems.

1.29. Let A and D be (real) n× n matrices.
(a) Suppose A is symmetric and has n distinct eigenvalues. Find a two-term

expansion of the eigenvalues of the perturbed matrix A + εD. where
D is positive definite. What you are finding is known as a Rayleigh–
Schrödinger series for the eigenvalues.

(b) Suppose A is the identity and D is symmetric. Find a two-term expansion
of the eigenvalues for the matrix A+ εD.
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(c) Considering

A =

[
0 1

0 0

]
and D =

[
0 0

1 0

]
,

show that a O(ε) perturbation of a matrix need not result in a O(ε)
perturbation of the eigenvalues. This example also demonstrates that a
smooth perturbation of a matrix need not result in a smooth perturba-
tion of the eigenvalues. References for this material and its extensions to
differential equations are Kato (1995) and Hubert and Sanchez-Palencia
(1989).

1.30. Find a two-term expansion of (A + εB)−1, where A is an invertible
n× n matrix.

1.31. Let C be an m× n matrix with rank n. In this case the pseudoinverse
of C is defined as C† ≡ (CTC)−1CT.
(a) Find a two-term expansion of (A + εB)†, where A is an m × n matrix

with rank n.
(b) Show that the result in part (a) reduces to the expansion from Exer-

cise 1.30 when m = n and A is an invertible n× n matrix.
(c) A theorem due to Penrose (1955) states that the solutions of the least-

squares problem of minimizing ||C−B||2 have the form x = C†b+ (I−
C†C)z, where z is an arbitrary n vector. If C = A + εB, where A is an
m×n matrix with rank n, then use the result from part (a) to find a two-
term asymptotic expansion of the solution. What does your expansion
reduce to in the case where m = n and A = I?

1.6 Introduction to the Asymptotic Solution of
Differential Equations

The ideas used to construct asymptotic approximations of the solutions of
algebraic and transcendental equations can also be applied to differential
equations. What we consider in this section are called regular perturbation
problems. Roughly speaking, this means that a regular Poincare expansion
is sufficient to obtain an asymptotic approximation of the solution. In later
chapters we will take up the study of nonregular, or singular, perturbation
problems.

Example: The Projectile Problem

To illustrate how to find an asymptotic approximation of a solution of a dif-
ferential equation, we return to the projectile example described in Sect. 1.1.
Specifically, we consider the problem
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d2y

dτ2
= − 1

(1 + εy)2
, for 0 < τ, (1.41)

where
y(0) = 0 and y′(0) = 1. (1.42)

The equation in (1.41) is weakly nonlinear because it is nonlinear, but it
reduces to one that is linear when ε = 0. To construct an approximation of
the solution, we start with a working hypothesis on what is the appropriate
form of the asymptotic expansion. For the problem at hand we assume

y(τ) ∼ y0(τ) + εαy1(τ) + · · · , (1.43)

where α > 0. As in (1.29), the exponent α is included to allow for a little
flexibility. We will also assume that the expansions for the derivatives of y(τ)
can be obtained by differentiating (1.43).

To reduce the differential equation, recall that, for small z, (1 + z)−2 ∼
1− 2z. So substituting (1.43) into (1.41) yields

y′′0 (τ) + εαy′′1 (τ) + · · · = − 1

[1 + εy0(τ) + · · · ]2
∼ −1 + 2εy0(τ) + · · · (1.44)

and, from (1.42),

y0(0) + εαy1(0) + · · · = 0 and y′0(0) + εαy′1(0) + · · · = 1. (1.45)

The procedure for finding the terms in the expansion follows the argument
used to solve algebraic equations. By equating like powers of ε, we obtain the
following problems:

O(1) y′′0 (τ) = −1 ,

y0(0) = 0, y′0(0) = 1.

The solution of this problem is y0(τ) = − 1
2τ

2 + τ . Also, because of
the second term on the right-hand side of (1.44), we must take α = 1
in (1.43).

O(ε) y′′1 (τ) = 2y0(τ) ,

y1(0) = 0, y′1(0) = 0.

The solution here is y1(τ) =
1
3τ

3 − 1
12τ

4.

Therefore, we have that

y(τ) ∼ τ

(
1− 1

2
τ

)
+

1

3
ετ3
(
1− 1

4
τ

)
. (1.46)
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Figure 1.9 Comparison between the numerical solution of (1.41), a one-term asymp-
totic approximation of the solution, and a two-term asymptotic approximation of the
solution. In these calculations ε = 10−1. There is little difference between the numer-
ical solution and the two-term expansion

This approximation applies for 0 ≤ τ ≤ τh, where τh > 0 is the point where
y(τh) = 0 (i.e., the time when the projectile returns to the surface of the
Earth). A comparison between the asymptotic expansion and the numerical
solution of the problem is given in Fig. 1.9. It is seen that the two-term
expansion is essentially indistinguishable from the numerical solution, which
indicates the accuracy of the approximation.

The O(ε) term in (1.46) contains the contribution of the nonlinearity and
the O(1) term is the solution one obtains in a uniform gravitational field [it is
the scaled version of the solution given in (1.2)]. Since y′1 ≥ 0 for 0 ≤ τ ≤ τh,
it follows that the contribution of y1 grows with time and increases the flight
time (i.e., it makes τh larger). This is in agreement with the physics of the
problem, which says that the gravitational force decreases with height, which
should allow the projectile to stay up longer (Exercise 1.34). This is a fairly
simple example, so there is not a lot that can be said about the solution. What
this does illustrate, though, is that an asymptotic approximation is capable
of furnishing insights into the properties of the solution, which allows us to
develop an understanding of the situation that may not be possible otherwise.

Example: A Thermokinetic System

A thermokinetic model for the concentration u(t) and temperature q(t) of a
mixture is (Gray and Scott, 1994)

d

dt
y = f(y, ε), (1.47)

where y = (u, q)T and

f =

(
1− ueε(q−1)

ueε(q−1) − q

)
. (1.48)
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The initial condition is y(0) = 0. We are assuming here that the nonlinearity
is weak, which means that ε is small.

We expand the solution using our usual assumption, which is that

y ∼ y0(t) + εy1(t) + · · · ,

where y0 = (u0, q0)
T and y1 = (u1, q1)

T. Before substituting this into the
differential equation, note that

eε(q−1) ∼ 1 + ε(q − 1) +
1

2
ε2(q − 1)2 + · · ·

∼ 1 + ε(q0 + εq1 + · · · − 1) +
1

2
ε2(q0 + εq1 + · · · − 1)2 + · · ·

∼ 1 + ε(q0 − 1) + · · ·

and

ueε(q−1) ∼ (u0 + εu1 + · · · )[1 + ε(q0 − 1) + · · · ]
∼ u0 + ε [u0(q0 − 1) + u1] + · · · .

With this, (1.47) takes the form

y′
0 + εy′

1 + · · · =
(

1− u0

u0 − q0

)
+ ε

( −u1 − u0(q0 − 1)

−q1 + u1 + u0(q0 − 1)

)
+ · · · . (1.49)

This leads to the following problems.

O(1) y′
0 =

(
1− u0

u0 − q0

)

The solution of this that satisfies the initial condition y0(0) = 0 is

y0 =

(
1− e−t

1− (1 + t)e−t

)
. (1.50)
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O(ε) y′
1 =

( −u1 − u0(q0 − 1)

−q1 + u1 + u0(q0 − 1)

)

The initial condition is y1(0) = 0. The equation for u1 is first order,
and the solution can be found using an integrating factor. Once u1 is
determined, then the q1 equation can be solved using an integrating
factor. Carrying out the calculation one finds that

y1 =

⎛
⎜⎝

1

2
(t2 + 2t− 4)e−t + (2 + t)e−2t

1

6
(t3 − 18t+ 30)e−t − (2t+ 5)e−2t

⎞
⎟⎠ . (1.51)

A comparison of the numerical solution for q(t) and the preceding asymp-
totic approximation for q(t) is shown in Fig. 1.10 for ε = 0.1. It is seen that
even the one-term approximation, q ∼ 1− (1 + t)e−t, produces a reasonably
accurate approximation, while the two-term approximation is indistinguish-
able from the numerical solution. The approximations for u(t), which are not
shown, are also as accurate.

The previous example involved an implicit extension of the definition of
an asymptotic expansion to include vector-valued functions. It is possible to
do this because the extension is straightforward and does not require the
introduction of any new ideas. For example, the vector version is simply
Definition 1.3, but f and the a are vector functions. Alternatively, the vector
version is obtained by expanding each component of y using Definition 1.3.
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Figure 1.10 Comparison between the numerical solution for q(t), and the one and
two term approximations coming from (1.50) and (1.51). In the calculation, ε = 0.1
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Example: A Nonlinear Potential Problem

The ideas developed in the preceding problem can also be applied to partial
differential equations. An interesting example arises in the theory of the diffu-
sion of ions through a solution containing charged molecules (i.e., a polyelec-
trolyte solution). If the solution occupies a domain Ω, then the electrostatic
potential φ(x) in the solution satisfies the Poisson–Boltzmann equation

∇2φ = −
k∑

i=1

αizie
−ziφ, for x ∈ Ω, (1.52)

where the αi are positive constants, zi is the valence of the ionic species,
and the sum is over all the ionic species that are present. For example, for
a simple salt such as NaCl, in the sum k = 2 with z1 = −1 and z2 = 1.
There is also an electroneutrality condition for the problem that states that
the valences and constants must satisfy

k∑
i=1

αizi = 0. (1.53)

On the boundary ∂Ω a uniform charge is imposed, and this condition takes
the form

∂nφ = ε, on ∂Ω, (1.54)

where n is the unit outward normal to ∂Ω (note ∂n ≡ n · ∇ is the normal
derivative).

For cultural reasons it is worth pointing out two important special cases
of (1.52). The first arises when the sum contains two terms, with z1 = −1
and z2 = 1. Using (1.53), we can rewrite (1.52) as ∇2φ = α sinh(φ), which
is known as the sinh–Poisson equation. The second special case occurs when
there is only one term in the sum and z1 = −1. In this situation, (1.52)
reduces to ∇2φ = αeφ, which is Liouville’s equation. It is also interesting
to note that (1.52) arises in several diverse areas of applied mathematics.
For example, it occurs in the modeling of semiconductors (Markowich et al.,
1990), gel diffusion (Holmes, 1990), combustion (Kapila, 1983), relativistic
field theory (D’Hoker and Jackiw, 1982), and hydrodynamic stability (Stuart,
1971). It has also been dealt with extensively by MacGillivray (1972) in
deriving Manning’s condensation theory.

The problem we must solve consists of the nonlinear partial differential
equation in (1.52) subject to the boundary condition in (1.54). This is a
very difficult problem, and a closed-form solution is beyond the range of cur-
rent mathematical methods. To deal with this, in the Deybe–Hückel theory
presented in most introductory physical chemistry textbooks, it is assumed
that the potential is small enough that the Poisson–Boltzmann equation can
be linearized. This reduction is usually done heuristically, but here we want
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to carry out the calculations more systematically. For our problem, a small
potential means ε is small. Given the boundary condition in (1.54), the ap-
propriate expansion of the potential, for small ε, is

φ ∼ ε(φ0(x) + εφ1(x) + · · · ). (1.55)

Substituting this into (1.52) we obtain

ε(∇2φ0 + ε∇2φ1 + · · · )
= −

∑
αizie

−εzi(φ0+εφ1+··· )

∼
∑

αizi

[
1− εzi(φ0 + εφ1 + · · · ) + 1

2
z2i ε

2φ20 + · · ·
]

∼ ε
∑

αiz
2
i φ0 + ε2

∑
αiz

2
i (φ1 +

1

2
ziφ

2
0) + · · · . (1.56)

The last step follows from the electroneutrality condition in (1.53). Now,
setting

κ2 =

k∑
i=1

αiz
2
i ,

it follows from (1.56) that the O(ε) problem is

∇2φ0 = κ2φ0, for x ∈ Ω, (1.57)

where, from (1.54),

∂nφ0 = 1 on ∂Ω. (1.58)

To solve this problem, the domain Ω needs to be specified, which will be done
in the example presented below.

The first-term approximation φ ∼ εφ0(x) is the basis of the classical
Debye–Hückel theory in electrochemistry. One of the advantages of our ap-
proach is that it is relatively easy to find the correction to this approximation,
and this is accomplished by solving the O(ε2) problem. From (1.56) one finds
that

(∇2 − κ2)φ1 = −λφ20, forx ∈ Ω, (1.59)

where λ = 1
2

∑
αiz

3
i and, from (1.54),

∂nφ1 = 0, on ∂Ω. (1.60)

It is assumed here that λ �= 0.
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Special Case

It remains to solve the problems we have derived for the first two terms in the
expansion. In electrochemistry, an often-used domain is the region outside of
the unit sphere (i.e., the region 1 < r < ∞). Using spherical coordinates,
the solution is independent of the angular variables and both (1.57) and
(1.59) reduce to ordinary differential equations in the radial coordinate. In
particular, (1.57) reduces to solving

1

r2
d

dr

(
r2

dφ0
dr

)
− κ2φ0 = 0, for 1 < r <∞,

where φ′0(1) = −1. The bounded solution of this problem is

φ0 =
1

(1 + κ)r
eκ(1−r). (1.61)

With this, (1.59) becomes

1

r2
d

dr

(
r2

dφ1
dr

)
− κ2φ1 = − λ

r2
e2κ(1−r),

where φ′1(1) = 0. Given that exp(±κr)/r are solutions of the associated
homogeneous equation, using the method of variation of parameters one finds
that

φ1 =
α

r
e−κr +

γ

κr

[
eκrE1(3κr)− e−κrE1(κr)

]
,

where γ = λe2κ/(2κ(1 + κ)2), E1 is the exponential integral, and

α =
γ

κ(1 + κ)

[
(κ− 1)e2κE1(3κ) + (κ+ 1)E1(κ)

]
.

The accuracy of using just the first term in the approximation is illustrated in
Fig. 1.11, which corresponds to the case where z1 = 1, z2 = −2, and α2 = 1.
Evidently, the Deybe–Hückel approximation is rather good, at least for these
parameter values. �

Our approach to regular perturbation expansions is constructive, and in
the development little has been said about the theoretical foundation of the
subject. For example, we have not made any attempt to prove rigorously
that the expansions are asymptotic. This requires estimates of the error, and
a nice introduction to this subject can be found in Murdock (1999).
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Figure 1.11 Comparison between the numerical solution of (1.52), (1.54), and the
first-term approximation obtained from (1.61) for the region outside the unit sphere.
In the calculation, ε = 0.1

Exercises

1.32. Find a two-term asymptotic expansion, for small ε, of the solution of
the following problems:
(a) y′′ + εy′ − y = 1, where y(0) = 0 and y(1) = 1.

(b) y′′ + f(εy) = 0, where y(0) = y(1) = 0 and f(s) is a smooth positive
function.

(c) ∇2u = 0, for x2 + y2 < 1, where u = eεcos(θ) when x2 + y2 = 1.

(d) ∂tu = ∂x[D(εu)∂xu], for 0 < x < 1 and 0 < t, where u(0, t) = u(1, t) = 0
and u(x, 0) = sin(4πx). Also, D(s) is a smooth positive function.

1.33. Find a two-term asymptotic expansion, for small ε, of the solution of
the following problems. Also, comment on how the boundary conditions help
determine the form of the expansion.
(a) y′′ − y + εy3 = 0, where y(0) = 0 and y(1) = 1.

(b) y′′ − y + y3 = 0, where y(0) = 0 and y(1) = ε.

(c) y′′ − y + εy3 = 0, where y(0) = 0 and y(1) = ε.

(d) y′′ − y + εy3 = 0, where y(0) = ε and y(1) = 1.

1.34. This problem concerns aspects of the projectile problem.
(a) Assuming τh ∼ τ0+ετ1, find τ0 and τ1 from (1.46). Give a physical reason

why τ1 is positive.
(b) Find a two-term expansion for the time at which the projectile reaches its

maximum height. How much higher does the projectile get in the nonuni-
form gravitational field? (You should find a first-term approximation for
this.)
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1.35. In the projectile problem, to account for air resistance, one obtains the
equation

d2x

dt2
= − gR2

(x+ R)2
− k

R+ x

dx

dt
,

where k is a nonnegative constant. Assume here that x(0) = 0 and x′(0) = v0.

(a) What is the nondimensional version of this problem if one uses the same
scaling as in Sect. 1.1?

(b) Find a two-term asymptotic expansion of the solution for small ε. Assume
in doing this that α = kv0/(gR) is independent of ε.

(c) Does the addition of air resistance increase or decrease the flight time?

1.36. The eigenvalue problem for the vertical displacement, y(x), of an elastic
string with variable density is

y′′ + λ2ρ(x, ε)y = 0, for 0 < x < 1,

where y(0) = y(1) = 0. For small ε assume ρ ∼ 1 + εμ(x), where μ(x)
is positive and continuous. In this case the solution y(x) and eigenvalue λ
depend on ε, and the appropriate expansions are y ∼ y0(x) + εy1(x) and
λ ∼ λ0 + ελ1 (better expansions will be discussed in Sect. 3.6).
(a) Find y0 and λ0.
(b) Find y1 and λ1.

1.37. An interesting problem that can be traced back to Bernoulli and Euler
is that of a whirling elastic string that is held fixed at each end (something
like a jump rope). The problem comes down to solving for a function y(x)
and a frequency of rotation ω that satisfy (Caughey, 1970)

y′′ + ω2

(
1

γ
√
1 + ε2y2

+ α2

)
y = 0, for 0 < x < 1,

where y′(0) = y′(1) = 0. Here α is a constant that satisfies 0 < α < 1, and γ
is a constant that depends on y through the equation

γ =
1

α2

(
1

1− α2
−
∫ 1

0

dx√
1 + ε2y2

)
.

There is one additional constraint imposed on the solution, and it is that

∫ 1

0

y(x)dx = 0.

What we have here is an eigenvalue problem where ω is the eigenvalue.
(a) Find a two-term expansion of ω for small ε. Note that to do this you will

need to find the first term in the expansion for y(x), but not necessarily
the second term.
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(b) Comment on the accuracy of the expansion for ω for 0 < α < 1.
(c) Caughey (1970) proves that whirling cannot occur at frequencies below

ω = π. Is your expansion in part (a) consistent with this result?

1.38. The equation for the displacement, u(x), of a weakly nonlinear string,
on an elastic foundation and with a uniform forcing, is

d

dx

(
ux√

1 + ε(ux)2

)
− k2u = 1, for 0 < x < 1,

where u(0) = u(1) = 0 and k is a positive constant. Find a two-term expan-
sion of the solution for small ε. You should find, but do not need to solve,
the problem for the second term.

1.39. The equation for the displacement, u(x), of a nonlinear beam, on an
elastic foundation and with a small periodic forcing, is

u′′′′ − κu′′ + k2u = εF0 sin(πx), for 0 < x < 1,

where u(0) = u′′(0) = u(1) = u′′(1) = 0, k is a positive constant, and F0 is a
nonzero constant. Also,

κ =
1

4

∫ 1

0

(ux)
2dx.

Find a two-term expansion of the solution for small ε.

1.40. Consider the following eigenvalue problem:

∫ a

0

K(x, s)y(s)ds = λy(x), for 0 < x < a.

This is a Fredholm integral equation, where the kernel K(x, s) is known and
is assumed to be smooth and positive. Also, the eigenfunction is taken to be
positive and normalized so that

∫ a

0

y2ds = a.

The eigenvalue λ and the eigenfunction y(x) depend on the value of the
parameter a. This exercise investigates how to find this dependence in the
case where a is small.
(a) Find the first two terms in the expansions of λ and y(x) for small a.
(b) By changing variables, transform the integral equation into (Knessl and

Keller, 1991a)

∫ 1

0

K(aξ, ar)φ(r)dr =
λ

a
φ(ξ), for 0 < ξ < 1. (1.62)

What happens to the normalization?
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Figure 1.12 Figure for Exercise 1.42

(c) From part (b) find a two-term expansion of λ and φ(ξ) for small a.
(d) Explain why the expansions in parts (a) and (c) for λ are the same but

those for y(x) differ.

1.41. In quantum mechanics, the perturbation theory for bound states in-
volves the time-independent (normalized) Schrödinger equation

Ψ ′′ − [V0(x) + εV1(x)]Ψ = −EΨ, for −∞ < x <∞,

where ψ(−∞) = ψ(∞) = 0. In this problem the eigenvalue E is the energy,
V1 is the perturbing potential, and ε is called the coupling constant. The
potentials V0 and V1 are given continuous functions. This exercise examines
what is known as a logarithmic perturbation expansion to find the corrections
to the energy (Imbo and Sukhatme, 1984). To do this, it is assumed that the
unperturbed (ε = 0) state is nonzero (more specifically, it is a nondegenerate
ground state).
(a) Assuming ψ ∼ ψ0(x) + εψ1(x) + ε2ψ2(x) and E ∼ E0 + εE1 + ε2E2, find

what problem the first term in these expansions satisfies. In this problem
assume ∫ ∞

−∞
ψ2
0dx = 1 and

∫ ∞

−∞
|V1(x)|dx <∞.

(b) Letting ψ = eϕ(x), find the problem ϕ(x) satisfies.
(c) Expand ϕ(x) for small ε, and from this find E1 and E2 in terms of ψ0

and the perturbing potential.
(d) For a harmonic oscillator (thus, V0 = λ2x2 with λ > 0) with perturbing

potential V1 = αxe−γx2

(where α and γ are positive) show that

E ∼ λ− 1

4

(
εα

γ + λ

)2
√

λ

λ+ 2γ
.

1.42. From Newton’s second law the displacement, x(t), of the mass in a
mass–spring–dashpot system satisfies mx′′ = Fs + Fd + Fe, where m is the
mass, Fs the restoring force in the spring, Fd the damping force, and Fe the
external force (Fig. 1.12). In this problem take Fe = 0, and assume x(0) = 0
and x′(0) = v0.
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(a) Suppose there is linear damping, Fd = −cx′, and the spring is linear,
Fs = −kx. Nondimensionalize the problem using the time scale for the
undamped (c = 0) system. Your answer should contain the parameter
α = ck1/2/m3/2; explain why α is the ratio of the period of the undamped
oscillator to the damping time scale.

(b) Assume there is linear damping but the spring is nonlinear with Fs =
−kx−Kx3, where K is a positive constant. The equation in this case is
known as Duffing’s equation. Nondimensionalize the problem using the
same scaling as in part (a). The problem should contain two parameters,
α and ε = Kv20k

2/m3. Explain why the latter is the ratio of the nonlinear
to linear component of the spring.

(c) For the scaled problem in part (b) find a two-term expansion of the solu-
tion in the case where the spring is weakly nonlinear (thus, ε is small).

1.43. In the nonlinear potential example, suppose that k = 2, z1 = 1, and
z2 = −1.
(a) Show that the equation takes the form

∇2φ = α sinh(φ) for x ∈ Ω,

where α is a positive constant and the boundary condition is given in
(1.54).

(b) Find the problems satisfied by the first and second terms in the expansion
for φ.

1.44. Consider the second-order difference equation

yn+1 − 2yn + yn−1 = (α+ εfn)yn, forn = 1, 2, 3, . . . ,

where, for this problem, α is a positive constant and fn = (1/2)n.
(a) Find a two-term expansion of the solution for small ε.
(b) Suppose y0 = 1, y1 = 0, and α = 2. Calculate the exact solution, and the

two-term expansion you found in part (a), for n = 2, 3, . . . , 10. Comment
on the accuracy of the approximation.

1.45. The theory of self-gravitating annuli orbiting a central mass is used to
study planetary rings, rings around galaxies, and other such phenomena. A
problem that arises in this theory is to find the mass density, ρ(r), of a ring.
This is determined from the following problem (Christodoulou and Narayan,
1992):

1

r

d

dr

(
r

(
d

dr
ρ1/n

))
+ αρ =

1

r3
− β

r2q
, for 1− ε < r < 1 + ε,

where ρ(1 − ε) = ρ(1 + ε) = 0. Also, α > 0, β > 1, q > 3/2, and n ≥ 1
are constants. This problem is concerned with what is known as a slender
annulus approximation, that is, ε� 1.
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Figure 1.13 Figure for Exercise 1.46

(a) Rescale the independent variable so the interval is independent of ε.
(b) Assuming the density is bounded for small ε, find the first term in an

expansion of the mass density.
(c) Find the second term in the expansion of the mass density.

1.46. To find the flow of air over an airplane wing, as illustrated in Fig. 1.13,
one can reduce the problem to solving the following integral equation for
u(x, ε) (Geer and Keller, 1968):

∫ β(ε)

α(ε)

K(x, ζ, ε)u(ζ, ε)dζ = −2πf ′(x), forα(ε) < x < β(ε),

where

K(x, ζ, ε) =
f(x)− (x− ζ)f ′(x)
(x− ζ)2 + ε2f2(x)

and 0 ≤ α(ε) < β(ε) ≤ 1. This equation is used to determine u(x, ε) as
well as the endpoints α(ε) and β(ε). The function f(x) is known and is
associated with the shape of the airplane wing (Fig. 1.13). For this reason,
f(x) is assumed to be smooth, positive for 0 < x < 1, and f(0) = f(1) = 0.
We will also assume f ′(x) �= 0 at x = 0, 1.
(a) For small ε, explain why it is not appropriate to expand K using the

binomial expansion.
(b) In the case where the wing can be described by the ellipse 4(x − 1

2 )
2 +

(yε )
2 = 1, the solution of the integral equation is

u(x, ε) =
ε

1− 2ε

2− 4x√
(β − x)(x − α)

,

where 2α = 1 − √
1− 4ε2 and 2β = 1 +

√
1− 4ε2. For small ε, find the

first two terms in the expansions for α, β, and u.
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1.7 Uniformity

We have seen that other parameters or variables that a function depends on
can interfere with the accuracy, or even existence, of an asymptotic expansion.
To illustrate the situation, we consider the following equation for y:

(y − 1)(y − x) = εy. (1.63)

We are interested here in values of x in the interval 0 < x < 1. For small ε the
appropriate expansion of the solution is y ∼ y0 + εy1 + · · · . Substituting this
into the equation and carrying out the calculations, the following expansion
is obtained for one of the solutions:

y ∼ 1 +
ε

1− x
. (1.64)

There is no doubt that this is an asymptotic expansion of the solution; the
only question is how accurate it is for values of x that are close to x = 1.
Given the nature of the O(ε) term in the expansion, it is expected that it
will be necessary to have very small ε if such x are used. To say this in a
slightly different way, no matter how small we take ε, there are x values in
the interval 0 < x < 1 where the second term is as large as, if not larger than,
the first term. So the expansion does not remain well ordered as x approaches
x = 1, and for this reason it is not uniformly valid for 0 < x < 1. On the
other hand, it is uniformly valid if, say, 0 < x < 3/4.

The following definition is introduced to make precise what is meant by a
uniform approximation. It is written for the specific case of small ε because
that is the only limit we will be considering in this book when dealing with
uniformity. Also, in what follows, I designates an interval on the x-axis.

Definition 1.4. Suppose f(x, ε) and φ(x, ε) are continuous functions for
x ∈ I and 0 < ε < ε1. In this case, φ(x, ε) is a uniformly valid asymptotic
approximation of f(x, ε) for x ∈ I as ε ↓ 0 if, given any positive constant δ,
there is an ε2 (independent of x and ε) such that

|f − φ| ≤ δ|φ| for x ∈ I and 0 < ε < ε2.

The critical point in this definition is that it is possible to find an open
interval near ε = 0 (specifically, 0 < ε < ε2) so the inequality holds for all
values of x that are under consideration. This is essentially the idea used
to define uniform convergence, and this enables us to make several useful
observations.

The lack of uniformity is often due to what happens at one of the endpoints
of the interval I. This is true in (1.64), for x near one, and in Fig. 1.2, for x
near zero. It is possible to use this observation to develop a simple test for
uniformity. To explain, suppose that f(x, ε) ∼ φ(x, ε) for a < x < b, where
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both f and φ are continuous functions for a ≤ x ≤ b. Also, letting x0 be
one of the endpoints, assume that f(x0, ε) ∼ φ0(ε). If the approximation is
uniform, then it is natural to expect that φ(x0, ε) and φ0(ε) are somehow
related to one another. For those who might guess that if the approximation
is uniform then it must be that φ0(ε) = φ(x0, ε), the answer is no. These
functions only need to be equal asymptotically, that is,

lim
ε↓0

φ(x0, ε)

φ0(ε)
= 1. (1.65)

It is assumed here that φ0 is nonzero, so the quotient makes sense. The proof
of (1.65) incorporates many of the same arguments used to establish the
properties coming from uniform convergence and is left as an exercise (see
also Exercise 1.55).

The usefulness of (1.65) is that it gives us a negative result. In particular,
if

lim
ε↓0

φ(x0, ε)

φ0(ε)
�= 1, (1.66)

then f(x, ε) ∼ φ(x, ε) is not uniform for a < x < b. An example of how this
is used is given in the next example.

Example

In Sect. 1.4 it was found that x+ e−x/ε ∼ x for 0 < x < 1. It was also stated
that this approximation is not uniform and the problem is at x = 0 (Fig. 1.2).
To verify this, note that f(x, ε) = x+ e−x/ε and φ(x, ε) = x. Taking x0 = 0,
then f(x0, ε) = φ0(ε) = 1 and φ(x0, ε) = 0. With this we have that

lim
ε↓0

φ(x0, ε)

φ0(ε)
= 0.

The conclusion is, therefore, that the approximation is not uniformly valid
on the interval 0 < x < 1. �

As illustrated in the previous example, the result in (1.66) is useful for
showing that an expansion is nonuniform. There are also simple tests for
proving uniformity. We will only state one of these; to do this, assume the
functions are continuous. It is a common mistake to think that if an expan-
sion holds on the closed interval a ≤ x ≤ b, then it must be uniformly valid
(this is often stated when constructing what are known as composite ex-
pansions using the method of matched asymptotic expansions). An example
that illustrates this is given in Exercise 1.51. What is true is that if |φ| is a
monotonically decreasing function of ε for a < x < b, and if the asymptotic
approximation holds for a ≤ x ≤ b, then it is uniformly valid. Again the proof
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of this is very similar to the analogous result for uniform convergence and is
left to the reader.

To summarize the preceding results, we have the following theorem.

Theorem 1.4. Assume f(x, ε), φ(x, ε), and φ0(ε) are continuous for a ≤
x ≤ b and 0 < ε < ε1.

(a) If f ∼ φ for a ≤ x ≤ b, and if |φ(x, ε)| is monotonically decreasing in ε,
then this asymptotic approximation is uniformly valid for a ≤ x ≤ b.

(b) Suppose f(x, ε) ∼ φ(x, ε) for a < x < b and f(x0, ε) ∼ φ0(ε) for x0 = a
or for x0 = b. If φ0(ε) is nonzero and (1.66) holds, then f ∼ φ is not
uniformly valid for a < x < b.

The idea of uniformity can be extended to asymptotic expansions. To
explain how, suppose we have a function f(x, ε) and

f(x, ε) ∼ a1(x)φ1(x, ε) + a2(x)φ2(x, ε) as ε ↓ 0. (1.67)

In other words, we have expanded f in terms of the basis functions φ1 and φ2,
and they possibly depend on x (in addition to ε). To be able to say that this
expansion is uniformly valid, we must have, at a minimum, that it remains
well ordered for all values of x under consideration. The exact statement is
as follows.

Definition 1.5. The expansion (1.67) is uniformly valid for x ∈ I if, given
any positive constant δ, we can find an ε2 (independent of x and ε) such that,
for 0 < ε < ε2,

|f(x, ε)− a1(x)φ1(x, ε)| ≤ δ|a1(x)φ1(x, ε)|

and
|f(x, ε)− a1(x)φ1(x, ε)− a2(x)φ2(x, ε)| ≤ δ|a2(x)φ2(x, ε)|

for all x ∈ I.

This definition extends in a straightforward manner to expansions involv-
ing an arbitrary number of scale functions.

As a comment in passing, in the preceding discussion the variable x was
taken to be a scalar. Nevertheless, the definitions and theorem that have been
given hold (without change) for the case where x is a vector.

As usual, given a function f(x, ε), one of the main tools that is used to
establish uniformity is Taylor’s theorem, and this is illustrated in the following
examples.
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Examples

1. If f = sin(x+ ε), then f ∼ sin(x) is uniformly valid for π
4 < x < 3π

4 . This
can be established using Taylor’s theorem (about ε = 0), which gives us
that

f = sin(x) + ε cos(x+ ξ).

Thus, limε↓0[f − sin(x)] = 0, and from this we have that f ∼ sin(x) for
π
4 ≤ x ≤ 3π

4 . Also, since φ ≡ sin(x) is independent of ε, it follows from
Theorem 1.3 that the approximation is uniformly valid over the stated
interval. What may be surprising is that it is not uniform for 0 < x < π

2 ,
even though (1.66) holds. The easiest way to see this is to note f ∼ ε
at x = 0, and so φ0(ε) = ε and φ(0, ε) = 0. Thus, the limit in (1.66)
is not equal to 1, which means the approximation is nonuniform on this
interval. �

2. A solution of the differential equation

εy′′ + 2y′ + 2y = 0, for 0 < x < 1, (1.68)

is

y(x) = eαx/ε + eβx/ε, (1.69)

where α = −1+
√
1− 2ε and β = −1−√

1− 2ε. To obtain an asymptotic
approximation of this solution for small ε, note α ∼ −ε − ε2/2 and β ∼
− 2 + ε. Thus, for 0 < x < 1,

y(x) ∼ e−(1+ε/2)x + e(−2+ε)x/ε

∼ e−x + e−2x/ε (1.70)

∼ e−x. (1.71)

The approximation in (1.71) is not uniform for 0 < x < 1. This is because
the exponential that was dropped in going from (1.70) to (1.71) is of
the same order as (1.71) when x = 0 [one can also use (1.66) to show
nonuniformity]. If we were to retain this term, that is, if we used the
approximation in (1.70), then we would have a uniformly valid approx-
imation over the interval 0 < x < 1 (Exercise 1.48). To illustrate the
differences between these approximations, they are plotted in Fig. 1.14 in
the case of ε = 10−2. Both give a very good description of the solution
away from x = 0, but only the uniform approximation works over the
entire interval. The nonuniform approximation breaks down in the region
near x = 0, in particular, in the region where x = O(ε). This region
is an example of what is known as a boundary layer, and these will be
investigated extensively in the next chapter. �
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Figure 1.14 Comparison between the exact solution, (1.69), a nonuniform approx-
imation, (1.71), and a uniform approximation, (1.70), of the solution. The lower plot
shows the three functions in the region near x = 0. In both plots the exact and uniform
curves are so close as to be indistinguishable from each other. In these calculations,
ε = 10−2

3. A solution of the differential equation

y′′ + 2εy′ + y = 0, for 0 < t, (1.72)

is

y(t) = e−εt sin
(
t
√
1− ε2

)
. (1.73)

Given that
√
1− ε2 ∼ 1− 1

2ε
2 and e−εt ∼ 1− εt, it follows that

y(t) ∼ e−εt sin

(
t− 1

2
ε2t

)
(1.74)

∼ (1− εt+ · · · )
(
sin(t)− 1

2
ε2t cos(t) + · · ·

)

∼ sin(t)− εt sin(t). (1.75)

This example differs from the others because it concerns the approximation
over an unbounded interval, where 0 < t < ∞. In this sense Theorem 1.4
does not apply. However, the underlying ideas are still applicable. That is,
in (1.75), as t increases, the second term eventually becomes as large as
the first term, and this means the expansion is not well ordered. This is
the core idea in nonuniformity and the reason that (1.75) is not a uniform
asymptotic expansion for (1.73) for 0 ≤ t < ∞. On the other hand, it is
uniform over any bounded interval 0 ≤ t ≤ T . �
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One additional conclusion coming from the last two examples concerns
the reason for nonuniformity and the solution of a differential equation. It is
sometimes stated that the nonuniformity of a regular series expansion is syn-
onymous with εmultiplying the highest derivative in the differential equation.
A prime example of this is (1.68). However, as shown in (1.72), it is possi-
ble for nonuniformity to appear when ε multiplies some other term in the
equation. What this means is that problems that we will classify as singular
perturbation problems, which means that nonuniformity arises when trying
to use a regular expansion to solve the problem, will arise for multiple rea-
sons. Two of the canonical types of singular perturbation problems are the
subject of the next two chapters.

Exercises

1.47. For small ε find an asymptotic approximation of each solution y of the
following equations and determine if it is uniform (in x) over the indicated
interval:

(a) y2 + (1 + ε− x)y − x = 0, for 0 < x < 1.

(b) y3 + (1− 2x)y2 + (x2 − 2x− ε)y + x2 = 0, for 0 < x < 1.

1.48. Show that (1.70) is a uniform approximation of (1.69) for 0 < x < 1.

1.49. This problem investigates the time variable and its effect on the uni-
formity of an expansion.
(a) Assuming 0 ≤ t ≤ T , where T is independent of ε, show that sin(t) is a

uniform approximation of (1.73) and has error that is O(ε).
(b) Assuming 0 ≤ t ≤ T , where T is independent of ε, show that (1.74) is a

uniform approximation of (1.73) and has error that is O(ε4). Also, explain
why it is not uniform for 0 ≤ t <∞.

(c) Explain why the expansion of the projectile problem given in (1.46) is
uniform even though it contains a term like ετ3.

1.50. If f(ε) = 1 and φ(ε) = 1 + x
ε e

−x/ε, then f ∼ φ for 0 ≤ x ≤ 1 as ε ↓ 0.
Is this a uniform approximation? Does this violate Theorem 1.4?

1.51. For the function in (1.69) show that

lim
ε↓0

lim
x↓0

y(x) �= lim
x↓0

lim
ε↓0

y(x).

This observation is an indication that (1.68) is a singular perturbation prob-
lem, and these types of problems are the subject of the next chapter.

1.52. For the following functions, assuming ε� 1, find an asymptotic expan-
sion of the form f(x, ε) ∼ φ(x) that holds for −1 < x < 1. Sketch f(x, ε) and
φ(x), and then explain why the approximation is not uniform for −1 < x < 1.
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(a) f(x, ε) = x+ exp((x2 − 1)/ε) .

(b) f(x, ε) = x+ tanh(x/ε).

(c) f(x, ε) = x+ sech(x/ε) .

1.53. For the following functions, assuming ε � 1, find an asymptotic ex-
pansion of the form f(t, ε) ∼ φ(t) that holds for 0 ≤ t <∞. Explain why the
approximation is not uniform for 0 ≤ t <∞.
(a) f(t, ε) = exp(−εt) sin(t).
(b) f(t, ε) = sin(ωt) where ω = 1 + ε.

1.54. As an astute reader you probably noticed that the example used to
introduce nonuniformity was never used in the subsequent examples. This
exercise rectifies that oversight.
(a) Find the exact solution of (1.63) that corresponds to the expansion in

(1.64).
(b) Find the first four terms in the expansion of the solution from part (a) in

the case where x = 1. Comment on the differences between this expansion
and that in (1.64).

(c) For both cases, the first-term approximation is y ∼ 1. Is this uniform for
0 < x < 1?

1.55. This problem explores different ways one can show that an approxima-
tion is not uniformly valid. Given a point x0 satisfying a ≤ x0 ≤ b, assume
the following limits exist and are uniform:

Φ(ε) = lim
x→x0

φ(x, ε) and F (ε) = lim
x→x0

f(x, ε).

Also, assume that f and φ are continuous for a < x < b and 0 < ε < ε1. In
this case, if f ∼ φ is uniformly valid for a < x < b, and if φ(x, ε) is bounded,
then it must be that

lim
ε↓0

Φ(ε) = lim
ε↓0

F (ε). (1.76)

In this problem it is assumed that x0 = a.
(a) The statement that Φ(ε) = limx→a φ(x, ε) is uniform means that there is

an interval 0 < ε < ε1 so that given any δ > 0 it is possible to find η
(independent of ε) so

|φ(x, ε)− Φ(ε)| < δ if a < x0 < a+ η.

Prove (1.76).
(b) Assuming the limit Φ(ε) = limx→a φ(x, ε) exists, show that it is uniform if

there is an interval a < x < a+η such that |φ(x, ε)−Φ(ε)| is monotonically
decreasing as a function of ε.
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(c) Show that the condition in part (b) holds if φ(x, ε) ≥ Φ(ε) and

d

dε
(φ(x, ε)− Φ(ε)) ≤ 0.

(d) Use (1.76) to show that x+ e−x/ε ∼ x is not uniform for 0 < x < 1.

1.8 Symbolic Computing

Anyone who uses perturbation methods is struck almost immediately by the
amount of algebra that is sometimes necessary to find an approximation.
This raises the question of whether it might be possible to do this with a
computer. Because one of the objectives of perturbation methods is to have
an answer that contains the parameters in a problem, it is not convenient
to use a computing language like FORTRAN or C to carry out these cal-
culations since they require all variables (and parameters) to be evaluated.
An alternative is to use a symbolic language like Maple or Mathematica.
These systems are capable of manipulating mathematical expressions with-
out having to evaluate parameters. This ability has a tremendous potential
for constructing asymptotic expansions, and so we will illustrate some simple
applications. More extensive presentations can be found in Boccara (2007)
and Richards (2002).

The simplest example is in the use of Taylor’s theorem. For example,
suppose we want a two-term expansion of the function

f(ε) = sinh

(
1

10α+ cos(ε)

)
,

where α is a constant. If we expect that the expansion of this function is a
regular power series, that is,

f ∼ f0 + εf1 + ε2f2 + · · · ,

then we can obtain the coefficients using a Taylor expansion. To do this,
one must enter the formula for f , and in what follows ep designates ε and a
represents α. In Maple, the command for the taylor series expansion is then

taylor(f, ep, 3). (1.77)

In a fraction of a second the machine dutifully responds with

1

2
exp

(
1

10a+ 1

)
− 1

2
exp

(
− 1

10a+ 1

)

+

(
1

4

exp( 1
10a+1 )

(10a+ 1)2
+

1

4

exp(− 1
10a+1 )

(10a+ 1)2

)
ep2 +O(ep3).
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Clearly, the effort involved here is minimal, and this makes the use of a
symbolic manipulator quite attractive. However, at the same time certain
cautions are necessary. It is natural to think that since this is so easy, why
not go for lots of terms and change the 3 in (1.77) to, say, 1,000. There may
actually be situations where something like this is necessary, but one would
be running the risk of what is known as intermediate expression swell. This is
the situation where the expressions that are being manipulated are so large
that the machine is incapable of handling them with the allotted memory,
even though the final result is relatively simple. In terms of asymptotic ap-
proximations, such Herculean feats as deriving 1,000 terms of an expansion is
generally of little value. In fact, as we saw earlier, the results may actually get
worse. Something else that should be pointed out is that even though these
systems can be big time savers, there are certain things they do not do easily.
One is simplify certain expressions. For example, the preceding expansion
can be rewritten as

sinh

(
1

10a+ 1

)
+

cosh( 1
10a+1 )

2(10a+ 1)2
ep2 +O(ep3).

It can be very difficult to get the program to “notice” this fact. Also, the
program does not warn the user that this expansion is singular when 10a+1 =
0. The point here is that one must not stop thinking about the problem, or
its solution, just because the work is being done by a machine.

The expansions for the solutions of many of the algebraic and differential
equations studied in this chapter can be solved quite easily using a symbolic
manipulator. To illustrate, consider the projectile problem (1.41). The Maple
commands that can be used to construct the expansion are given in Table 1.1.
The CPU time needed to carry out these commands depends on the machine
being used; however, it should not be more than about a couple of seconds.
Also, even though the example presented here uses Maple, it is possible to
carry out similar calculations using most other symbolic programs.

It is strongly recommended that anyone using asymptotic expansions ex-
periment with a symbolic computing system using a program like the one
given previously.

Exercises

1.56. Given a function f(ε), suppose its expansion has the form f(ε) ∼ a1ε
α+

a2ε
β + · · · .

(a) Determine a sequence of operations that will find (in order) α, a1, β,
and a2.

(b) Using a symbolic manipulator employ your procedure to try to find the
expansions for the functions of Exercise 1.7.
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Command Explanation

y := y0(t) + ep ∗ y1(t) + ep ∗ ep ∗ y2(t); As in (1.43), this
defines the terms
in the expansion.

de := diff(y, t, t) + 1/(1 + ep ∗ y) ˆ 2; As in (1.41), this
defines the differ-
ential equation.

DE := taylor(de, ep, 3); As in (1.44),
this expands
the equation in
powers of ep.

de0 := coeff(DE, ep, 0); Find the O(1)
equation.

de1 := coeff(DE, ep, 1); Find the O(ep)
equation.

y0(t) := rhs(dsolve(de0 = 0, y0(0) = 0, D(y0)(0) = 1, y0(t))); Solve the O(1)
problem using
the initial con-
ditions given in
(1.42).

y1(t) := rhs(dsolve(de1 = 0, y1(0) = 0, D(y1)(0) = 0, y1(t))); Solve the O(ep)
problem.

Table 1.1 Maple commands that can be used to find a two-term expansion of the
projectile problem (1.41), (1.42)

1.57. Consider the boundary value problem

y′′ = f(ε, x, y, y′) for a < x < b,

where y(a) = α and y(b) = β. Assume f is a smooth function and the
constants a, b, α, and β are independent of ε. It is also assumed that the
problem has a unique solution.
(a) Construct an algorithm that will find the first two terms in the expansion

of y for small ε.
(b) Use your procedure to find the expansions for the problems of

Exercise 1.18(a)–(c).



Chapter 2

Matched Asymptotic Expansions

2.1 Introduction

The ideas underlying an asymptotic approximation appeared in the early
1800s when there was considerable interest in developing formulas to evalu-
ate special functions. An example is the expansion of Bessel’s function, given
in (1.15), that was derived by Poisson in 1823. It was not until later in the
century that the concept of an asymptotic solution of a differential equation
took form, and the most significant efforts in this direction were connected
with celestial mechanics. The subject of this chapter, what is traditionally
known as matched asymptotic expansions, appeared somewhat later. Its early
history is strongly associated with fluid mechanics and, specifically, aerody-
namics. The initial development of the subject is credited to Prandtl (1905),
who was concerned with the flow of a fluid past a solid body (such as an
airplane wing). The partial differential equations for viscous fluid flow are
quite complicated, but he argued that under certain conditions the effects
of viscosity are concentrated in a narrow layer near the surface of the body.
This happens, for example, with air flow across an airplane wing, and a pic-
ture of this situation is shown in Fig. 2.1. This observation allowed Prandtl
to go through an order-of-magnitude argument and omit terms he felt to
be negligible in the equations. The result was a problem that he was able
to solve. This was a brilliant piece of work, but it relied strongly on his
physical intuition. For this reason there were numerous questions about his
reduction that went unresolved for decades. For example, it was unclear how
to obtain the correction to his approximation, and it is now thought that
Prandtl’s derivation of the second term is incorrect (Lagerstrom, 1988). This
predicament was resolved when Friedrichs (1941) was able to show how to sys-
tematically reduce a boundary-layer problem. In analyzing a model problem
(Exercise 2.1) he used a stretching transformation to match inner and outer

M.H. Holmes, Introduction to Perturbation Methods, Texts in Applied
Mathematics 20, DOI 10.1007/978-1-4614-5477-9 2,
© Springer Science+Business Media New York 2013

57



58 2 Matched Asymptotic Expansions

Figure 2.1 Supersonic air flow, at Mach 1.4, over a wedge. The high speed flow
results in a shock layer in front of the wedge across which the pressure undergoes a
rapid transition. Because of its position in the flow, the shock is an example of an
interior layer (Sect. 2.5). There are also boundary layers present (Sect. 2.2). These
can be seen near the surface of the wedge; they are thin regions where the flow drops
rapidly to zero (which is the speed of the wedge). From Bleakney et al. (1949)

solutions, which is the basis of the method that is discussed in this chapter.
This procedure was not new, however, as demonstrated by the way in which
Gans (1915) used some of these ideas to solve problems in optics.

The golden age for matched asymptotic expansions was in the 1950s, and
it was during this period that the method was refined and applied to a wide
variety of physical problems. A short historical development of the method is
presented in O’Malley (2010). The popularity of matched asymptotic expan-
sions was also greatly enhanced with the appearance of two very good books,
one by Cole (1968), the other by Van Dyke (1975). The method is now one
of the cornerstones of applied mathematics. At the same time it is still being
extended, both in the type of problems it is used to resolve as well as in the
theory.

2.2 Introductory Example

The best way to explain the method of matched asymptotic expansions is to
use it to solve a problem. The example that follows takes several pages to
complete because it is used to introduce the ideas and terminology. As the
procedure becomes more routine, the derivations will become much shorter.

The problem we will study is

εy′′ + 2y′ + 2y = 0, for 0 < x < 1, (2.1)
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where
y(0) = 0 (2.2)

and

y(1) = 1. (2.3)

This equation is similar to that used in Sect. 1.7 to discuss uniform and
nonuniform approximations. The difference is that we will now derive the
approximation directly from the problem rather than from a formula for the
solution (Exercise 2.7).

An indication that this problem is not going to be as straightforward as
the differential equations solved in Sect. 1.6 is that if ε = 0, then the problem
is no longer second order. This leads to what is generally known as a singular
perturbation problem, although singularity can occur for other reasons. In
any case, to construct a first-term approximation of the solution for small
ε, we will proceed in four steps. The fifth step will be concerned with the
derivation of the second term in the expansion.

2.2.1 Step 1: Outer Solution

To begin, we will assume that the solution can be expanded in powers of ε.
In other words,

y(x) ∼ y0(x) + εy1(x) + · · · . (2.4)

Substituting this into (2.1) we obtain

ε(y′′0 + εy′′1 + · · · ) + 2(y′0 + εy′1 + · · · ) + 2(y0 + εy1 + · · · ) = 0.

The O(1) equation is therefore

y′0 + y0 = 0, (2.5)

and the general solution of this is

y0(x) = ae−x, (2.6)

where a is an arbitrary constant. Looking at the solution in (2.6) we have
a dilemma because there is only one arbitrary constant but two boundary
conditions – (2.2), (2.3). What this means is that the solution in (2.6) and
the expansion in (2.4) are incapable of describing the solution over the entire
interval 0 ≤ x ≤ 1. At the moment we have no idea which boundary condition,
if any, we should require y0(x) to satisfy, and the determination of this will
have to come later. This leads to the question of what to do next. Well, (2.6)
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is similar to using (1.71) to approximate the solution of (1.68). In looking at
the comparison in Fig. 1.14, it is a reasonable working hypothesis to assume
that (2.6) describes the solution over most of the interval, but there is a
boundary layer at either x = 0 or x = 1, where a different approximation
must be used. Assuming for the moment that it is at x = 0, and in looking at
the reduction from (1.70) to (1.71), then we are probably missing a term like
e−βx/ε. The derivation of this term is the objective of the next step. Because
we are going to end up with approximations of the solution over different
regions, we will refer to (2.6) as the first term in the expansion of the outer
solution.

2.2.2 Step 2: Boundary Layer

Based on the assumption that there is a boundary layer at x = 0, we introduce
a boundary-layer coordinate given as

x̄ =
x

εα
, (2.7)

where α > 0. From our earlier discussion it is expected that α = 1, and this
will be demonstrated conclusively subsequently. After changing variables from
x to x̄ we will take x̄ to be fixed when expanding the solution in terms of ε.
This has the effect of stretching the region near x = 0 as ε becomes small.
Because of this, (2.7) is sometimes referred to as a stretching transformation.

From the change of variables in (2.7), and from the chain rule, we have that

d

dx
=

dx̄

dx

d

dx̄
=

1

εα
d

dx̄
.

Letting Y (x̄) denote the solution of the problem when using this boundary-
layer coordinate, (2.1) transforms to

ε1−2α d
2Y

dx̄2
+ 2ε−αdY

dx̄
+ 2Y = 0, (2.8)

where, from (2.2),

Y (0) = 0. (2.9)

The boundary condition at x = 0 has been included here because the bound-
ary layer is at the left end of the interval.

The appropriate expansion for the boundary-layer solution is now

Y (x̄) ∼ Y0(x̄) + εγY1(x̄) + · · · , (2.10)
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where γ > 0. As stated previously, in this expansion x̄ is held fixed as ε
goes to zero (in the same way that x is held fixed in the outer expansion).
Substituting the expansion in (2.10) into (2.8) we get that

ε1−2α d2

dx̄2
(Y0 + · · · ) + 2ε−α d

dx̄
(Y0 + · · · ) + 2(Y0 + · · · ) = 0. (2.11)

① ② ③

Just as with the algebraic equations studied in Sect. 1.5, it is now necessary
to determine the correct balancing in (2.11). The balance between terms ②
and ③ was considered in Step 1, and so the following possibilities remain
(also see Exercise 2.6):

(i) ① ∼ ③ and ② is higher order.
The condition ① ∼ ③ requires that 1 − 2α = 0, and so α = 1

2 . With

this we have that ①,③ = O(1) and ② = O(ε−1/2). This violates our as-
sumption that ② is higher order (i.e., ② � ①), so this case is not possible.

(ii) ① ∼ ② and ③ is higher order.
The condition ① ∼ ② requires that 1−2α = −α, and so α = 1. With this
we have that ①,② = O(ε−1) and ③ = O(1). In this case, the conclusion
is consistent with the original assumptions, and so this is the balancing
we are looking for.

With this we have the following problem to solve:

O(1ε ) Y ′′
0 + 2Y ′

0 = 0 for 0 < x̄ < ∞,

Y0(0) = 0.

The general solution of this problem is

Y0(x̄) = A(1− e−2x̄), (2.12)

where A is an arbitrary constant. It should be observed that the dif-
ferential equation for Y0 contains at least one term of the outer-layer
Eq. (2.5). This is important for the successful completion of Step 3.

The boundary-layer expansion in (2.10) is supposed to describe the so-
lution in the immediate vicinity of the endpoint x = 0. It is therefore not
unreasonable to expect that the outer solution (2.6) applies over the remain-
der of the interval (this is assuming there are no other layers). This means
that the outer solution should satisfy the boundary condition at x = 1. From
(2.6) and (2.3) one finds that

y0(x) = e1−x. (2.13)
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Figure 2.2 Sketch of inner solution, (2.12), and outer solution, (2.13). Note the
overlap region along the x-axis where both solutions are essentially constant. Since
these approximations are supposed to be describing the same continuous function, it
must be that these constants are the same. Hence, A = e1

2.2.3 Step 3: Matching

It remains to determine the constant A in the first-term approximation of
the boundary-layer solution (2.12). To do this, the approximations we have
constructed so far are summarized in Fig. 2.2. The important point here is
that both the inner and outer expansions are approximations of the same
function. Therefore, in the transition region between the inner and outer
layers we should expect that the two expansions will give the same result.
This is accomplished by requiring that the value of Y0 as one comes out of
the boundary layer (i.e., as x̄ → ∞) is equal to the value of y0 as one comes
into the boundary layer (i.e., as x → 0). In other words, we require that

lim
x̄→∞ Y0 = lim

x→0
y0. (2.14)

In this text, the preceding equation will usually be written in the more com-
pact form of Y0(∞) = y0(0

+). However it is expressed, this is an example
of a matching condition, and from it we find that A = e1. With this (2.12)
becomes

Y0(x̄) = e1 − e1−2x̄. (2.15)

This completes the derivation of the inner and outer approximations of the
solution of (2.1). The last step is to combine them into a single expression.

Before moving on to the construction of the composite expansion, a word
of caution is needed about the matching condition given in (2.14). Although
we will often use this condition, it is limited in its applicability, and for
more complex problems a more sophisticated matching procedure is often
required. This will be discussed in more detail once the composite expansion
is calculated.
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~
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ε

Figure 2.3 Sketch of inner and outer regions and values of approximations in those
regions

2.2.4 Step 4: Composite Expansion

Our description of the solution consists of two pieces, one that applies near
x = 0, the other that works everywhere else. Because neither can be used
over the entire interval, they are not uniformly valid for 0 ≤ x ≤ 1. The ques-
tion we consider now is whether it is possible to combine them to produce a
uniform approximation, that is, one that works over the entire interval. The
position we are in is summarized in Fig. 2.3. The inner and outer solutions
are constant outside their intervals of applicability, and the constant is the
same for both solutions. The value of the constant can be written as either
y0(0) or Y0(∞), and the fact that they are equal is a consequence of the
matching condition (2.14). This observation can be used to construct a uni-
form approximation, namely, we just add the approximations together and
then subtract the part that is common to both. The result is

y ∼ y0(x) + Y0

(x
ε

)
− y0(0)

∼ e1−x − e1−2x/ε. (2.16)

The fact that the composite expansion gives a very good approximation
of the solution over the entire interval is shown in Fig. 2.4. Note, however,
that it satisfies the boundary condition at x = 0 exactly, but the one at
x = 1 is only satisfied asymptotically. This is not of particular concern since
the expansion also satisfies the differential equation in an asymptotic sense.
However, an alternative expansion that satisfies both boundary conditions is
developed in Exercise 2.14.

2.2.5 Matching Revisited

Because of the importance of matching, the procedure needs to be exam-
ined in more detail. The fact is that, even though the matching condition in
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Figure 2.4 Graph of exact solution of (2.1) and composite expansion given in (2.16)
in the case where ε = 10−1 and where ε = 10−2. Note the appearance of the boundary
layer, as well as the convergence of the composite expansion to the solution of the
problem, as ε decreases

0 11 2

Overlap Domain

Inner
Outer

Figure 2.5 Schematic of domains of validity of inner and outer expansions as as-
sumed in matching procedure. The intermediate variable is to be located within the
overlap region

(2.14) is often used when calculating the first term in the expansion, there are
situations where it is inapplicable. One of the more common examples of this
occurs when either the inner or outer expansions are unbounded functions of
their respective variable, so its limit does not exist. Examples of this will ap-
pear later in the chapter (e.g., Sect. 2.6), as well in succeeding chapters (e.g.,
Sect. 4.3). Another complication arises when constructing the second term
in an expansion. What this all means is that we need a more sophisticated
matching procedure, and finding one is the objective of this section.

The fundamental idea underlying matching concerns the overlap, or tran-
sition, region shown in Fig. 2.2. To connect the expansions on either side
of this region, we introduce an intermediate variable xη = x/η(ε) that is
positioned within this region. In particular, it is between the O(1) coordi-
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nate of the outer layer and the O(ε) coordinate of the inner layer (Fig. 2.5).
This means that η(ε) satisfies ε � η � 1. To match the expansions, the inner
and outer approximations must give the same result when they are expressed
in this transition layer coordinate.

The precise conditions imposed on η(ε) and on the expansions are stated
explicitly in the following matching procedure:

(i) Change variables in the outer expansion (from x to xη) to obtain
youter. It is assumed that there is an η1(ε) such that youter still pro-
vides a first-term expansion of the solution for any η(ε) that satisfies
η1(ε) � η(ε) ≤ 1.

(ii) Change variables in the inner expansion (from x̄ to xη) to obtain yinner.
It is assumed that there is an η2(ε) such that yinner still provides a first-
term expansion of the solution for any η(ε) that satisfies ε ≤ η(ε) � η2.

(iii) It is assumed that the domains of validity of the expansions for youter
and yinner overlap, that is, η1 � η2. In this overlap region, for the
expansions to match, it is required that the first terms from youter and
yinner be equal.

The assumptions contained in (i) and (ii) can be proved under fairly mild
conditions; they are the essence of Kaplun’s extension theorem (Lagerstrom,
1988). Actually, one is seldom interested in determining η1 or η2 but only that
there is an interval for η(ε) such that yinner and youter match. It is important,
however, that the matching not depend on the specific choice of η(ε). For
example, if one finds that matching can only occur if η(ε) = ε1/2, then there
is no overlap domain, and the procedure is not applicable. In comparison to
the situation for (i) and (ii), the assumption on the existence of an overlap
domain in (iii) is a different matter, and a satisfactory proof has never been
given. For this reason it has become known as Kaplun’s hypothesis on the
domain of validity (Lagerstrom, 1988).

Examples

1. To use the foregoing matching procedure on our example problem, we
introduce the intermediate variable xη, defined as

xη =
x

εβ
, (2.17)

where 0 < β < 1. This interval for β comes from the requirement that
the scaling for the intermediate variable must lie between the outer scale,
O(1), and the inner scale, O(ε). Actually, it may be that in carrying out the
matching of yinner and youter we must reduce this interval for β. To see if the
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expansions match, note that the inner solution, from (2.10) and (2.12),
becomes

yinner ∼ A(1 − e−2xη/ε
1−β

) + · · ·
∼ A+ · · · , (2.18)

and the outer solution, from (2.4) and (2.13), becomes

youter ∼ e1−xηε
β

+ · · ·
∼ e1 + · · · . (2.19)

The expansions in (2.18) and (2.19) are supposed to agree to the first
term in the overlap domain, and therefore A = e1. �

2. Suppose that

y =

√
1 + x+

ε

ε+ x
, (2.20)

where 0 ≤ x ≤ 1. The outer expansion is found by fixing x, with 0 < x ≤ 1,
and expanding for small ε to obtain

y ∼ √
1 + x +

ε

2x
√
1 + x

+ · · · . (2.21)

The boundary-layer expansion is found by setting x̄ = x/ε and expanding
to obtain

Y ∼
√

2 + x̄

1 + x̄
+

1

2
εx̄

√
1 + x̄

2 + x̄
+ · · · . (2.22)

Given that (2.21) and (2.22) are expansions for a known function, we do
not use matching to determine an unknown constant as in the previous
example. Rather, the objectives here are to demonstrate how to use an
intermediate variable to match the first two terms in an expansion and to
provide an example that shows that condition (2.14), although very useful,
has limited applicability. Its limitations are evident in this example by
looking at what happens to the second term in the expansions when letting
x → 0 in (2.21) and letting x̄ → ∞ in (2.22). Because both terms become
unbounded, it is necessary to use a more refined matching method than
a simple limit condition. To verify the matching principle, we substitute
(2.17) into (2.21) to obtain

youter ∼
√
1 + εβxη +

ε1−β

2xη

√
1 + εβxη

+ · · ·

∼ 1 +
1

2
εβxη + · · ·+ ε1−β 1

2xη
+ · · · .



2.2 Introductory Example 67

Similarly, from (2.22) we get

yinner ∼ 1 + ε1−β 1

2xη
+ · · ·+ 1

2
εβxη + · · · .

Comparing these two expansions it is evident that they match. Another
observation is that there is a strong coupling between the various terms
in the expansions. For example, the first term from y1 is what matches
with the second term coming from Y0. This coupling can cause difficulties
in determining if expansions match, particularly when computing several
terms in an expansion. A hint of this will be seen when calculating the
second term in the next example. �

The interested reader may consult Lagerstrom (1988) for a more extensive
discussion of the subtleties of matching using an intermediate variable. Also,
there are other ways to match, and a quite popular one, due to Van Dyke
(1975), is discussed in Exercise 2.12. His procedure is relatively simple to use
but can occasionally lead to incorrect results (Fraenkel, 1969).

As the final comment about matching, it is a common mistake to think
that it is equivalent to the requirement that y0 and Y0 must intersect. To
show that this is incorrect, note that Y0 = 1− e−x/ε and y0 = 1+x are inner
and outer approximations, respectively, of y = 1 + x− e−x/ε. However, even
though Y0(∞) = y0(0

+), the two function never intersect.

2.2.6 Second Term

Generally, to illustrate a method, we will only derive the first term in an
expansion. However, the second term is important as it gives a measure of
the error. The procedure to find the second term is very similar to finding
the first, so only the highlights will be given here.

Substituting the outer expansion (2.4) into the problem and collecting the
O(ε) terms one finds that y′1 + y1 = − 1

2y
′′
0 , with y1(1) = 0. The solution of

this problem is

y1 =
1

2
(1− x)e1−x.

Similarly, from the boundary-layer Eq. (2.11) we get that γ = 1 and Y ′′
1 +

2Y ′
1 = −2Y0, with Y1(0) = 0. The general solution of this is

Y1 = B(1− e−2x̄)− x̄e1(1 + e−2x̄),

where B is an arbitrary constant. To match the expansions, we use the inter-
mediate variable given in (2.17). The outer expansion in this case takes the
form
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youter ∼ e1−xηε
β

+
ε

2
(1− xηε

β)e1−xηε
β

+ · · ·

∼ e1 − εβxηe
1 +

1

2
εe1 +

1

2
ε2βe1x2

η + · · · , (2.23)

and, setting ξ = −2xη/ε
1−β, the boundary-layer expansion becomes

yinner ∼ e1(1− eξ) + ε

[
B(1 − eξ)− xηe

1

ε1−β
(1 + eξ)

]
+ · · ·

∼ e1 − εβxηe
1 +Bε+ · · · . (2.24)

Matching these we get that B = 1
2e

1. Note, however, that these expansions
do not appear to agree since (2.23) contains a O(ε2β) term that (2.24) does
not have. To understand why this occurs, note that both expansions produce
a O(εβ) term that does not contain an arbitrary constant. If this term is
not identical for both expansions, then there is no way the expansions will
match. In the outer expansion this term comes from the O(1) problem, and
in the boundary layer it comes from the O(ε) solution. In a similar manner,
one finds that the x2

η term in (2.23) also comes from the first term. However,
for the boundary layer it comes from the O(ε2) problem (the verification of
this is left as an exercise). Therefore, the expansions match.

It is now possible to construct a two-term composite expansion. The basic
idea is to add expansions and then subtract the common part. This yields
the following result:

y ∼ y0 + εy1 + Y0 + εY1 −
(
e1 − xηe

1√ε+
ε

2
e1
)

∼ e1−x − (1 + x)e1−2x/ε +
ε

2

[
(1− x)e1−x − e1−2x/ε

]
.

Note that the common part in this case contains the terms in (2.23) and
(2.24) except for the x2

η term in (2.23).
Occasionally it happens that an expansion (inner or outer) produces a

term of an order, or form, that the other does not have. A typical example
of this occurs when trying to expand in powers of ε. It can happen that to
be able to match one expansion with another expansion from an adjacent
layer, it is necessary to include other terms such as those involving ln(ε).
This process of having to insert scales into an expansion because of what is
happening in another layer is called switchbacking. Some of the more famous
examples of this involve logarithmic scales; these are discussed in Lagerstrom
(1988). We will come across switchbacking in Sects. 2.4 and 6.9 when includ-
ing transcendentally small terms in the expansions.



2.2 Introductory Example 69

2.2.7 Discussion

The importance of matching cannot be overemphasized. Numerous assump-
tions went into the derivation of the inner and outer approximations, and
matching is one of the essential steps that supports these assumptions. If
they had not matched, it would have been necessary to go back and deter-
mine where the error had occurred. The possibilities when this happens are
almost endless, but it would be helpful to start looking in the following places.

1. The boundary layer is at x = 1, not at x = 0. In this case the boundary-
layer coordinate is

x̄ =
x− 1

εα
. (2.25)

This will be considered in Sect. 2.3. For certain problems it may be nec-
essary to replace the denominator with a function μ(ε), where μ(ε) is
determined from balancing or matching. A heuristic argument to help
determine the location of the boundary layer is given in Sect. 2.5.

2. There are boundary layers at both ends of an interval. See Sect. 2.3.
3. There is an interior layer. In this case the stretching transformation is

x̄ =
x− x0

εα
, (2.26)

where x0 is the location of the layer (this may depend on ε) (Sects. 2.5
and 2.6).

4. The form of the expansion is incorrect. For example, the outer expansion
may have the form y ∼ ξ(ε)y0(x) + · · · , where ξ is a function determined
from the balancing or matching in the problem; see Exercise 2.2(b) and
Sect. 2.6.

5. The solution simply does not have a layer structure and other methods
need to be used (Exercise 2.4 and Chap. 3).

Occasionally it happens that it is so unclear how to proceed that one
may want to try to solve the problem numerically to get an insight into
the structure of the solution. The difficulty with this is that the presence
of boundary or interior layers can make it hard, if not nearly impossible,
to obtain an accurate numerical solution. Nice illustrations of this can be
found in Exercises 2.29 and 2.40, and by solving (2.105) with k = 1. Another
way to help guide the analysis occurs when the problem originates from an
application and one is able to use physical intuition to determine the locations
of the layers. As an example, in solving the problem associated with Fig. 2.1
one would expect a boundary layer along the surface of the wedge and an
interior layer at the location of the shock.
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Exercises

2.1. The Friedrichs model problem for a boundary layer in a viscous fluid is
(Friedrichs, 1941)

εy′′ = a− y′ for 0 < x < 1,

where y(0) = 0, y(1) = 1, and a is a given positive constant with a �= 1.
(a) After finding the first term of the inner and outer expansions, derive a

composite expansion of the solution of this problem.
(b) Derive a two-term composite expansion of the solution of this problem.

2.2. Find a composite expansion of the solution of the following problems:
(a) εy′′ + 2y′ + y3 = 0 for 0 < x < 1, where y(0) = 0 and y(1) = 1/2.
(b) εy′′ + exy′ + εy = 1 for 0 < x < 1, where y(0) = 0 and y(1) = 1.
(c) εy′′ + y(y′ + 3) = 0 for 0 < x < 1, where y(0) = 1 and y(1) = 1.
(d) εy′′ = f(x)− y′ for 0 < x < 1, where y(0) = 0 and y(1) = 1. Also, f(x)

is continuous.
(e) εy′′ + (1 + 2x)y′ − 2y = 0 for 0 < x < 1, where y(0) = ε and y(1) =

sin(ε).

(f) εy′′ + y′ + y =

∫ 1

0

K(εx, s)y(s)ds for 0 < x < 1, where y(0) = 1 and

y(1) = −1. Also, K(x, s) = e−s(1+x).

(g) εy′′ = eεy
′
+ y for 0 < x < 1, where y(0) = 1 and y(1) = −1.

(h) εy′′ − y3 = −1− 7x2 for 0 < x < 1, where y(0) = 0 and y(1) = 2.

2.3. Consider the problem of solving

ε2y′′ + ay′ = x2 for 0 < x < 1,

where y′(0) = λ, y(1) = 2, and a and λ are positive constants.

(a) Find a first-term composite expansion for the solution. Explain why the
approximation does not depend on λ.

(b) Find the second terms in the boundary layer and outer expansions and
match them. Be sure to explain your reasoning in matching the two ex-
pansions.

2.4. A small parameter multiplying the highest derivative does not guaran-
tee that the solution will have a boundary layer for small values of ε. As
demonstrated in this problem, this can be due to the form of the differential
equation or the particular boundary conditions used in the problem.
(a) After solving each of the following problems, explain why the solution

does not have a boundary layer.

(i) εy′′ +2y′+2y = 2(1+ x) for 0 < x < 1, where y(0) = 0 and y(1) = 1.
(ii) ε2y′′ + ω2y = 0 for 0 < x < 1 and ω > 0.
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(b) Consider the equation ε2y′′ − xy′ = 0 for 0 < x < 1. From the exact
solution, show that there is no boundary layer if the boundary conditions
are y(0) = y(1) = 2, while there is a boundary layer if the boundary
conditions are y(0) = 1 and y(1) = 2.

2.5. It is possible for a solution to have boundary-layer-like properties, but
the form of the expansions is by no means obvious. The following examples
illustrate such situations.

(a) ε2y′′ = y′ for 0 < x < 1, where y′(0) = −1 and y(1) = 0. Solve this
problem and explain why there is a boundary layer at x = 1 but the
expansion for the outer region is not given by (2.4).

(b) εy′ = (x − 1)y for 0 < x, where y(0) = 1. There is a boundary layer at
x = 0. Use the methods of this section to derive a composite expansion of
the solution. Find the exact solution and explain why the approximation
you derived does not work.

2.6.(a) For (2.11) consider the balance of ① 	 ②, ③. This case is not a
distinguished limit because the order (α) is not unique. Explain why the
solutions from this region are contained in (2.12).

(b) Discuss the case of ② 	 ①, ③ in conjunction with the outer solution (this
also is not a distinguished limit).

2.7. The exact solution of (2.1)–(2.3) is

y(x) =
er+x − er−x

er+ − er−
,

where εr± = −1 ± √
1− 2ε. Obtain the inner, outer, and composite expan-

sions directly from this formula.

2.8. Consider the problem

εy′′ + y′ + xy = 0 for α(ε) < x < β(ε),

where y(α) = 1 and y(β) = 0. One way to deal with this ε-dependent interval
is to change coordinates and let s = (x − α)/(β − α). This fixes the domain
and puts the problem into a Lagrange-like viewpoint.
(a) Find the transformed problem.
(b) Assuming α ∼ εα1 + · · · and β ∼ 1 + εβ1, find a first-term composite

expansion of the solution of the transformed problem. Transform back
to the variable x and explain why the first-term composite expansion is
unaffected by the perturbed domain.

(c) Find the second term in the composite expansion of the solution of the
transformed problem. Transform back to the variable x and explain how
the two-term composite expansion is affected by the perturbed domain.
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2.9. Consider the problem

εy′′ + p(x)y′ + q(x)y = f(x) for 0 < x < 1,

where y(0) = α and y(1) = β. Assume p(x), q(x), and f(x) are continuous
and p(x) > 0 for 0 ≤ x ≤ 1.
(a) In the case where f = 0, show that

y ∼ β exp

(∫ 1

x

q(s)

p(s)
ds

)
+

[
α− β exp

(∫ 1

0

q(s)

p(s)
ds

)]
h(x),

where h(x) = e−p(0)x/ε.
(b) In the case where f = 0, but using the WKB method [see Exercise 4.3(b)],

one obtains the result in part (a) except that

h(x) =
p(0)

p(x)
exp

(∫ x

0

q(s)

p(s)
ds− 1

ε

∫ x

0

p(s) ds

)
.

In Ou and Wong (2003) it is stated that this, and not the expression in
part (a), is the “correct asymptotic approximation.” Comment on this
statement. (Hint: If they are correct, then the material covered in this
section can be ignored.)

(c) Find a composite expansion of the solution in the case where f(x) is not
zero.

(d) Suppose p(x) < 0 for 0 ≤ x ≤ 1. Show that the transformation x̂ = 1− x
and the result from part (a) can be used to obtain a composite expansion
of the solution.

2.10. Consider the problem

εy′′ + 6
√
xy′ − 3y = −3 for 0 < x < 1,

where y(0) = 0 and y(1) = 3.
(a) Find a composite expansion of the problem.
(b) Find a two-term composite expansion.

2.11. This problem is concerned with the integral equation

εy(x) = −q(x)

∫ x

0

[y(s)− f(s)]sds for 0 ≤ x ≤ 1,

where f(x) is smooth and positive.
(a) Taking q(x) = 1 find a composite expansion of the solution y(x).
(b) Find a composite expansion of the solution in the case where q(x) is

positive and continuous but not necessarily differentiable.

2.12. Another way to match inner and outer expansions comes from
Van Dyke (1975). To understand the procedure, suppose two terms have been
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calculated in both regions and the boundary-layer coordinate is x̄ = x/εα,
then do the following:

(i) Substitute x/εα for x̄ into the inner expansion and expand the result to
two terms (with x fixed).

(ii) Substitute εαx̄ for x into the outer expansion and expand the result to
two terms (with x̄ fixed).

After the results from (i) and (ii) are rewritten in terms of x, the matching
condition states that the two expansions should agree exactly (to two terms).

(a) Using this matching procedure find a two-term composite expansion of
the solution of (2.1).

(b) Using this matching procedure find a two-term composite expansion of
the solution of

εy′′ = f(x)− y′ for 0 < x < 1,

where y(0) = 0, y(1) = 1, and f(x) is a given smooth function.

2.13. As seen in Fig. 2.4, in the boundary layer the solution of (2.1) is con-
cave down (i.e., y′′ < 0). This observation is useful for locating layers; this
is discussed further in Sect. 2.5. However, not all boundary layers have strict
concavity properties, and this problem considers such an example. The in-
terested reader is referred to Howes (1978) for an extended discussion of this
situation.
(a) Find a composite expansion for the solution of

ε2y′′ = (x− y)(y − 2) for 0 < x < 1,

where y(0) = 3 and y(1) = 1.
(b) Explain why the solution of this problem does not have a boundary layer

that is strictly concave up or concave down but has one that might be
identified as concave–convex.

2.14. Some consider it bothersome that a composite expansion generally does
not satisfy boundary conditions exactly. One procedure that has been used to
correct this situation is to note that the composite expansion for (2.1), before
imposing boundary condition (2.3), is y ∼ a(e−x − e−2x/ε). Substituting this
into (2.3) we then find that a = e1/(1− e−3/ε).
(a) This violates our assumption, as expressed in (2.4), that y0(x) is indepen-

dent of ε. However, is the result still an asymptotic approximation of the
solution for 0 ≤ x ≤ 1?

(b) Use this idea to find a first-term composite expansion (that satisfies the
boundary conditions exactly) for the solution of the problem

εy′′ = f(x)− y′ for 0 < x < 1,

where y(0) = 0, y(1) = 1 and f(x) is a given smooth function.
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2.3 Examples Involving Boundary Layers

Almost all of the principal ideas underlying the method of matched asymp-
totic expansions were introduced in the example of Sect. 2.2. In the remainder
of this chapter these ideas are applied, and extended, to more complicated
problems. The extensions considered in this section are what happens when
there are multiple boundary layers, and what can happen when the problem
is nonlinear.

Example 1

To investigate an example where there is a boundary layer at each end of an
interval, consider the problem of solving

ε2y′′ + εxy′ − y = −ex for 0 < x < 1, (2.27)

where

y(0) = 2, and y(1) = 1. (2.28)

Unlike the example in Sect. 2.2, one of the coefficients of the preceding equa-
tion depends on x. This is not responsible for the multiple boundary layers,
but, as we will see, it does result in different equations for each layer.

2.3.1 Step 1: Outer Expansion

The expansion of the solution in this region is the same as the last exam-
ple, namely, y ∼ y0 + · · · . From this and (2.27) one obtains the first-term
approximation

y0 = ex. (2.29)

Clearly this function is incapable of satisfying either boundary condition,
an indication that there are boundary layers at each end. An illustration of
our current situation is given in Fig. 2.6. The solid curve is the preceding
approximation, and the boundary conditions are also shown. The dashed
curves are tentative sketches of what the boundary-layer solutions look like.

2.3.2 Steps 2 and 3: Boundary Layers and Matching

For the left endpoint we introduce the boundary-layer coordinate x̄ = x/εα,
in which case (2.27) becomes
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1

Figure 2.6 The solid curve is the outer approximation (2.29), and the dashed
curves are guesses on how the boundary-layer solutions connect y0 with the boundary
conditions

ε2−2α d
2Y

dx̄2
+ εx̄

dY

dx̄
− Y = −eε

αx̄. (2.30)

① ② ③ ④

In preparation for balancing, note that

eε
αx̄ ∼ 1 + εαx̄+ · · · .

Also, as before, Y (x̄) is used to designate the solution in this boundary-layer
region. The balance in this layer is between terms ①, ③, ④, and so α = 1.
The appropriate expansion for Y is Y ∼ Y0(x̄)+ · · · , and from (2.30) and the
boundary condition at x̄ = 0 we have that

Y ′′
0 − Y0 = −1 for 0 < x̄ < ∞, (2.31)

where

Y0(0) = 2. (2.32)

Note that (2.31) has at least one term in common with the equation for the
outer region (which we should expect if there is to be any hope of matching
the inner and outer expansions). The general solution is

Y0(x̄) = 1 +Ae−x̄ + (1−A)ex̄. (2.33)

This must match with the outer solution given in (2.29). The matching con-
dition is Y0(∞) = y0(0), and so from (2.29) we have that A = 1.

To determine the solution in the boundary layer at the other end, we
introduce the boundary-layer coordinate

x̃ =
x− 1

εβ
. (2.34)

In this region we will designate the solution as Ỹ (x̃). Introducing (2.34) into
(2.27) one obtains the equation

ε2−2β d
2Ỹ

dx̃2
+ (1 + εx̃)ε1−β dỸ

dx̃
− Ỹ = −e1+εβ x̃. (2.35)
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The distinguished limit in this case occurs when β = 1. So the expansion
Ỹ ∼ Ỹ0(x̃) yields the problem

Ỹ0
′′ + Ỹ0

′ − Ỹ0 = −e for −∞ < x̃ < 0, (2.36)

where

Ỹ0(0) = 1. (2.37)

It is important to notice that this boundary-layer equation has at least one
term in common with the equation for the outer region. In solving this prob-
lem the general solution is found to be

Ỹ0(x̃) = e+Ber+x̃ + (1− e−B)er−x̃, (2.38)

where 2r± = −1±√
5.

The matching requirement is the same as before, which is that when ap-
proaching the boundary layer from the outer region you get the same value as
when you leave the boundary layer and approach the outer region. In other
words, it is required that Ỹ0(−∞) = y0(1). Hence, from (2.38), B = 1 − e.
As a final comment, note that boundary-layer Eq. (2.36) differs from (2.31),
and this is due to the x dependence of the terms in the original problem.

2.3.3 Step 4: Composite Expansion

The last step is to combine the three expansions into a single expression.
This is done in the usual way of adding the expansions together and then
subtracting the common parts. From (2.29), (2.33), and (2.38), a first-term
expansion of the solution over the entire interval is

y ∼ y0(x) + Y0(x̄)− Y0(∞) + Ỹ0(x̃)− Ỹ0(−∞)

∼ ex + e−x/ε + (1− e)e−r(1−x)/ε, (2.39)

where 2r = −1+
√
5. This approximation is shown in Fig. 2.7 along with the

numerical solution. One can clearly see the boundary layers at the endpoints
of the interval as well as the accuracy of the asymptotic approximation as ε
decreases. �

Example 2

Some interesting complications arise when using matched asymptotic expan-
sions with nonlinear equations. For example, it is not unusual for the solution
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Figure 2.7 Graph of numerical solution of (2.27), (2.28) and the composite expan-
sion given in (2.39) in the case where ε = 10−1 and where ε = 10−2. Note the
appearance of the boundary layers, as well as the convergence of the composite ex-
pansion to the solution of the problem, as ε decreases

of a nonlinear equation to be defined implicitly. To understand this situation,
consider the problem

εy′′ + εy′ − ey = −2− x for 0 < x < 1, (2.40)

where y(0) = 0 and y(1) = 1.
The first term in the outer expansion can be obtained by simply setting

ε = 0 in (2.40). This yields ey0 = 2+x, and so y ∼ ln(x+2). Given that this
does not satisfy either boundary condition, the outer expansion is assumed to
hold for 0 < x < 1. An illustration of our current situation is given in Fig. 2.8.
The solid curve is the outer approximation, and the boundary conditions are
also shown. The dashed curves are tentative sketches of what the boundary-
layer solutions look like.

For the boundary layer at x = 0 the coordinate is x̄ = x/
√
ε, and one finds

that Y ∼ Y0, where

Y ′′
0 − eY0 = −2

for Y0(0) = 0. Multiplying the differential equation by Y ′
0 and integrating

yields

1

2

(
d

dx̄
Y0

)2

= B − 2Y0 + eY0 . (2.41)
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1

(2)

1

Figure 2.8 The solid curve is the outer approximation, and the dashed curves are
guesses on how the boundary-layer solutions connect y0 with the boundary conditions

We can determine the constant B if we look at how the expansions in the pre-
vious examples matched. For example, Fig. 2.2, shows that for the boundary-
layer solution, Y ′

0 → 0 and Y0 → y0(0) as x̄ → ∞. Assuming this monotonic
convergence occurs in the present example, then, since y0(0) = ln(2), from
(2.41) we get B = 2[−1 + ln(2)]. Now, solving (2.41) for Y ′

0 we obtain

Y ′
0 = ±

√
2(B − 2Y0 + eY0) .

To determine which sign, it is evident from Fig. 2.8 that the boundary-layer
solution increases from Y0(0) = 0 to Y0(∞) = y0(0) = ln(2), and so we take
the + sign. Doing this, separating variables, and then integrating yields the
following result:

∫ Y0

0

ds√
2(B − 2s+ es)

= x̄. (2.42)

This is the solution of the O(1) problem in the boundary layer and it defines
Y0 implicitly in terms of x̄. It is important to note that the assumptions that
were made to derive this result, such as Y ′

0 → 0 and Y0 → y0(0) as x̄ → ∞,
hold for this solution.

The derivation of the expansion of the solution for the boundary layer
at x = 1 is very similar (Exercise 2.26). The boundary-layer coordinate is

x̃ = (x− 1)/
√
ε. One finds that Ỹ ∼ Ỹ0, where

∫
˜Y0

1

ds√
2(A− 3s+ es)

= −x̃ (2.43)

for A = 3[−1 + ln(3)].
Even though the boundary-layer solutions are defined implicitly, it is still

possible to write down a composite approximation. Adding the expansions
together and then subtracting the common parts we obtain
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y ∼ y0(x) + Y0(x̄)− y0(0) + Ỹ0(x̃)− y0(1)

∼ ln

(
1

6
(x+ 2)

)
+ Y0(x̄) + Ỹ0(x̃).

A few additional comments and results for this example can be found in
Exercise 2.26. �

Example 3

The ideas underlying matched asymptotic expansions are not limited to
boundary-value problems. As an example, in studying the dynamics of auto-
catalytic reactions one comes across the problem of solving (Gray and Scott,
1994)

ε
du

dt
= e−t − uv2 − u, (2.44)

dv

dt
= uv2 + u− v, (2.45)

where u(0) = v(0) = 1. In this case, there is an initial layer (near t = 0), as
well as an outer solution that applies away from t = 0.

For the outer solution, assuming u ∼ u0+ εu1+ · · · and v ∼ v0+ εv1+ · · ·
one finds that the first-order problem is

0 = e−t − u0v
2
0 − u0,

d

dt
v0 = u0v

2
0 + u0 − v0.

The solution of this system is v0 = (t + a)e−t and u0 = e−t/(v20 + 1), where
a is a constant determined from matching.

For the initial layer, letting τ = t/ε and assuming that U ∼ U0(τ) + · · ·
and V ∼ V0(τ) + · · · one obtains the problem of solving

U ′
0 + · · · = e−ετ − (U0 + · · · )(V0 + · · · )2 − (U0 + · · · ),

V ′
0 + · · · = ε

[
(U0 + · · · )(V0 + · · · )2 + (U0 + · · · )− (V0 + · · · )] .

From this it follows that

U ′
0 = 1− U0V

2
0 − U0,

V ′
0 = 0.

Solving these equations and using the given initial conditions that U0(0) =
V0(0) = 1 one finds that U0 = 1

2 (1 + e−2τ ) and V0 = 1.



80 2 Matched Asymptotic Expansions

The matching conditions are simply that u0(0) = U0(∞) and v0(0) =
V0(∞), from which one finds that a = 1. Therefore, composite expansions for
the first terms are

u ∼ 1

2
e−2t/ε +

e−t

1 + (1 + t)2e−2t
,

v ∼ (1 + t)e−t.

The preceding derivation was relatively straightforward, but the time vari-
able can cause some interesting complications. For example, the time interval
is usually unbounded, and this can interfere with the well-ordering of an ex-
pansion, which is discussed extensively in Chap. 3. There are also questions
related to the stability, or instability, of a steady-state solution, and this is
considered in Chap. 6 . �

Example 4

It is possible to have multiple layers in a problem and have them occur on
the same side of an interval. An example of this arises when solving

ε3y′′ + x3y′ − εy = x3, for 0 < x < 1, (2.46)

where

y(0) = 1, and y(1) = 3. (2.47)

To help explain what happens in this problem, the numerical solution is
shown in Fig. 2.9. It is the hook region, near x = 0, that is the center of
attention in this example.

The outer expansion is y ∼ x + 2, and this holds for 0 < x ≤ 1. This
linear function is clearly seen in Fig. 2.9. To investigate what is happening
near x = 0, set x̄ = x/εα. The differential equation in this case becomes

ε3−2α d2

dx̄2
Y + ε2αx̄3 d

dx̄
Y − εY = ε3αx̄3. (2.48)

① ② ③ ④

There are two distinguished limits (other than the one for the outer region).
One comes when ① ∼ ③, in which case α = 1. This is an inner–inner layer,
and in Fig. 2.9 this corresponds to the monotonically decreasing portion of
the curve in the immediate vicinity of x = 0. The other balance occurs
when ② ∼ ③, in which case α = 1

2 . This is an inner layer, and in Fig. 2.9 this
corresponds to the region where the solution goes through its minimum value.
Carrying out the necessary calculations, one obtains the following first-term
composite expansion (Exercise 2.16):
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Figure 2.9 Numerical solution of (2.46) and (2.47), in the case where ε = 10−3.
The lower plot shows the solution in the hook region near x = 0

y ∼
{
x+ e−x/ε + 2e−ε/(2x2) for 0 < x ≤ 1,
1 for x = 0.

(2.49)

To reiterate a point made in the earlier examples, note that the equation for
the inner–inner layer has no terms in common with the equation for the outer
region, but the inner layer equation shares terms with both. �

Exercises

2.15. Find a composite expansion of the solution of the following problems
and sketch the solution:

(a) εy′′ + ε(x+ 1)2y′ − y = x− 1 for 0 < x < 1, where y(0) = 0 and
y(1) = −1.

(b) εy′′ − y′ + y2 = 1 for 0 < x < 1, where y(0) = 1/3 and y(1) = 1.
(c) εy′′ − exy = f(x) for 0 < x < 1, where y(0) = 1 and y(1) = −1.
(d) εy′′ + εy′ − y2 = −1− x2 for 0 < x < 1, where y(0) = 2 and y(1) = 2.
(e) εy′′ − y(y′ + 1) = 0 for 0 < x < 1, where y(0) = 3 and y(1) = 3.
(f) εy′′ + y(y′ + 3) = 0 for 0 < x < 1, where y(0) = 4 and y(1) = 4.
(g) εy′′ + y(1− y)y′ − y = 0 for 0 < x < 1, where y(0) = −2 and y(1) = −2.
(h) ε2y′′ + ε(3− x2)y′ − 4y = 4x for −1 < x < 1, where y(−1) = 2 and

y(1) = 3.
(i) εy′′ − y(1 + y)y′ − 3y = 0 for 0 < x < 1, where y(0) = 2 and y(1) = 2.
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(j) εy′′′′ − (1 + x)y′ = 1− x2 for 0 < x < 1, where y(0) = y′(0) = y(1) =
y′(1) = 0.

(k) ε3y′′ =
(y − ex)3

(1 + εy′)2
for 0 < x < 1, where y(0) = 0 and y(1) = 4.

(l) ε
d

dx

(
E(x)

u′

1− εu′

)
− u = f(x) for 0 < x < 1, where u(0) = u(1) = 0.

Also, E(x), f(x) are known, smooth, positive functions.

(m) ε(x2y′)′ =
x2(y − 1)

y
for 0 < x < 1, where y′(0) = 0 and y(1) = 2.

(n) (yε)′′ − y = −ex for 0 < x < 1, where y(0) = 2 and y(1) = 3.

2.16. Derive (2.49).

2.17. Consider the boundary value problem

εy′′ − xy′ − κy = −1 for − 1 < x < 1,

where y(−1) = y(1) = 0. Assuming

κ =

∫ 1

−1

y2dx,

find the first term in an expansion of κ for small ε.

2.18. The Reynolds equation from the gas lubrication theory for slider bear-
ings is (DiPrima, 1968; Shepherd, 1978)

ε
d

dx
(H3yy′) =

d

dx
(Hy) for 0 < x < 1,

where y(0) = y(1) = 1. Here H(x) is a known, smooth, positive function with
H(0) �= H(1).
(a) Find a composite expansion of the solution for small ε. Note the boundary-

layer solution will be defined implicitly, but it is still possible to match
the expansions.

(b) Show that if the boundary layer is assumed to be at the opposite end
from what you found in part (a), then the inner and outer expansions do
not match.

2.19. This exercise considers the problem of a beam with a small bending
stiffness. This consists in solving (Denoel and Detournay, 2010)

εy′′ = (1 − x) sin y − cos y for 0 < x < 1,

where y(0) = y(1) = π/2. In this problem, y is an angular variable that is
assumed to satisfy 0 ≤ y ≤ π, and sin y+(1−x) cosy ≥ 0. Find the first term
in the expansions in (i) the outer layer, (ii) the boundary layer at x = 0, and
(iii) a composite expansion.
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2.20. The Michaelis–Menten reaction scheme for an enzyme catalyzed
reaction is (Holmes, 2009)

ds

dt
= −s+ (μ+ s)c,

ε
dc

dt
= s− (κ+ s)c,

where s(0) = 1 and c(0) = 0. Here s(t) is the concentration of substrate, c(t)
is the concentration of the chemical produced by the catalyzed reaction, and
μ, κ are positive constants with μ < κ. Find the first term in the expansions
in (i) the outer layer, (ii) the initial layer, and (iii) a composite expansion.

2.21. The Poisson–Nernst–Planckmodel for flow of ions through a membrane
consists of the following equations (Singer et al., 2008): for 0 < x < 1,

dp

dx
+ p

dφ

dx
= −α,

dn

dx
− n

dφ

dx
= −β,

ε2
d2φ

dx2
= −p+ n.

The boundary conditions are φ(0) = 1, φ(1) = 0, p(0) = 4, and n(0) = 1. In
these equations, p and n are the concentrations of the ions with valency 1 and
−1, respectively, and φ is the potential. Assume that α and β are positive
constants that satisfy κ < 1, where

κ =
α+ β

2
√
p(0)n(0)

.

Also, you can assume that α �= β.
(a) Assuming there is a boundary layer at x = 0, derive the outer and

boundary-layer approximations. Explain why, if the outer approximation
for φ is required to satisfy φ(1) = 0, the approximations you derived do
not match.

(b) There is also a boundary layer at x = 1. Derive the resulting approxi-
mations and complete the matching you started in part (a). From this
show that

p(1) ∼ p(0)eφ(0)(1− κ)2β/(α+β)

and

n(1) ∼ n(0)e−φ(0)(1− κ)2α/(α+β).

2.22. A modified version of the Grodsky model for insulin release is to find
y = y(t, λ), which satisfies (Carson et al., 1983)
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ε
dy

dt
= −y + f(t) +

∫ ∞

0

y(t, s)e−γsds for 0 < t < ∞,

where y = g(λ) when t = 0. Also, γ > 1.
(a) Find a composite expansion of the solution for small ε.
(b) Derive the composite expansion you obtained in part (a) from the exact

solution, which is

y =
[
g(λ)− γg0(1 − et/κ)

]
e−t/ε +

1

ε

∫ t

0

f(τ)e−(γ−1)(t−τ)/κdτ,

where κ = εγ and g0 =
∫∞
0

g(s)e−γsds. Also, what is the composite
expansion when γ = 1?

2.23. The eigenvalue problem for the vertical displacement, u(x), of an elastic
beam that is under tension is

ε2u′′′′ − u′′ = λu for 0 < x < 1,

where u = u′ = 0 at x = 0, 1. The question is, what values of λ produce a
nonzero solution of the problem? In this context, λ is the eigenvalue, and it
depends on ε.
(a) Find the first term in the expansions for u(x) and λ.
(b) Find the second term in the expansions for u(x) and λ.

2.24. Find a composite expansion of the solution of

ε2y′′ + 2εp(x)y′ − q(x)y = f(x) for 0 < x < 1,

where y(0) = α and y(1) = β. The functions p(x), q(x), and f(x) are contin-
uous and q(x) is positive for 0 ≤ x ≤ 1.

2.25. In the study of an ionized gas confined to a bounded domain Ω, the
potential φ(x) satisfies

−∇2φ+ h

(
φ

ε

)
= α for x ∈ Ω,

where conservation of charge requires

∫

Ω

h

(
φ

ε

)
dV = β

and, assuming the exterior of the region is a conductor, ∂nφ = γ on ∂Ω. The
function h(s) is smooth and strictly increasing with h(0) = 0. The positive
constants α and β are known (and independent of ε), and the constant γ is
determined from the conservation of charge equation.
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Figure 2.10 Solution of problem in Exercise 2.25 in the case where ε = 10−3

(a) For the case of one dimension, suppose Ω is the interval 0 < x < 1. What
does the problem reduce to? Find γ in terms of α and β.

(b) Find the exact solution of the problem in part (a) when h(s) = s. Sketch
the solution for γ < 0, and describe the boundary layers that are present.

(c) For the one-dimensional problem in part (a), find the first term in the
inner and outer expansions of the solution. In doing this, take h(s) =
s2k+1, where k is a positive integer, and assume β < α. For comparison
the numerical solution is shown in Fig. 2.10 in the case where k = 1,
α = 3, β = 1, and ε = 10−3.

(d) Discuss the steps needed to find a composite expansion involving the
terms derived in part (c).

(e) For Ω ⊂ R
n, where n > 1, find γ.

2.26. This exercise examines Example 2 in more depth.
(a) Letting f(s) = 2(B − 2s + es), where B = 2[−1 + ln(2)], sketch f for

−∞ < s < ∞.
(b) Writing f(s) = (ln(2)− s)2g(s), show that g(s) is positive and g(ln(2)) =

2. It is also possible to show that g(s) is monotone increasing for
−∞ < s < ∞.

(c) With part (b), (2.42) can be written as

∫ Y0

0

ds

(ln(2)− s)
√
g(s)

= x̄.

Use this to prove the monotonicity assumed in the derivation of (2.42).
(d) Derive (2.43).
(e) Use the ideas developed in parts (a) and (b) to show that (2.43) can be

written as
∫

˜Y0

1

ds

(ln(3)− s)
√
h(s)

= −x̃,

where h is positive with h(ln(3)) = 3.
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2.4 Transcendentally Small Terms

Even in the simplest boundary-layer problems, a question arises about what
is missing in the expansion. For example, consider the problem of solving

εy′′ = 2− y′ for 0 < x < 1, (2.50)

where y(0) = 0 and y(1) = 1. This problem has a boundary layer at x = 0.
For the outer approximation, assuming the usual power series expansion

y ∼ y0(x) + εy1(x) + ε2y2(x) + · · · , (2.51)

one finds that y0 = 2x− 1 and y1 = y2 = · · · = 0. In other words, the entire
outer expansion is just y ∼ 2x − 1. Given that y = 2x − 1 is not the exact
solution, the expansion (2.51) is missing something. Whatever this something
is, it is transcendentally small compared to the power functions. Because of
this, we have ignored this part of the approximation in all of the examples and
exercises in the earlier sections of this chapter. There are, however, occasional
situations where transcendentally small terms in the outer region must be
accounted for. The objective here is to explore how this is done. The first
example demonstrates the basic ideas, even though it is not necessary to
include transcendentally small terms to obtain an accurate approximation.
The second example is more challenging and involves a problem where such
terms are used to complete the approximation.

Example 1

The first example is (2.50). As stated earlier, when assuming an outer expan-
sion of the form (2.51), one finds that y0 = 2x − 1 and y1 = y2 = · · · = 0.
For the boundary layer at x = 0, the expansion is found to be

Y (x̄) ∼ A0

(
1− e−x̄

)
+ ε

[
2x̄+A1

(
1− e−x̄

)]
+ ε2A2

(
1− e−x̄

)
+ · · · , (2.52)

where x̄ = x/ε. Note that the preceding expansion satisfies the boundary
condition at x = 0 but has not yet been matched with the outer expansion.

To determine what the outer expansion is missing, we replace (2.51) with
the assumption that

y ∼ y0 + εy1 + ε2y2 + · · ·+ z0(x, ε) + z1(x, ε) + · · · , (2.53)

where the zi are well-ordered and transcendentally small compared to the
power functions. Specifically, zj � zi, ∀i < j, and zi � εn, ∀i, n. At this
point we have no idea how zi depends on ε, but we will determine this in the
analysis to follow. It is important to note, however, that because (2.53) is the
outer expansion, it holds for ε → 0 with x held fixed with 0 < x ≤ 1.
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Substituting (2.53) into (2.50) yields

ε(y′′0 + εy′′1 + · · ·+ z′′0 + z′′1 + · · · ) = 2− (y′0 + εy′1 + · · ·+ z′0 + z′1 + · · · ).

The problems for the yi are unaffected, and so as before we obtain y0 = 2x−1
and y1 = y2 = · · · = 0. To determine the equation for z0, remember that we
are not certain of how this function depends on ε. Because of this we will
retain everything involving z0, and this means that the equation is εz′′0 = −z′0.
The general solution is z0 = a(ε) + b(ε) exp(−x/ε). Imposing the boundary
condition z0 = 0 at x = 1 yields

z0 = b(ε)
(
e−x/ε − e−1/ε

)
.

It remains to match the expansions. Introducing the intermediate layer
variable xη = x/εβ, where 0 < β < 1, (2.53) then becomes

youter ∼ −1 + 2xηε
β + · · ·+ b(ε)

(
e−xη/ε

1−β − e−1/ε
)
+ · · · ,

and the boundary-layer expansion (2.52) takes the form

yinner ∼ A0

(
1− e−xη/ε

1−β
)
+ ε

[
2xη/ε

1−β +A1

(
1− e−xη/ε

1−β
)]

+ . . . .

(2.54)

Matching these expressions, it follows that A0 = −1 and b = −A0 = 1. With
this, we have that

z0 = e−x/ε − e−1/ε. (2.55)

It is not hard to show that this term is transcendentally small compared
to the power functions for any given value of x satisfying 0 < x ≤ 1. The
resulting outer expansion is therefore

y ∼ 2x− 1 + · · ·+ e−x/ε − e−1/ε + · · · . (2.56)

As you would expect, the transcendentally small terms contribute very little
to the numerical value of the outer solution. To illustrate, if ε = 0.01 and
x = 3/4, then y0 = 1/2 while z0 ≈ 2.6× 10−33. This is why we have ignored
this portion of the outer expansion in the earlier sections of this chapter. The
fact that you cannot always do this is demonstrated in the next example. �

The matching in the preceding example helps explain the reason for the
transcendentally small terms in the outer expansion. In particular, the first
transcendentally small term in the boundary-layer expansion (2.54) is what
generates the need for z0. In other words, the boundary layer causes our
having to include z0 in the outer expansion. Actually, information flows in
both directions. If you calculate the higher terms in the expansions, you will
find that it is also necessary to include transcendentally small terms in the
boundary-layer expansion. This is explored in more depth in Exercise 2.27.
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The expansion (2.53) is not very specific about how the zi depend on ε,
and we determined this dependence in the reduction of the problem. Some
prefer a more explicit form of the expansion and make specific assumptions
about the zi. For example, an assumption often used to construct a composite
expansion is that z0 = A(x)e−g(x)/ε (Latta, 1951). This will not produce the
result in (2.55), and so the assumption must be modified to account for
transcendentally small terms. Examples can be found in MacGillivray (1997)
and Howls (2010). A somewhat different approach is explored in Exercise 2.30.

Example 2

Consider the problem of solving

εy′′ − xy′ + εxy = 0 for − 1 < x < 1, (2.57)

where y(−1) = yL and y(1) = yR are assumed to be specified. There are
boundary layers at both ends, and the analysis is very similar to Example 1
in Sect. 2.3. For the outer expansion one assumes y ∼ y0 + · · · , and from
the differential equation it follows that y0 = c (i.e., the first term is just a
constant). For the boundary layer at the left end, one lets x̄ = (x + 1)/ε
and from this finds that Y ′′

0 + Y ′
0 = 0. Solving this, imposing the boundary

condition Y0(0) = yL, and then matching one finds that Y0 = c+(yL− c)e−x̄.
For the boundary layer at the right end, where x̃ = (x− 1)/ε, one finds that

Ỹ0 = c+ (yR − c)ex̃. Putting the results together we have that

y ∼
⎧
⎨
⎩

c+ (yL − c)e−x̄ boundary layer at x = −1,
c outer region,
c+ (yR − c)ex̃ boundary layer at x = 1.

(2.58)

What is unusual about this problem is that we have carried out the boundary-
layer analysis but still have an unknown constant (i.e., c). How to deal with
this depends on the problem. For some problems it is enough to look at the
second term in the expansion (e.g., Exercise 2.57), for other linear problems
a WKB type argument can be used (see Chap. 4), and for still others one
can use a symmetry property (e.g., Sect. 2.5). What is going to be shown
here is that the transcendentally small terms in the outer region can be
used to determine c. This approach has the disadvantage of being somewhat
more difficult mathematically but has the distinct advantage of being able to
work on a wide range of linear and nonlinear problems (e.g., we will use this
approach when studying metastability in Chap. 6).

The remedy is to use (2.53) instead of the regular power series expansion.
In this case the differential equation becomes

ε(y′′0 + · · ·+ z′′0 + · · · )− x(y′0 + · · ·+ z′0 + · · · ) + εx(y0 + · · ·+ z0 + · · · ) = 0.
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The problem for y0 is unaffected, and we only need to concentrate on z0.
In the previous example we used the dictum that everything involving z0 is
retained, which in this case means that εz′′0 − xz′0 + εxz0 = 0. However, in
this problem it is wise to think about what terms are actually needed in this
equation. In fact, our construction will mimic the procedure used for (1.36),
where the form of the expansion was determined in the derivation. Retaining
εz′′0 and xz′0 is reasonable because it is very possible that a transcendentally
small term of the form e−x/ε will occur, just as it did in the previous example.
On the other hand, it is expected that εxz0 is higher order than the other
two terms and for this reason contributes to the higher-order equations (e.g.,
the problem for z1). This ad hoc reasoning is necessary because we have not
yet determined the order for z0, and the resulting reduction helps to simplify
the analysis. What is going to be necessary, once z0 is determined, is to check
that these assumptions are correct.

Solving the equation εz′′0 − xz′0 = 0, one obtains the general solution

z0 = b(ε) + a(ε)

∫ x

−1

es
2/(2ε)ds.

The matching proceeds in the usual manner using intermediate variables.

Matching at Left End
The intermediate variable is xη = (x + 1)/εβ, where 0 < β < 1. The
boundary-layer approximation becomes

yinner ∼ c+ (yL − c)e−xη/ε
1−β

+ · · · . (2.59)

Before writing down the outer expansion, note that the integral in z0 is
going to take the form

∫ −1+εβxη

−1

es
2/(2ε)ds.

The expansion of this integral can be obtained using integration by parts
by writing

es
2/(2ε) =

ε

s

d

ds
es

2/(2ε).

In this case, setting q = εβxη, we have that

∫ −1+q

−1

es
2/(2ε)ds =

ε

s
es

2/(2ε)
∣∣∣
−1+q

s=−1
+

∫ −1+q

−1

ε

s2
es

2/(2ε)ds

=
ε

s

(
1 +

ε

s2

)
es

2/(2ε)
∣∣∣
−1+q

s=−1
+

∫ −1+q

−1

3ε2

s4
es

2/(2ε)ds
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=
ε

s

(
1 +

ε

s2
+

3ε2

s4
+ · · ·

)
es

2/(2ε)

∣∣∣∣
−1+q

s=−1

∼ εe1/(2ε)
(
1− e−q/ε

)
.

In the last step it is assumed that the β interval is reduced to 1/2 < β < 1.
With this the outer expansion becomes

youter ∼ c+ · · ·+ b(ε) + εa(ε)e1/(2ε)
(
1− e−q/ε

)
+ · · · . (2.60)

Matching (2.59) and (2.60) it follows that εa(ε)e1/(2ε) = c − yL and
b(ε) = −εa(ε)e1/(2ε).

Matching at Right End
The intermediate variable is xη = (x − 1)/εβ, where 0 < β < 1. The
boundary-layer approximation becomes

youter ∼ c+ (yR − c)exη/ε
1−β

+ · · · . (2.61)

Using an integration by parts argument similar to what was done for the
layer at the left end, one finds that

yinner ∼ c+ · · ·+ b(ε) + εa(ε)e1/(2ε)
(
1 + eq/ε

)
+ · · · , (2.62)

where q = εβxη. Matching (2.61) and (2.62) it follows that εa(ε)e1/(2ε) =
yR − c and b(ε) = −εa(ε)e1/(2ε).

The condition we are seeking comes from the matching conditions, which
require that εa(ε)e1/(2ε) = c− yL and εa(ε)e1/(2ε) = yR − c. Equating these
conditions it follows that

c =
1

2
(yL + yR) . (2.63)

As an example, if y(−1) = 2 and y(1) = −2, then c = 0 and the outer expan-
sion (2.51) becomes simply y ∼ 0. We will obtain such an approximation in
some of the other examples and exercises in this chapter. This does not mean
the solution is zero. Rather, it means that the solution is transcendentally
small compared to the power functions. �

The last example is interesting because it shows that what appear to be
inconsequential terms in an expansion can affect the value of the first-order
approximation. Although this situation is not rare, it is not common. There-
fore, in the remainder of this text we will mostly use power functions for the
scale functions. If something remains underdetermined, as it did in Exam-
ple 2, we will then entertain the idea that transcendentally small terms are
needed.
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Exercises

2.27. This problem concerns the higher terms in the expansions from
Example 1.

(a) Verify (2.52), and, by matching with (2.51), show that A0 = 1 and A1 =
A2 = 0.

(b) Explain why your result from part (a) does not match with (2.56).
(c) The result from part (b) shows that the outer expansion is the reason

transcendentally small terms must also be included in the boundary-layer
expansion. Assume that

Y ∼ Y0(x̄) + εY1(x̄) + · · ·+ Z0(x̄, ε) + Z1(x̄, ε) + · · · ,

where Zj � Zi, ∀i < j, and zi � εn, ∀i, n (with x̄ fixed). Show that
Z0 = B(ε) (1− e−x̄). From matching show that B = −e−1/ε.

(d) Explain why Z0 is the reason z1 is needed in the outer expansion.

2.28. This problem completes some of the details in the derivation of
Example 2.

(a) Use Laplace’s approximation (Appendix C) to show that

∫ 1

−1

es
2/(2ε)ds ∼ 2εe1/(2ε).

(b) Use part (a) to help derive (2.62).
(c) The matching shows that b = 1

2 (yL − yR), which appears to contradict
the assumption that z0 is transcendentally small compared to the power
functions. Explain why there is, in fact, no contradiction in this result.

(d) Show that the assumption that εxz0 can be ignored compared to εz′′0 and
xz′0 holds for the function z0.

2.29. Consider the problem of solving

εy′′ − xy′ = 0 for a < x < b,

where y(a) = yL and y(b) = yR. Also, assume that a < 0 and b > 0.
(a) Using the usual boundary-layer arguments show that

y ∼
⎧⎨
⎩

c+ (yL − c)e−x̄ boundary layer at x = a,
c outer region,
c+ (yR − c)ex̃ boundary layer at x = b,

where c is an arbitrary constant, x̄ = (x− a)/ε, and x̃ = (x − b)/ε.
(b) Find the exact solution of the problem.
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(c) Using the result from part (b) and Laplace’s approximation (Appendix C)
show that

c =

⎧
⎨
⎩

yL if |a| < b,
1
2 (yL + yR) if |a| = b,

yR if b < |a|,
Comment on what happens to the assumed boundary layers in the
problem.

(d) Sketch (by hand) the solution when a = −2, b = 1, yL = 1, and yR = 3.
Comment on whether you used part (a) or part (b), and why.

2.30. There is a question whether it is possible to account for the transcen-
dentally small terms without having to use the zi in (2.53). One possibility
is to modify the boundary layer method by first constructing a composite
expansion, as described in Sect. 2.2, and then imposing the boundary condi-
tions (Exercise 2.14). This is what is done when using the WKB method, and
one of the reasons WKB has had some success in handling transcendentally
small terms.

(a) Show that reversing the order for (2.50), with y(0) = 0 and y(1) = 1,
results in the approximation

y ∼ 2x+
1

1− e−1/ε

(−1 + e−x̄
)
.

Explain why this reduces to (2.56).
(b) Explain why this modified boundary-layer method does not solve the

unknown-constant problem that appears in (2.58).

2.31. Consider the problem

ε2y′′ + 2εy′ + 2(y − xg)2 = εh(x) for 0 < x < 1,

where y(0) = sech2(1/(2ε)) and y(1) = 1+sech2(1/(2ε)). Also, g(x) = eε(x−1)

and h(x) = [ε2 + (2 + ε2)(1 + εx)]g(x).
(a) Suppose one were to argue that the exponentially small terms in the

boundary conditions can be ignored and the usual power series expansion
of the solution can be used. Based on this assumption, find the first two
terms of a composite expansion of the solution.

(b) The exact solution of the problem is

y(x) = xeε(x−1) + sech2
(
2x− 1

2ε

)
.

Discuss this solution in connection with your expansion from part (a).
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2.5 Interior Layers

The rapid transitions in the solution that are characteristic of a boundary
layer do not have to occur only at the boundary. When this happens, the
problems tend to be somewhat harder to solve simply because the location
of the layer is usually not known until after the expansions are matched.
However, the expansion procedure is essentially the same as in the previous
examples. To understand how the method works, consider the problem

εy′′ = yy′ − y, for 0 < x < 1, (2.64)

where
y(0) = 1 (2.65)

and

y(1) = −1. (2.66)

2.5.1 Step 1: Outer Expansion

The appropriate expansion in this region is the same as it usually is, in other
words,

y(x) ∼ y0(x) + · · · . (2.67)

From (2.64) one finds that

y0y
′
0 − y0 = 0, (2.68)

and so either y0 = 0 or else

y0 = x+ a, (2.69)

where a is an arbitrary constant. The fact that we have two possible solu-
tions means that the matching might take somewhat longer than previously
because we will have to determine which of these solutions matches to the
inner expansion.

2.5.2 Step 1.5: Locating the Layer

Generally, when one first begins trying to solve a problem, it is not known
where the layer is, or whether there are multiple layers. If we began this
problem like the others and assumed there is a boundary layer at either one
of the endpoints, we would find that the expansions do not match. This is a
lot of effort for no results, but fortunately there is a simpler way to come to
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1

1

1

Figure 2.11 Schematic of solution if there is a (convex) boundary layer at x = 0
and the linear function in (2.69) is the outer solution

1

1

1

Figure 2.12 Schematic of solution if there is a concave boundary layer at x = 1 and
the linear function in (2.69) is the outer solution

1
1

1

Figure 2.13 Schematic of linear functions that make up outer expansion and interior
layer solution connecting them

the same conclusion. To illustrate how, suppose it is assumed that there is
a boundary layer at x = 0 and (2.69) is the outer solution. This situation is
shown in Fig. 2.11. If the solution behaves like the other example problems,
then in the boundary layer it is expected that y′′ is positive (i.e., y is concave
up), y′ is negative, and y is both positive and negative. In other words, in
such a boundary layer, the right-hand side of (2.64) is positive while the left-
hand side can be negative. This is impossible, and so there is not a boundary
layer as indicated in Fig. 2.11.

It is possible to rule out a boundary layer at x = 1 in the same way. In
particular, as illustrated in Fig. 2.12, in the boundary layer y′′ and y′ − 1 are
negative, while y is both positive and negative. Using a similar argument one
can rule out having boundary layers at both ends.

Another possibility is that the layer is interior to the interval, and this is
illustrated in Fig. 2.13. To check, in the layer region to the left of x0, y

′ − 1
is negative, y is positive, and y′′ is negative. This is consistent with (2.64).
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Similarly, to the right of x0, both y′−1 and y are negative, and y′′ is positive.
This too is consistent with (2.64). It also indicates that y(x0) = 0, a result
we will need later to complete the derivation of the interior layer solution.

It should be pointed out that these are only plausibility arguments and
do not prove anything. What they do is guide the analysis and, hopefully,
reduce the work necessary to obtain the solution. A more expanded version
of this analysis is explored in Exercise 2.34.

2.5.3 Steps 2 and 3: Interior Layer and Matching

Based on the preceding observations, we investigate the possibility of an
interior layer. This is done by introducing the interior-layer coordinate

x̄ =
x− x0

εα
, (2.70)

where 0 < x0 < 1. The location of the layer, x = x0, is not known and will
be determined subsequently. Actually, the possibilities of either x0 = 0 or
x0 = 1 could be included here, but we will not do so. Also, note that since
0 < x0 < 1, there are two outer regions, one for 0 ≤ x < x0, the other for
x0 < x ≤ 1 (Fig. 2.13). Now, substituting (2.70) into (2.64) yields

ε1−2αY ′′ = ε−αY Y ′ − Y. (2.71)

The distinguished limit here occurs when α = 1 (i.e., the first and second
terms balance). Also, as in the previous examples, we are using Y to designate
the solution in the layer. Expanding the interior-layer solution as

Y (x̄) ∼ Y0(x̄) + · · · (2.72)

it follows from (2.71) that

Y ′′
0 = Y0Y

′
0 . (2.73)

Integrating this one obtains

Y ′
0 =

1

2
Y 2
0 +A.

There are three solutions of this first-order equation, corresponding to A’s
being positive, negative, or zero. The respective solutions are

Y0 = B
1−DeBx̄

1 +DeBx̄
, (2.74)

Y0 = B tan(C −Bx̄/2),
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and

Y0 =
2

C − x̄
,

where B, C, and D are arbitrary constants. The existence of multiple so-
lutions makes the problem interesting, but it also means that the matching
procedure is not as straightforward as it was for the linear equations studied
earlier. This is because for the linear problems we relied on being able to
find the general solution in each region and then determining the constants
by matching. For nonlinear problems the concept of a general solution has
little meaning, and because of this it can sometimes be difficult to obtain a
solution that is general enough to be able to match to the outer expansion(s).

Of the solutions to (2.73), the one given in (2.74) is capable of matching
to the outer expansions as x̄ → ±∞. Again it should be remembered that
the working hypothesis here is that 0 < x0 < 1. Thus, the outer expansion
for 0 ≤ x < x0 should satisfy y(0) = 1. From this it follows that

y0 = x+ 1, for 0 ≤ x < x0. (2.75)

Similarly, the outer region on the other side of the layer should satisfy the
boundary condition at x = 1, and this yields

y0 = x− 2, for x0 < x ≤ 1. (2.76)

Now, for (2.74) to be able to match to either (2.75) or (2.76) it is going
to be necessary that both B and D in (2.74) be nonzero (in fact, without
loss of generality, we will take B to be positive). The requirements imposed
in the matching are very similar to those obtained for boundary layers. In
particular, we must have that Y0(∞) = y0(x

+
0 ) and Y0(−∞) = y0(x

−
0 ). From

(2.74) and (2.75) we get that

B = x0 + 1,

and from (2.74) and (2.76) we have that

−B = x0 − 2.

Solving these equations one finds that B = 3
2 and x0 = 1

2 .

2.5.4 Step 3.5: Missing Equation

From matching we have determined the location of the layer and one of the
constants in the layer solution. However, the matching procedure did not
determine D in (2.74). Fortunately, from the discussion in Step 1.5, we are
able to determine its value. In particular, we found that y(x0) = 0, and for
this to happen it must be that D = 1. Therefore,
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Figure 2.14 Graph of numerical solution of (2.64)–(2.66) and composite expansion
given in (2.78) in the case where ε = 10−1 and where ε = 10−2

Y (x̄) ∼ 3

2

1− e3x̄/2

1 + e3x̄/2
. (2.77)

Having an undetermined constant left after matching also occurred in the
previous section (Example 2). Unlike that earlier example, we were able to
determine D using the properties of the differential equation and boundary
conditions. Our argument was heuristic, and those who prefer a more math-
ematical proof that D = 1 should consult Exercise 2.42. Another approach
to evaluating the undetermined constant is given in Exercise 2.37.

2.5.5 Step 4: Composite Expansion

It can be more difficult to construct a composite expansion when the outer
solutions are discontinuous across the interior layer like they are in this prob-
lem. What is done is to find one for the interval 0 ≤ x ≤ x0 and then another
for x0 ≤ x ≤ 1. As it turns out, for this example the expansions on either
side are the same, and the result is

y ∼ x+ 1− 3

1 + e−3(2x−1)/4ε
for 0≤x≤1. (2.78)

This composite expansion is graphed in Fig. 2.14 to illustrate the nature of
the interior layer and how it appears as ε decreases. The rapid transition
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from one outer solution to the other is typical of what is sometimes called
a shock solution. Also shown in Fig. 2.14 is the numerical solution, and it is
clear that the composite and numerical solutions are in good agreement.

2.5.6 Kummer Functions

Interior layers can arise in linear problems. To understand this, consider the
problem of solving

εy′′ + (3x− 1)y′ + xy = 0 for 0 < x < 1, (2.79)

where y(0) = 1 and y(1) = 2. A tip-off that this might have an interior layer
is the fact that the coefficient of y′ is zero at a point in the interval. For the
moment, this observation is more of a curiosity, but it is worth pointing out
that the interior layer of the last example was also located at the point where
the coefficient of y′ in (2.64) is zero.

There is nothing particularly unusual about this problem, so we will as-
sume a regular expansion for the outer solution. In particular, assuming
y ∼ y0(x) + εy1(x) + · · · , the O(1) equation is (3x− 1)y′0 + xy0 = 0. Solving
this one finds that

y0 =
a

(3x− 1)1/9
e−x/3. (2.80)

Given that the denominator is zero at x = 1/3, it should not come as a
surprise that there is an interior layer located at x = 1/3. This means there
are two outer solutions, and we have that

y0(x) =

⎧
⎪⎨
⎪⎩

al
(1 − 3x)1/9

e−x/3 for 0 ≤ x < 1
3 ,

ar
(3x− 1)1/9

e−x/3 for 1
3 < x ≤ 1.

(2.81)

Satisfying the boundary conditions, one finds that al = 1 and ar = 210/9e1/3.
We will use the interior-layer coordinate given in (2.70), with x0 = 1/3

and α = 1/2. The problem in this case becomes

Y ′′ + x̄Y ′ +
(
1

3
+ ε1/2

)
Y = 0, for −∞ < x̄ < ∞. (2.82)

The O(1) equation coming from this is

Y ′′
0 + 3x̄Y ′

0 +
1

3
Y0 = 0, for −∞ < x̄ < ∞. (2.83)
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This equation is why this subsection is titled “Kummer Functions”; it also
provides the motivation for the next paragraph.

What we have shown is that to determine the solution in the interior layer,
we must be able to solve an equation of the form

y′′ + αxy′ + βy = 0, for −∞ < x < ∞,

where α and β are nonzero constants. This equation can be solved using a
power series expansion or the Laplace transform. Doing this shows that the
general solution can be written as

y(x) = A0 M

(
β

2α
,
1

2
,−1

2
αx2

)
+B0 xM

(
α+ β

2α
,
3

2
,−1

2
αx2

)
, (2.84)

where M(a, b, z) is Kummer’s function and its definition and basic properties
are given in Appendix B. As an example, if α = β, then the solution is

y(x) = A0e
−αx2/2 +B0

1

x

∫ x

0

eα(s
2−x2)/2 ds.

For us to be able to match with the outer solutions, we need to know what
happens to (2.84) when x → ±∞. This depends on whether α is positive or
negative. Using the formulas in Appendix B, for x2 → ∞,

y(x) ∼ √
π

[
A0

Γ
(
1
2 − κ

) ± B0√
2αΓ (1− κ)

]
η−κ if α > 0 (2.85)

and

y(x) ∼ √
π

[
A0

Γ (κ)
± B0√−2αΓ

(
1
2 + κ

)
]
(−η)κ−

1
2 e−η if α < 0, (2.86)

where κ = β/(2α) and η = 1
2αx

2. In the preceding expressions, the + is
taken when x > 0 and the − when x < 0. Also, the arguments of the Gamma
functions are assumed not to be nonpositive integers. What happens in those
cases is interesting and discussed toward the end of Sect. 2.6.

Based on the preceding discussion, the general solution of the interior-layer
Eq. (2.83) can be written as

Y0 = A0 M

(
1

18
,
1

2
,−3

2
x̄2

)
+B0 x̄M

(
5

9
,
3

2
,−3

2
x̄2

)
. (2.87)

The constants in this expression are determined by matching to the outer
solution. To do this we use the intermediate variable xη = (x−x0)/ε

γ , where
0 < γ < 1/2. Introducing this into the outer solution (2.81) yields
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Figure 2.15 Graph of numerical solution of (2.79) and interior-layer solution given
in (2.87) in the case where ε = 10−4

youter ∼

⎧
⎪⎨
⎪⎩

al
(3e)1/9

(εγ |xη|)−1/9 for xη < 0,

ar
(3e)1/9

(εγ |xη|)−1/9 for 0 < xη.
(2.88)

For the interior-layer solution (2.87) we use (2.85) to obtain

y(x) ∼ √
π

[
A0

Γ
(
4
9

) ± B0√
6Γ

(
17
18

)
](

2ε

3

)1/18

(εγ |xη|)−1/9, (2.89)

where the + is taken if xη > 0 and the − if xη < 0. Matching the inner and
outer approximations, it follows that

A0 =
1

2
√
π
(ar + al)Γ

(
4

9

)(
6εe2

)−1/18

and

B0 =

√
3

2π
(ar − al)Γ

(
17

18

)(
6εe2

)−1/18
.

The coefficients have ended up depending on ε. What this means is that the
original assumption that Y ∼ Y0+· · · should have been Y ∼ ε−1/18(Y0+· · · ).
Because this problem is linear, the need for the multiplicative factor ε−1/18

does not affect the validity of the asymptotic approximation.
To give a sense of how well this approximation does, the numerical solution

and the interior layer approximation are plotted in Fig. 2.15. It is evident that
the latter is asymptotic to the exponential functions that make up the outer
solution (2.81), and it gives a very accurate approximation of the solution in
the layer. What is also interesting is that, unlike the other layer examples
considered so far, the interior-layer solution is not monotone. An analysis of
more complex nonmonotone interior layers can be found in DeSanti (1987).
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Exercises

2.32. Find a first-term expansion of the solution of each of the following
problems. It should not be unexpected that for the nonlinear problems the
solutions are defined implicitly or that the transition layer contains an unde-
termined constant.

(a) εy′′ = −(x2 − 1
4 )y

′ for 0 < x < 1, where y(0) = 1 and y(1) = −1.
(b) εy′′ + 2xy′ + (1 + εx2)y = 0 for −1 < x < 1, where y(−1) = 2 and

y(1) = −2.
(c) εy′′ = yy′ − y3 for 0 < x < 1, where y(0) = 3

5 and y(1) = − 2
3 .

(d) 3εy′′ + 3xy′ + (1 + x)y = 0 for −1 < x < 1, where y(−1) = 1 and
y(1) = −1.

(e) εy′′ + y(1 + y2)y′ − 1
2y = 0 for 0 < x < 1, where y(0) = −1 and y(1) = 1.

(f) εy′′ + y(y′ + 3) = 0 for 0 < x < 1, where y(0) = −1 and y(1) = 2.

2.33. Consider the problem

εy′′ = yy′ for 0 < x < 1,

where y(0) = a and y(1) = −a. Also, a is positive.
(a) Prove that y(12 ) = 0. (Hint: Use the method described in Exercise 2.42.)
(b) Find a composite expansion of the solution.
(c) Show that the exact solution has the form

y = A
1−BeAx/ε

1 +BeAx/ε
,

where, for small ε, A ∼ a(1 + 2e−a/(2ε)) and B ∼ e−a/(2ε). Comment on
how this compares with your result from part (b).

2.34. This problem explores various possibilities for the layer solutions of
(2.64). You do not need to derive the expansions to answer these questions,
but you do need to know the general forms for the outer solutions as well as
the general form of the layer solution (2.74).
(a) The plausibility argument used to rule out boundary layers (e.g., Fig. 2.11)

did not consider the other possible outer solution, namely, y0 = 0. If this
is the outer solution, then there must be a boundary layer at both ends.
Explain why this cannot happen.

(b) To examine how the position of the interior layer depends on the boundary
conditions, suppose that y(0) = a and y(1) = b, where −1 < a + b < 1
and b < 1 + a. What is the value of x0 in this case? Also, state how you
use the stated inequalities on a and b.

(c) What happens to the layer(s) if the boundary conditions are y(0) =
y(1) = a?

(d) Suppose y(0) = −1/2 and y(1) = 1/4. Use the plausibility argument to
show that there are multiple possible solutions.
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Figure 2.16 Solution of problem in Exercise 2.35

2.35. Consider the problem

εy′′ + y(1− y)y′ − xy = 0 for 0 < x < 1,

where y(0) = 2 and y(1) = −2. The numerical solution is shown in Fig. 2.16
in the case where ε = 10−3. This will prove useful when deriving a first-term
approximation of the solution.
(a) Find the first term in the expansion of the outer solution. Assume that

this function satisfies the boundary condition at x = 0.
(b) Assume there is a boundary layer at x = 1. After finding a first-term

approximation in the boundary layer show that it does not match with
the outer solution you found in part (a).

(c) Assuming there is an interior layer across which the solution jumps from
one outer solution to another, find a first-term approximation in the layer.
From the matching show that the layer is located at x0 =

√
3/2. Note

that your layer solution will contain an undetermined constant.
(d) Correct the boundary-layer analysis in part (b) based on your result from

part (c).

2.36. This problem examines the solution of the boundary-value problem

εy′′ = −f(x)y′ for 0 < x < 1,

where y(0) = a and y(1) = −b. Assume that a and b are positive constants.
Also, assume that f(x) is smooth with f ′(x) > 0 and f(x0) = 0 for 0 < x0 < 1.

(a) Explain why there must be at least one point in the interval 0 < x < 1
where y(x) = 0.

(b) Find the exact solution of the problem and then write down the equation
that must be solved to determine where y(x) = 0. From this explain why
there is exactly one solution of y(x) = 0.

(c) Using your result from part (b), find a two-term expansion of the solution
of y(x) = 0. The second term will be defined implicitly and involves
solving an equation of the form
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erf(μ0

√
f ′(x0)/2) =

a− b

a+ b

for μ0. Note that Laplace’s approximation (Appendix C) will be
useful here.

(d) Find a two-term expansion of the solution of y(x) = 0 by first constructing
an asymptotic expansion of the solution of the boundary-value problem.

2.37. One way to resolve the problem of having an undetermined constant
after matching is to use a variational principle. To understand this approach,
consider the problem

εy′′ + p(x, ε)y′ + q(x, ε)y = 0 for 0 < x < 1,

where y(0) = a and y(1) = b. Associated with this is the functional

I(v) =

∫ 1

0

L(v, v′)dx, where L =
1

2
[ε(v′)2 − qv2]e

1
ε

∫

x
0

p(s,ε)ds.

In this variational formulation L is a Lagrangian for the equation.
(a) Show that if d

dr I(y + ru) = 0, at r = 0, for all smooth functions u(x)
satisfying u(0) = u(1) = 0, then y(x) is a solution of the preceding differ-
ential equation. In other words, an extremal of the functional is a solution
of the differential equation.

(b) Consider the problem

εy′′ − (2x− 1)y′ + 2y = 0 for 0 < x < 1,

where y(0) = 1 and y(1) = −3. The solution of this problem has a bound-
ary layer at each end of the interval. Find a composite expansion of the
solution for 0 ≤ x ≤ 1. Your solution will contain an arbitrary constant
that will be designated as k in what follows.

(c) From your result in part (b) derive an expansion for the Lagrangian L.
(d) Explain why the constant k should be such that d

dk I(y) = 0. From this
determine k.

2.38. In the Langmuir–Hinshelwood model for the kinetics of a catalyzed
reaction the following problem appears:

ε
dy

dx
= 1− 1

x
F (y) for 0 < x < 1,

where F (y) = 2(1 − y)(α + y)/y and y(1) = 0. Also, 0 < α < 1. In this
problem ε is the deactivation rate parameter and y(x) is the concentration
of the reactant (Kapila, 1983).
(a) For small ε, find a first-term expansion of the solution in the outer region

and in the boundary layer.
(b) Find a composite expansion of the solution for 0 < x ≤ 1.
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Figure 2.17 Graph of solution for Exercise 2.40 for two slightly different values of
a. In this calculation, b = 0.75 and ε = 10−4

2.39. This problem examines a differential-difference equation. The specific
problem is (Lange and Miura, 1991)

ε2y′′(x) − y(x) + q(x)y(x − 1) = f(x) for 0 < x < 3/2,

where y(x) = 0 for −1 ≤ x ≤ 0 and y(3/2) = 1. The functions q(x) and f(x)
are assumed smooth. What is significant here is that the solution is evaluated
at x− 1 in one of the terms of the equation. To answer the questions below,
keep in mind that y(x) and y′(x) are continuous for 0 ≤ x ≤ 3/2.
(a) There is a layer at x = 0+, at x = 1±, and at x = 3/2. Use this information

to find a first-term approximation of the solution. To do this, you should
consider x < 1 and 1 < x separately and then require smoothness at
x = 1. Also, you will have to find the first two terms in the layer at x = 1
to get the expansions to match.

(b) Find the exact solution of the problem in the case where f(x) = 0, and
compare the result with the expansion from part (a).

2.40. For some problems, locating the layer(s) can be difficult. To understand
this, consider the following problem:

εy′′ + (x− a)(x− b)(4y′ − 1) = 0 for 0 < x < 1,

where y(0) = −2 and y(1) = 3. Also, 0 < a < b < 1. The graph of the
solution of this problem is shown in Fig. 2.17.
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(a) Using the plausibility argument given in the discussion for Fig. 2.11,
explain why there is no boundary layer at x = 1 but there might be
one at x = 0.

(b) Interior layers can appear at points where the coefficient of y′ is zero.
Using the plausibility argument explain why there is no layer at x = a
but there might be one at x = b.

(c) Assuming the layer is at x = 0, calculate the first term in the expansions.
Also, assuming the layer is at x = b, calculate the first term in the ex-
pansions. Explain why it is not possible to determine the position for the
layer from these expansions.

(d) Find the exact solution. Use this to show that the layer is at x = 0 if
b
3 ≤ a < b and at x = b if 0 < a < b

3 . Note that Appendix C will be
helpful here.

2.41. In the study of explosions of gaseous mixtures one finds a model where
the (nondimensional) temperature T (t) of the gas satisfies (Kassoy, 1976;
Kapila, 1983)

T ′ = ε(T∞ − T )n exp

(
T − 1

εT

)

for T (0) = 1. Here T∞ > 1 is a constant known as the adiabatic explosion
temperature. Also, n is a positive integer (it is the overall reaction order).
Assuming a high activation energy, the parameter ε is small.
(a) What is the steady-state temperature?
(b) Find the first two terms in a regular expansion of the temperature. This

expansion satisfies the initial condition and describes the solution in what
is known as the ignition period. Explain why the expansion is not uniform
in time. Also, toward the end of the ignition period the solution is known
to undergo a rapid transition to the steady state. Use your expansion to
estimate when this occurs.

(c) To understand how the solution makes the transition from the rapid rise
in the transition layer to the steady state, let

τ =
t− t0
μ(ε)

,

where t0 is the time where the transition takes place and μ(ε) is deter-
mined from balancing in the layer. Assuming that T ∼ T∞−εT1(τ)+ · · · ,
find μ and T1. Although T1 is defined implicitly, use its direction field to
determine what happens when τ → ∞ and τ → −∞.
It is worth pointing out that there is a second internal layer in this prob-
lem, and it is located between the one for the ignition region and the
layer you found in part (c). The matching of these various layers is fairly
involved; the details can be found in Kapila (1983) for the case where
n = 1. Also, it is actually possible to solve the original problem in closed
form, although the solution is not simple (Parang and Jischke, 1975).
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2.42. This problem outlines a proof, using a symmetry argument, that D = 1
in (2.74). Basically, the proof is based on the observation that in Fig. 2.13, if
the solution were flipped around y = 0 and then flipped around x = 1/2, one
would get the solution back again. In this problem, instead of (2.64), (2.65),
suppose the boundary conditions are y(0) = a and y(1) = b. In this case the
solution can be written as y = f(x, a, b).
(a) Change variables and let s = 1−x (which produces a flip around x = 1/2)

and z = −y (which produces a flip around y = 0) to obtain

εz′′ = zz′ − z for 0 < s < 1,

where z(0) = −b and z(1) = −a.
(b) Explain why the solution of the problem in part (a) is z = f(s,−b,−a).
(c) Use part (b) to show that y = −f(1 − x,−b,−a), and from this explain

why f(x, a, b) = −f(1− x,−b,−a).
(d) Use part (c) to show that in the case where a = 1 and b = −1, y(12 ) = 0.

It follows from this that D = 1.

2.6 Corner Layers

One of the distinguishing features of the problems we have studied in this
chapter is the rapid changes in the solution in the layer regions. The problems
we will now investigate are slightly different because the rapid changes will
be in the slope, or derivatives of the solution, and not in the value of the
solution itself. To illustrate this, we consider the following problem:

εy′′ +
(
x− 1

2

)
p(x)y′ − p(x)y = 0 for 0 < x < 1, (2.90)

where

y(0) = 2 (2.91)

and

y(1) = 3. (2.92)

The function p(x) is assumed to be smooth and positive, with p(1/2) = 1.
For example, one could take p(x) = x + 1/2 or p(x) = e2x−1. It should also
be noted that the coefficient of y′ is zero at x = 1/2. Because of this, given
the observations of the previous section, it should not come as a surprise that
the layer in this example is located at x = 1/2.
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2.6.1 Step 1: Outer Expansion

The solution in this region is expanded in the usual power series as follows:

y(x) ∼ y0(x) + εy1(x) + · · · . (2.93)

From (2.90) one then finds that

y0 = a

(
x− 1

2

)
, (2.94)

where a is an arbitrary constant. As usual, we are faced with having to satisfy
two boundary conditions with only one integration constant.

2.6.2 Step 2: Corner Layer

We begin by determining whether there are boundary layers. These can be
ruled out fairly quickly using the plausibility argument presented in the pre-
vious section. For example, if there is a boundary layer at x = 0 and (2.94) is
the outer solution, then we have a situation similar to that shown in Fig. 2.11.
In the boundary layer y′′ > 0, y′ < 0, and there is a portion of the curve
where y < 0. This means that εy′′ > 0 > −(x− 1

2 )p(x)y
′ + p(x)y. It is there-

fore impossible to satisfy the differential Eq. (2.90) and have a boundary
layer as indicated in Fig. 2.11. Using a similar argument, and the fact that
the coefficient of the y′ term changes sign in the interval, one can also argue
that there is not a boundary layer at the other end.

It therefore appears that there is an interior layer. To investigate this, we
introduce the stretched variable

x̄ =
x− x0

εα
. (2.95)

With an interior layer there is an outer solution for 0 ≤ x < x0 and one
for x0 < x ≤ 1. Using boundary conditions (2.91), (2.92) and the general
solution given in (2.94), we have that the outer solution is

y ∼
{−4(x− 1

2 ) if 0 ≤ x < x0,
6(x− 1

2 ) if x0 < x ≤ 1.
(2.96)

It will make things easier if we can determine x0 before undertaking the layer
analysis. If 0 < x0 < 1

2 or if 1
2 < x0 < 1, then the outer solution (2.96) is

discontinuous at x0. Using a plausibility argument similar to that presented
in Sect. 2.5, one can show that neither case is possible (Exercise 2.46). In
other words, x0 = 1

2 . With this we get that the outer solution is continuous,
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Figure 2.18 Schematic of corner layer formed by outer solution in (2.96). The so-
lution from the corner-layer region should provide a smooth transition between these
linear functions

but it is not differentiable at x = 1
2 . This situation is shown in Fig. 2.18. It

is for this reason that we have what is called a corner region, or derivative
layer, at x0 = 1

2 .
Now, substituting (2.95) into (2.90), and letting Y designate the solution

in this region, we get

ε1−2αY ′′ + x̄ p

(
1

2
+ εαx̄

)
Y ′ − p

(
1

2
+ εαx̄

)
Y = 0. (2.97)

To determine the distinguished limit note that

p

(
1

2
+ εαx̄

)
= p

(
1

2

)
+ εαx̄p′

(
1

2

)
+ · · ·

= 1+ O(εα).

With this, from balancing the terms in (2.97) we obtain α = 1
2 . Unlike what

we assumed in previous examples, we now take

Y ∼ y0(x0) + εγY0 + · · · . (2.98)

For this example y0(x0) = 0. Also, the multiplicative factor εγ is needed to
be able to match to the outer solution (the constant γ will be determined
from the matching). Thus, substituting this into (2.97) yields

Y ′′
0 + x̄ Y ′

0 − Y0 = 0, for −∞ < x̄ < ∞. (2.99)

It is possible to solve this equation using power series methods. However, a
simpler way is to notice that Y0 = x̄ is a solution, and so using the method
of reduction of order, one finds that the general solution is

Y0 = Ax̄+B

[
ex̄

2/2 + x̄

∫ x̄

0

e−s2/2ds

]
. (2.100)
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2.6.3 Step 3: Matching

In the examples from the previous two sections, the layer analysis and
matching were carried out in a single step. This is not done here because
the matching in this problem is slightly different and is worth considering in
more detail. To do the matching, we introduce the intermediate variable

xη =
x− 1/2

εκ
, (2.101)

where 0 < κ < 1
2 . Rewriting the outer solution (2.96) in this variable yields

y ∼
{−4εκxη if xη < 0,

6εκxη if 0 < xη.
(2.102)

Also, using the fact that

∫ ∞

0

e−s2/2ds =

√
π

2
,

it follows from (2.100) that

Y ∼
{
εγ+κ−1/2xη(A−B

√
π
2 ) if xη < 0,

εγ+κ−1/2xη(A+B
√

π
2 ) if 0 < xη.

(2.103)

To be able to match (2.102) and (2.103) we must have γ = 1
2 . In this case,

A−B

√
π

2
= −4

and

A+B

√
π

2
= 6,

from which it follows that A = 1 and B = 5
√
2/π.

2.6.4 Step 4: Composite Expansion

Even though the situation is slightly more complicated than before, the con-
struction of a composite expansion follows the same rules as in the earlier
examples. For example, for 0 ≤ x ≤ 1

2 ,
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Figure 2.19 Composite expansion (2.104) and the numerical solution of (2.90)–
(2.92) when ε = 10−2 and when ε = 10−4. Also, p(x) = e5(2x−1)

y ∼ −4

(
x− 1

2

)
+ ε1/2

[
x̄+ 5

√
2

π

(
e−x̄2/2 + x̄

∫ x̄

0

e−s2/2ds

)]
+ 4εκxη

=

(
x− 1

2

)[
1 + 5 erf

(
x− 1

2√
2ε

)]
+ 5

√
2ε

π
e−(2x−1)2/(8ε), (2.104)

where erf(·) is the error function. One finds that this is also the composite
expansion for 1

2 ≤ x ≤ 1. Thus, (2.104) is a composite expansion over the
entire interval. This function is shown in Fig. 2.19, and it is clear that it is
in very good agreement with the numerical solution. In fact, when ε = 10−3,
the two curves are indistinguishable.

The equation studied in this section is related to one that has received
a great deal of attention because the solution has been found to have some
rather interesting properties. To understand the situation, consider

εy′′ −
(
x− 1

2

)
y′ + ky = 0 for 0 < x < 1, (2.105)

where k is a constant. Assume that y(0) = y(1) = 1; the solution is then

y(x) =
M

(−k
2 ,

1
2 ,

1
8ε (2x− 1)2

)

M(−k
2 ,

1
2 ,

1
8ε )

, (2.106)

where M is Kummer’s function (Appendix B). It is assumed here that the
value of ε is such that the denominator in (2.106) is nonzero. Using the known
asymptotic properties of M one finds that for small ε and x �= 1/2,
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y(x) ∼
{
e−x(1−x)/2ε for k �= 0, 2, 4, . . . ,
(2x− 1)k for k = 0, 2, 4, . . . .

This shows that there is a boundary layer at each endpoint for all but a
discrete set of values for the constant k. When there are boundary layers,
the solution in the outer region is transcendentally small and goes to zero
as ε ↓ 0. What is significant is that for k = 0, 2, 4, . . . this does not happen.
This behavior at a discrete set of points for the parameter k is reminiscent
of resonance, and this has become known as Ackerberg–O’Malley resonance.
Those interested in pursuing this topic further are referred to the original
paper by Ackerberg and O’Malley (1970) and a later study by De Groen
(1980).

Exercises

2.43. Find a composite expansion of the solutions of the following problems:

(a) εy′′ + (y′)2 − 1 = 0 for 0 < x < 1, where y(0) = 1, and y(1) = 1.
(b) εy′′ + (y′)2 − 1 = 0 for 0 < x < 1, where y(0) = 1, and y(1) = 1/2.
(c) εy′′ = 9− (y′)2 for 0 < x < 1, where y(0) = 0, and y(1) = 1.
(d) εy′′ + 2xy′ − (2 + εx2)y = 0 for −1 < x < 1, where y(−1) = 2 and

y(1) = −2.

2.44. Consider the problem

εy′′ = x2[1− (y′)2] for 0 < x < 1,

where y(0) = y(1) = 1.
(a) Assuming there is a corner-layer solution, explain why there are two pos-

sible outer solutions. Each one is piecewise linear, much like the outer
solution in (2.96). Use the plausibility argument to rule out one of them.

(b) After finding the corner-layer solution, construct a composite expansion.

2.45. Consider the problem

εy′′ + xp(x)y′ − q(x)y = 0 for − 1 < x < 1,

where y(−1) = a and y(1) = b. The functions p(x) and q(x) are continuous,
p(x) �= 0, and q(x) > 0 for −1 ≤ x ≤ 1.
(a) If p(0) < 0, then there is a boundary layer at each end. Find a composite

expansion of the solution.
(b) If p(0) > 0, then there is an interior layer. Find the approximations in

the layer and outer regions.
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a b

Figure 2.20 Schematic of situations considered in Exercise 2.46. The outer solution
(solid lines) is determined from (2.94)
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Figure 2.21 Solution of problem in Exercise 2.47

2.46. This problem demonstrates that x0 = 1
2 in (2.96).

(a) Use the plausibility argument given in Sect. 2.5 to show that it is not
possible that 0 < x0 < 1

2 . This situation is shown in Fig. 2.20a.
(b) Use the plausibility argument given in Sect. 2.5 to show that it is not

possible that 1
2 < x0 < 1. This situation is shown in Fig. 2.20b.

2.47. Consider the problem

εy′′ − (x− a)(x − b)y′ − x(y − 1) = 0 for 0 < x < 1,

where y(0) = −2 and y(1) = 2. The numerical solution is shown in Fig. 2.21
in the case where a = 1/4, b = 3/4, and ε = 10−4. Based on this information
derive a first-term approximation of the solution for arbitrary 0 < a < b < 1.

2.48. Corner layers can occur within a boundary layer. As an example of
this, consider the problem

εy′′ + tanh(y′)− y = −1 for 0 < x < 1,

where y(0) = 3 and y(1) = 5. The numerical solution of the problem is shown
in Fig. 2.22 when ε = 10−4.
(a) Find a first-term expansion of the solution. You do not need to solve the

problem for the corner layer but you do need to explain why the solution
matches with the neighboring layer solutions.
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Figure 2.22 Solution of problem in Exercise 2.48
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Figure 2.23 Solution of problem in Exercise 2.49

(b) As a test of the effectiveness of the numerical solvers currently available,
find the numerical solution and compare it to your result in part (a) in
the case where ε = 10−4.

2.49. Consider the problem (Lorentz, 1982)

εy′′ + y(1− y2)y ′ − y = 0 for 0 < x < 1,

where y(0) = α and y(1) = β. Find a first-term approximation of the solution
in the following cases.
(a) α = 1/2 and β = 2. The numerical solution of the problem is shown in

Fig. 2.23 (solid curve), when ε = 0.0008. You do not need to solve the
problem for the corner layer (which is located at x0 = 1/3).

(b) α = 3/2 and β = −3/2. The numerical solution of the problem is in
Fig. 2.23 (dashed curve), when ε = 0.08.

(c) α = 3/2 and β = 2.

2.50. This exercise concerns the shock wave produced by a cylinder that is
expanding with a constant radial velocity of εa0, where a0 is the velocity
of sound in still air (Lighthill, 1949). The velocity potential in this case has
the form φ(r, t) = a20tf(η), where r is the radial distance from the center of
the expanding cylinder, η = r/(a0t), and f(η) is determined below. Also, the
radius of the cylinder is r = εa0t, and the radius of the shock wave is r = αa0t,
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where α is a constant determined below. The problem that determines f(η)
and α is

[
1− (γ − 1)

(
f − ηf ′ +

1

2
(f ′)2

)]
(f ′ + ηf ′′)

= η(η − f ′)2f ′′ for ε < η < α,

where f ′(ε) = ε, f(α) = 0 and

f ′(α) =
2(α− 1/α)

γ + 1
.

In this problem γ is a positive constant called the adiabatic index. Show that,
for small ε, α ∼ 1 + 3

8 (γ + 1)2ε4.

2.7 Partial Differential Equations

The subject of boundary and interior layers and how they appear in the
solutions of partial differential equations is enormous. We will examine a
couple of examples that lend themselves to matched asymptotic expansions.

2.7.1 Elliptic Problem

The first example concerns finding the function u(x, y) that is the solution
of the following boundary-value problem:

ε∇2u+ α∂xu+ β∂yu+ u = f(x, y) for (x, y) ∈ Ω, (2.107)

where

u = g(x, y), for (x, y) ∈ ∂Ω. (2.108)

The domain Ω is assumed to be bounded, simply connected, and have a
smooth boundary ∂Ω. The coefficients α and β are constant with at least
one of them nonzero. The functions f(x, y) and g(x, y) are assumed to be
continuous.

To illustrate what a solution of (2.107) looks like, consider the special case
where f(x, y) = a and g(x, y) = b, where a and b are constants. Taking Ω
to be the unit disk and using polar coordinates x = ρ cosϕ, y = ρ sinϕ, the
problem can be solved using separation of variables. The resulting solution is

u(ρ, ϕ) = a+
1

F (ρ, ϕ)

∞∑
n=−∞

In(χρ)[an sin(nϕ) + bn cos(nϕ)]/In(χ), (2.109)
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Figure 2.24 Plot of solution (2.109) and its associated contour map when α = β =
a = 1, b = 0, and ε = 0.05. The domain for the problem is x2+y2 < 1, but to generate
the plot, the solution was extended to the unit square 0 ≤ x, y ≤ 1 by setting u = 0 for
x2 + y2 ≥ 1. It is apparent there is a boundary layer, and its presence is particularly
pronounced in the region of the boundary near x = y = −1/

√
2

where F (ρ, ϕ) = exp(ρ(α cosϕ+ β sinϕ)/(2ε)), χ =
√

α2 + β2 − 4ε/(2ε),
In(z) is a modified Bessel function,

an =
b− a

2π

∫ 2π

0

F (1, ϕ) sin(nϕ)dϕ,

and

bn =
b− a

2π

∫ 2π

0

F (1, ϕ) cos(nϕ)dϕ.

This solution is shown in Fig. 2.24. A few observations can be made from this
figure that will make the derivation of the asymptotic approximation easier to
follow. First, a boundary layer is clearly evident in the solution. For example,
if one starts at x = y = −1/

√
2 and then moves into the domain, then the

solution undergoes a rapid transition to what appears to be an outer solution.
It is also seen that the layer is not present around the entire boundary ∂Ω
but only over a portion of ∂Ω. Moreover, if one follows the solution around
the edge of the boundary, then it is not easy to identify exactly where the
solution switches between the boundary layer and the outer region. However,
wherever it is, the transition is relatively smooth. This latter observation will
be useful later when deciding on the importance of what are called tangency
points.

Before jumping into the derivation of the asymptotic expansion, it is worth
noting that when ε = 0, the differential equation in (2.107) reduces to a
first-order hyperbolic equation. This change in type, from an elliptic to a
hyperbolic equation, has important consequences for the analysis, and it helps
explain some of the steps that are taken below.
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2.7.2 Outer Expansion

The procedure that we will use to find an asymptotic approximation of the
solution is very similar to that used for ordinary differential equations. The
first step is to find the outer solution. To do this, assume

u ∼ u0(x, y) + εu1(x, y) + · · · . (2.110)

Substituting this into (2.107) yields the following O(1) problem:

α∂xu0 + β∂yu0 + u0 = f(x, y) in Ω, (2.111)

where

u0 = g(x, y) on ∂Ωo. (2.112)

When constructing an asymptotic approximation it is not always immediately
clear which boundary condition, if any, the outer solution should satisfy. In
(2.112) the portion of the boundary where u0 satisfies the original boundary
condition has been identified as ∂Ωo. This is presently unknown and, in fact,
could turn out to be empty (e.g., Exercise 2.52).

To solve (2.111), we change coordinates from (x, y) to (r, s) , where s is
the characteristic direction for (2.111). Specifically, we let x = αs+ ξ(r) and
y = βs+ η(r). The functions ξ and η can be chosen in a number of different
ways, and our choice is based on the desire to have a simple coordinate
system. In particular, we take

x = αs+ βr and y = βs− αr. (2.113)

With this ∂s = α∂x + β∂y , and so (2.111) becomes

∂su0 + u0 = f(αs+ βr, βs− αr). (2.114)

This is easy to solve, and the general solution is

u0 = a0(r)e
−s +

∫ s

eτ−sf(ατ + βr, βτ − αr)dτ, (2.115)

where a0(r) is arbitrary. Since we have not yet determined exactly what
portion of the boundary condition, if any, the outer solution should satisfy,
we are not yet in a position to convert back to (x, y) coordinates.

Before investigating the boundary layer, it is instructive to consider the
change of coordinates given in (2.113). Fixing r and letting s increase, one
obtains the directed lines shown in Figs. 2.25 and 2.26. So, starting at bound-
ary point P , as the variable s increases, one crosses the domain Ω and arrives
at boundary point P∗. In terms of our first-term approximation, we need to
know what value u0 starts with at P and what value it has when the point
P∗ is reached. However, we only have one integration constant in (2.115), so
there is going to be a boundary layer at either P or P∗. As we will see below,
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Ω

Figure 2.25 Schematic drawing of characteristic curves obtained from the problem
for the outer solution. These curves are determined from (2.113) and are directed
straight lines with an orientation determined by the direction of increasing s. As
drawn, the coefficients α, β are assumed positive. Also note the tangency points
Tr, TL

Figure 2.26 Schematic drawing of transformed region coming from the domain in
Fig. 2.25

for our problem, the outer solution will satisfy the boundary condition at P∗
and there will be a boundary layer of width ε at P . Based on these comments,
we will assume that the points of the boundary can be separated into three
disjoint sets:

• ∂Ωo. These are the boundary points where the characteristics leave Ω (like
P∗ in Figs. 2.25 and 2.26). In Fig. 2.26 these points make up the curve
s = ho(r) for r0 < r < r1.

• ∂Ωb. There are the boundary points where the characteristics enter Ω
(like P in Figs. 2.25 and 2.26). In Fig. 2.26 these points make up the curve
s = hb(r) for r0 < r < r1.

• ∂Ωt. There are the tangency points. In Fig. 2.25 there are two such points,
TL and TR, and in Fig. 2.26 they occur when r = r0 and r = r1. These
can cause real headaches when constructing an asymptotic approximation
and will be left until the end.

To keep the presentation simple, we will assume that the situation is
as pictured in Fig. 2.25, i.e., the domain is convex. This means that if a
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}

O( )

Figure 2.27 Schematic of solution as a function of the characteristic coordinate s
as defined in (2.113). There is a boundary layer of width O(ε) at the left end of the
interval. Note that, in connection with Fig. 2.26, the point s = hb(r) can be thought
of as corresponding to the point P , and s = ho(r) can be thought of as corresponding
to the point P∗

characteristic curve enters the domain, then the only other time it intersects
the boundary is when it leaves the domain. Moreover, ∂Ωo and ∂Ωb are
assumed to be smooth curves.

Now that we know (or think we know) where the boundary layer is located,
we are in a position to complete the specification of the outer solution given in
(2.115). To do this, assume ∂Ωo can be described as s = ho(r) for r0 < r < r1.
In this case, using (2.112), the outer solution in (2.115) becomes

u0 = g(αho+βr, βho−αr)eho−s−
∫ ho(r)

s

eτ−sf(ατ+βr, βτ−αr)dτ. (2.116)

This solution does not apply along ∂Ωb or on ∂Ωt. To be more specific,
suppose the curve s = hb(r) for r0 < r < r1 describes ∂Ωb. In this case
(2.116) holds for r0 < r < r1 and hb(r) < s ≤ ho(r).

2.7.3 Boundary-Layer Expansion

To find out what goes on in a boundary layer, we introduce the boundary
coordinate (Fig. 2.27)

S =
s− hb(r)

ε
. (2.117)

This coordinate, by necessity, depends on r since the boundary depends on
r. This complicates the calculations in making the change of variables from
(r, s) to (r, S). One finds using the chain rule that the derivatives transform
as follows:

∂s → 1

ε
∂S , ∂r → −h′

b

ε
∂S + ∂r,

∂2
s → 1

ε2
∂2
S , ∂2

r → (h′
b)

2

ε2
∂2
S − h′′

b

ε
∂S − 2h′

b

ε
∂S∂r + ∂2

r .
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To convert the original problem into boundary-layer coordinates, we must
first change from (x, y) to (r, s) coordinates in (2.107). This is relatively easy
since from (2.113) one finds that

∂x =
1

γ
(α∂s + β∂r) and ∂y =

1

γ
(β∂s − α∂r),

where γ = α2 + β2. With this, (2.107) becomes

ε(∂2
s + ∂2

r )u + γ∂su+ γu = γf. (2.118)

Now, letting U(r, S) denote the solution in the boundary layer, substituting
the boundary-layer coordinates into (2.118) yields

[μ∂2
S + γ∂S +O(ε)]U = εγf, (2.119)

where

μ(r) = 1 + (h′
b)

2. (2.120)

In keeping with our usual assumptions, hb(r) is taken to be a smooth function.
However, note that at the tangency points shown in Fig. 2.25, h′

b(r) = ∞.
For this reason, these points will have to be dealt with separately after we
finish with the boundary layer.

We are now in a position to expand the solution in the usual power series
expansion, and so let

U(r, S) ∼ U0(r, S) + · · · . (2.121)

Substituting this into (2.119) yields the equation

μ∂2
SU0 + γ∂SU0 = 0.

The general solution of this is

U0(r, S) = A(r) +B(r)e−γS/μ, (2.122)

where A(r) and B(r) are arbitrary. Now, from the boundary and matching
conditions we must have U0(r, 0) = g and U0(r,∞) = u0(r, hb). Imposing
these on our solution in (2.122) yields

U0(r, S) = u0(r, hb) + [g(αhb + βr, βhb − αr) − u0(r, hb)]e
−γS/μ, (2.123)

where

u0(r, hb) = g(αho + βr,βho − αr)eho−hb

−
∫ ho

hb

eτ−hb(r)f(ατ + βr, βτ − αr)dτ.
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Figure 2.28 Comparison between exact solution (2.109) and composite expansion
given in (2.125) in the case where ε = 0.05. The values of each function are given
along the line x = ρ cos(π/4), y = ρ sin(π/4) for −1 ≤ ρ ≤ 1

2.7.4 Composite Expansion

It is not difficult to put together a composite expansion that will give us
a first-term approximation of the solution in the outer and boundary-layer
regions. Adding (2.116) and (2.123) together and then subtracting their com-
mon part yields

u ∼ g(αho + βr,βho − αr)eho−s −
∫ ho

s

eτ−sf(ατ + βr, βτ − αr)dτ

+ [g(αhb + βr, βhb − αr)− u0(r, hb)] e
−γS/μ. (2.124)

This approximation holds for r0 < r < r1 and hb(r) ≤ s ≤ ho(r). This
result may not be pretty, but it does give us a first-term approximation of
the solution in the boundary layer and outer domain. It is also considerably
simpler than the formula for the exact solution, an example of which is given
in (2.109). What is interesting is that we have been able to patch together
the solution of an elliptic problem using solutions to hyperbolic and elliptic
problems. Readers interested in the theoretical foundation of the approxima-
tions constructed here are referred to Levinson (1950), Eckhaus and Jager
(1966), and Il’in (1992).

Example

To apply the result to the domain used in Fig. 2.24, note that the change of
variables in (2.113) transforms ∂Ω, which is the unit circle x2 + y2 = 1, to
the circle r2 + s2 = 1/(α2 + β2). In this case, ho(r) is the upper half of the
circle, where s > 0, and hb(r) is the lower half, where s < 0. Taking f = a
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and g = b, then (2.124) reduces to

u ∼ a+ (b− a)
[
eho−s +

(
1− eho−hb

)
e−γS/μ

]
, (2.125)

where ho =
√
1/γ − r2, hb = −ho, μ = 1 + r2/ho, and γ = α2 + β2. This

can be expressed in terms of (x, y) using the formulas r = (βx − αy)/γ and
s = (αx+ βy)/γ. With (2.125) we have a relatively simple expression that is
a composite approximation of the exact solution given in (2.109). To compare
them, let f = 1, g = 0, and α = β = 1. These are the same values used in
Fig. 2.24. The resulting approximation obtained from (2.125), along with the
exact solution given in (2.109), is shown in Fig. 2.28 for a slice through the
surface. Based on this graph, it seems that we have done reasonably well with
our approximation. However, we are not finished as (2.124) does not hold in
the immediate vicinity of the tangency points TR and TL, which are shown
in Fig. 2.25. �

2.7.5 Parabolic Boundary Layer

To complete the construction of a first-term approximation of the solution
of (2.107), it remains to find out what happens near the tangency points
shown in Figs. 2.25 and 2.26. We will concentrate on TL. To do this, let
(r0, s0) be its coordinates in the (r, s) system. Also, suppose the smooth curve
r = q(s) describes the boundary ∂Ω in this region. In this case r0 = q(s0)
and q′(s0) = 0. It will be assumed here that q′′(s0) �= 0. The boundary-layer
coordinates are now

r̃ =
r − q(s)

εα
and s̃ =

s− s0
εβ

. (2.126)

The transformation formulas for the derivatives are similar to those derived
earlier for the boundary layer along ∂Ωb, so they will not be given. The result
is that (2.118) takes the form

ε(ε−2α∂2
r̃ + ε−2β∂2

s̃ + · · · )Ũ
+ γ(ε−β∂s̃ − εβ−αs̃q′′0∂r̃ + · · · )Ũ + γŨ = γf.

Here Ũ(r̃, s̃) is the solution in this region, and we have used the Taylor series
expansion q′(s0 + εβ s̃) ∼ εβ s̃q′′0 to obtain the preceding result. There are at
least two balances that need to be considered. One is α = β = 1, the other
is 2β = α = 2/3. The latter is the one of interest, and assuming

Ũ(r̃, s̃) ∼ Ũ0(r̃, s̃) + · · · (2.127)
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one obtains the equation

(∂2
r̃ − γs̃q′′0∂r̃ + γ∂s̃)Ũ0 = 0 (2.128)

for 0 < r̃ < ∞ and −∞ < s̃ < ∞. This is a parabolic equation, and for this
reason this region is referred to as a parabolic boundary layer. The solution is
required to match to the solutions in the adjacent regions and should satisfy
the boundary condition at r̃ = 0. The details of this calculation will not
be given here but can be found in van Harten (1976). The papers by Cook
and Ludford (1971, 1973) should also be consulted as they have an extensive
analysis of such parabolic layers and how they appear in problems where the
domain has a corner. The theory necessary to establish the uniform validity
of the expansions when corners are present in the boundary, and a historical
survey of this problem, can be found in Shih and Kellogg (1987).

2.7.6 Parabolic Problem

To illustrate the application of boundary-layer methods to parabolic equa-
tions, we consider the problem of solving

ut + uux = εuxx for −∞ < x < ∞ and 0 < t, (2.129)

where u(x, 0) = φ(x). It is assumed here that φ(x) is smooth and bounded
except for a jump discontinuity at x = 0. Moreover, φ ′(x) ≤ 0 for x �= 0 and
φ(0−) > φ(0+).

As an example, suppose that

u(x, 0) =

{
1 for x < 0,
0 for 0 < x.

This type of initial condition generates what is known as a Riemann problem,
and the resulting solution is shown in Fig. 2.29. It is a traveling wave, and
the smaller the value of ε, the sharper the transition from u = 0 to u = 1.
In the limit of ε → 0, the transition becomes a jump, producing a solution
containing a shock wave.

The nonlinear diffusion equation in (2.129) is known as Burger’s equation.
It has become the prototype problem for studying shock waves and for the
use of what are called viscosity methods for finding smooth solutions to such
problems. In what follows we will concentrate on the constructive aspects
of finding asymptotic approximations to the solution. The theoretical under-
pinnings of the procedure can be found in Il’in (1992) and its extension to
systems in Goodman and Xin (1992).
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Figure 2.29 Solution of Burger’s equation (2.129) for two values of ε, showing the
traveling-wave nature of the solution as well as the sharpening of the wave as ε
approaches zero

2.7.7 Outer Expansion

The first step is to find the outer solution. To do this, assume u ∼ u0(x, t) +
· · · . Substituting this into (2.129) produces the first-order hyperbolic equation

∂tu0 + u0∂xu0 = 0. (2.130)

The characteristics for this equation are the straight lines x = x0+φ(x0)t, and
the solution u0(x, t) is constant along each of these lines (Fig. 2.30). Therefore,
given a point (x, t), then u0(x, t) = φ(x0), where x0 is determined from the
equation x = x0 + φ(x0)t. This construction succeeds if the characteristics
do not intersect and they cover the upper half-plane. For us the problem is
with intersections. As illustrated in Fig. 2.30, the characteristics coming from
the negative x-axis intersect with those from the positive x-axis. From the
theory for nonlinear hyperbolic equations it is known that this generates a
curve x = s(t), known as a shock wave, across which the solution has a jump
discontinuity (Holmes, 2009). The solution in this case is determined by the
characteristics up to when they intersect the shock. The complication here
is that the position of the interior layer is moving and centered at x = s(t).
As it turns out, the formula for s(t) can be determined from (2.130), but we
will derive it when examining the solution in the transition layer.
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Figure 2.30 The straight lines are the characteristics for the reduced prob-
lem (2.130). Because φ has a discontinuity at x = 0, and φ′ ≥ 0 for x �= 0, these
lines intersect along the shock curve x = s(t)

2.7.8 Inner Expansion

The interior layer coordinate is

x̄ =
x− s(t)

εα
.

Letting U(x̄, t) denote the solution of the problem in this layer, (2.129) takes
the form

∂tU − ε−αs′(t)∂x̄U + ε−αU∂x̄U = ε1−2α∂2
x̄U. (2.131)

Balancing the terms in this equation, one finds α = 1. Thus, the appropriate
expansion of the solution is U ∼ U0(x̄, t) + · · · , and substituting this into
(2.131) yields

− s′(t)∂x̄U0 + U0∂x̄U0 = ∂2
x̄U0.

Integrating this, one finds that

∂x̄U0 =
1

2
U2
0 − s′(t)U0 +A(t). (2.132)

The boundary conditions to be used come from matching with the outer
solution on either side of the layer. They are

lim
x̄→−∞U0 = u−

0 and lim
x̄→∞U0 = u+

0 , (2.133)

where

u±
0 = lim

x→s(t)±
u0(x, t). (2.134)

From (2.132) it follows that A(t) = − 1
2 (u

−
0 )

2 + s′(t)u−
0 and

s′(t) =
1

2
(u+

0 + u−
0 ). (2.135)
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Figure 2.31 Schematic showing a shock and two characteristics that intersect on
the shock

The differential equation in (2.135) determines the position of the shock and
is known as the Rankine–Hugoniot condition. Its solution requires an initial
condition, and, because of the assumed location of the discontinuity in φ(x),
we take s(0) = 0.

To complete the analysis of the first-order problem in the shock layer, we
separate variables in (2.132) and then integrate to obtain, for the case where
u+
0 < u−

0 ,

U0(x̄, t) =
u+
0 + b(x̄, t)u−

0

1 + b(x̄, t)
, (2.136)

where

b(x̄, t) = B(t)ex̄(u
+
0 −u−

0 )/2 (2.137)

and B(t) is an arbitrary nonzero function.
The indeterminacy in U0(x̄, t), as given by the unspecified function in

(2.137), is the same difficulty we ran into when investigating interior layers
in Sect. 2.5. However, for this nonlinear diffusion problem it is possible to
determine B(t), up to a multiplicative factor, by examining the next order
problem. To state the result, note that given a point (x, t) = (s(t), t) on the
shock, u+

0 = φ(x+) and u−
0 = φ(x−). Here x± are the initial points on the

x-axis for the two characteristics that intersect at (s(t), t) (Fig. 2.21). In this
case, one finds from the O(ε) problem that (Exercise 2.57)

B(t) = B0

√
1 + tφ′(x+)

1 + tφ′(x−)
, (2.138)

where the constant B0 is found from the initial condition.
To determine B0 in (2.138), one must match the shock layer solution with

the solution from the initial layer located near x = x0. The appropriate
coordinate transformation for this layer is x̄ = (x− s(t))/ε and τ = t/ε. The
steps involved in this procedure are not difficult, and one finds that B0 = 1
(Exercise 2.57). With this the first-term approximation of the solution in the
shock layer is determined.
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Figure 2.32 Graph of exact solution of Burger’s equation and asymptotic approxi-
mation in the case where φ(x) = 1 if x < 0 and φ(x) = 0 if x > 0. The solutions are
compared at t = 1, 15, 30, for both ε = 1 and ε = 10−1

To demonstrate the accuracy of the asymptotic approximation, in Fig. 2.32
the approximation is shown along with the exact solution at two nonzero
values of t and ε. The exact solution in this case is given in Exercise 2.56.
For ε = 0.1 the asymptotic and exact solutions are so close that they are
essentially indistinguishable in the graph. They are even in reasonable agree-
ment when ε = 1, although the differences are more apparent for the smaller
value of t.

In this section we have considered elliptic and parabolic problems. Matched
asymptotic expansions can also be applied to hyperbolic problems, and sev-
eral examples are worked out in Kevorkian and Cole (1981). However, there
are better methods for wave problems, particularly when one is interested in
the long time behavior of the wave. This topic will be taken up in Chaps. 3
and 4.

Exercises

2.51. A special case of (2.107) is the problem of solving

ε∇2u+ ∂yu = 2 in Ω,

where u = x+ y on ∂Ω. Let Ω be the unit disk x2 + y2 < 1.



Exercises 127

(a) Sketch the domain and characteristic curves for the outer solution
(Fig. 2.25). Identify the points TL and TR.

(b) What is the composite expansion, as in (2.124), for this problem?
(c) What is the parabolic layer equation, as in (2.128), in this case?

2.52. Find a first-term composite expansion, for the outer region and bound-
ary layers, of the solution of

ε∇2u+ u = 1 in Ω,

where u = g(x, y) on ∂Ω. Let Ω be the unit disk x2 + y2 < 1.

2.53. In this exercise, variations of the elliptic boundary-value problem
(2.107) are considered.
(a) If the coefficients α and β in (2.107) are negative, how does the composite

expansion in (2.124) change?
(b) If one of the coefficients α and β in (2.107) is negative and the other is

positive, how does the composite expansion in (2.124) change?

2.54. Consider the problem of solving

ut = εuxx − cux for 0 < x and 0 < t,

where u(0, t) = u
 and u(x, 0) = ur. Assume c, u
, and ur are constants with
c positive and ur �= u
.
(a) Find the first term in the outer expansion. Explain why this shows that

there is an interior layer located at x = ct.
(b) Find the first term in the inner expansion. From this find a first-term

composite expansion of the solution.
(c) Where is the assumption that c > 0 used in parts (a) or (b)? What about

the assumption that ur �= u
? Note that the case where c < 0 is considered
in Exercise 2.55.

(d) The exact solution is

u(x, t) = ur +
1

2
(u
 − ur)

[
erfc

(
x− ct

2
√
εt

)
+ ecx/εerfc

(
x+ ct

2
√
εt

)]
.

Verify that this satisfies the differential equation as well as the boundary
and initial conditions.

(e) Explain how your composite expansion in part (b) can be obtained from
the solution in part (d).

2.55. The equation of one-dimensional heat conduction in a material with a
low conductivity is (Plaschko, 1990)

ut = εuxx + v(t)ux for 0 < x and 0 < t,
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where u(0, t) = g(t), u(∞, t) = 0, and u(x, 0) = h(x). Assume that the
functions v(t), g(t), and h(x) are smooth with 0 < v(t) for 0 ≤ t < ∞,
g(0) = h(0), and h(∞) = 0.
(a) Find a first-term composite expansion of the solution.
(b) Find the second term in the composite expansion. Is the expansion

uniformly valid over the interval 0 ≤ t < ∞? What conditions need
to be placed on the functions h(x) and v(t)? A method for constructing
uniformly valid approximations in a case like this is the subject of Chap. 3.

2.56. Using the Cole–Hopf transformation it is possible to solve Burger’s
equation (2.129) (Whitham, 1974). In the case where

u(x, 0) =

{
u1 if x < 0,
u2 if 0 < x,

where u1 > u2 are constants, one finds u(x, t) = u2+K(x,t)u1

1+K(x,t) , where

K(x, t) =
erfc

(
x−u1t
2
√
εt

)

erfc
(
−x−u2t

2
√
εt

)e(x−v0t)(u2−u1)/2ε

and v0 = 1
2 (u1+u2). Compare this with the first-term approximation derived

for (2.129). Make sure to comment on the possible differences for small and
for large values of t.

2.57. The function B(t) in (2.137) can be found by matching the second term
in the inner and outer expansions. This exercise outlines the necessary steps.

(a) Show that the second term in the outer expansion is

u1(x, t) =
tφ′′(ξ)

(1 + tφ′(ξ))2
,

where the value of ξ is determined from the equation x = ξ + tφ(ξ).
(b) By changing variables from x̄ to z = (1 − b)/(1 + b), where b is given in

(2.137), show that the equation for U1 becomes

(1− z2)∂2
zU1 + 2U1 =

4(s′′ + r′z)
r2(1− z2)

− 2

r2

(
rB′

B
+ r′ ln

(
1− z

B(1 + z)

))
,

where r = 1
2 (u

+
0 − u−

0 ).
(c) Solve the equation in part (b), and from this obtain the first two terms

in the expansion of U1 for z → 1 and for z → −1. (Hint: Because of
the nature of this calculation, the use of a symbolic computer program is
recommended.)
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(d) To match the inner and outer expansions, introduce the intermediate
variable x̄η = (x − s(t))/εη. With this, show that the outer expansion
expands as follows:

u ∼ φ(ξ) + εη
x̄ηφ

′(ξ)
1 + tφ′(ξ)

+ ε
tφ′′(ξ)

(1 + tφ′(ξ))2
+ · · · ,

where ξ is determined from the equation s(t) = ξ+ tφ(ξ). Do the same for
the inner expansion, and by matching the two derive the result in (2.138).

(e) To find the constant B0, introduce the initial-layer coordinates x̄ = (x−
s(t))/ε and τ = t/ε. Find the first term in this layer, and then match the
result with (2.136) to show B0 = 1.

2.58. This exercise involves modifications of the expansions for Burger’s
equation.
(a) Discuss the possibility of obtaining a composite expansion for the solution

of (2.129).
(b) The center of the shock wave is where u is half-way between u+

0 and u−
0 . If

this is located at x = X(t), then find the first two terms in the expansion
of X(t). A discussion of this, and other aspects of the problem, can be
found in Lighthill (1956).

(c) Because the position of the shock is determined by the solution, then it
should, presumably, depend on ε. How do things change if one allows for
the possibility that s(t) ∼ s0(t) + εs1(t) + · · · ?

2.59. Consider the linear diffusion problem

ut + αux + βu = εuxx for −∞ < x < ∞ and 0 < t,

where u(x, 0) = φ(x). Assume that φ(x) has the same properties as the initial
condition for (2.129) and that α and β are positive constants.
(a) Find the first terms in the inner and outer expansions of the solution.
(b) Comment on the differences between the characteristics of the shock layer

for Burger’s equation and the one you found in part (a).

2.60. Find the first term in the inner and outer expansions of the solution of

ut + f(u)ux = εuxx for −∞ < x < ∞ and 0 < t,

where u(x, 0) = φ(x). Assume φ(x) has the same properties as the initial
condition for (2.129) and f(r) is smooth with f ′(r) > 0.

2.61. Consider the problem of solving

ε

r
∂r

[
1

r
∂r(r

2w)

]
= ∂tw + μw + κe−2t for 0 ≤ r < 1, 0 < t,

where w(r, 0) = 0, ∂rw(0, t) = 0, and w(1, t) = 0. Also, μ and κ are positive
constants with μ �= 2. This problem arises in the study of the rotation of a
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Figure 2.33 Schematic of air flow over an airplane wing as assumed in Exercise 2.62

cylindrical container filled with a dilute suspension (Ungarish, 1993). In this
context, w(r, t) is the angular velocity of the suspension and the boundary
layer is known as a Stewartson shear layer. For small ε, find a first-term
composite expansion of the solution.

2.62. The equation for the velocity potential φ(x, y) for steady air flow over
an airplane wing is (Cole and Cook, 1986)

(a2 − Φ2
x)Φxx − 2ΦxΦyΦxy + (a2 − Φ2

y)Φyy = 0,

where

a2 = a2∞ +
1

2
(γ − 1)(U2 − Φ2

x − Φ2
y).

Here a∞ > 0, U > 0, and γ > 1 are constants. The wing is assumed to be
described by the curve y = εf(x) for 0 < x < 1 (Fig. 2.33). In this case, the
boundary conditions are that φ = Ux as x → −∞ and

Φy =

{
εf ′(x)Φx when y = εf(x) and 0 < x < 1,
0 when y = 0 and −∞ < x < 0 or 1 < x.

(a) The thickness ε of the wing is small, and this is the basis of what is known
as small disturbance theory. The appropriate expansion for the potential
in this case has the form

Φ ∼ Ux+ εαφ1 + εβφ2 + · · · .

Find α, and then determine what problem φ1 satisfies.
(b) Find φ1 in the case where M∞ > 1, where M∞ = U/a∞.
(c) For the case where M∞ > 1, find φ2 and explain why for the expansion

to be valid it must be that ε � (M2
∞ − 1)3/2. (Hint: Use characteristic

coordinates ξ = x− y
√

M2∞ − 1, η = x+ y
√
M2∞ − 1.)

2.63. For a semiconductor to function properly, one must be concerned with
the level of impurities that diffuse in from the outer surface and occupy vacant
locations in the crystalline structure of the semiconductor. A problem for the
concentration of impurities c(x, t) and vacancies v(x, t) is (King et al., 1992)
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∂tc = ∂x(v∂xc− c∂xv)

∂tv + r∂tc = ε2∂2
xv

}
for 0 < x < ∞ and 0 < t,

where c = 0 and v = 1 when t = 0, c = 1, and v = μ when x = 0, and c → 0
and v → 1 as x → ∞. Also, r and μ are positive constants. For small ε derive
a composite expansion of the solution of this problem.

2.8 Difference Equations

Up until now, when discussing boundary-layer problems, we have dealt almost
exclusively with differential equations. We will now expand our horizons and
investigate what happens with singularly perturbed difference equations. As
will be seen, many of the ideas developed in the first part of this chapter
will reappear when analyzing difference equations, but there are subtle and
interesting differences.

Our starting point is the boundary-value problem

εyn+1 + αnyn + βnyn−1 = 0 for n = 1, 2, . . . , N − 1, (2.139)

where

y0 = a, yN = b. (2.140)

What we have here is a second-order linear difference equation with pre-
scribed values at the ends (where n = 0, N). In what follows it is assumed
that N is fixed, and we will investigate how the solution behaves for small
ε. It should also be pointed out that we will be assuming that the αn’s and
βn’s are nonzero.

There are a couple of observations about the problem that should be made
before starting the derivation of the asymptotic approximation of the solu-
tion. First, it is clear that the problem is singular for small ε since the reduced
equation αnyn + βnyn−1 = 0 is first order and cannot be expected to satisfy
both boundary conditions. The second observation can be made by consider-
ing an example. If αn = 2 and βn = a = b = 1, then the solution of (2.139),
(2.140) is

yn =

(
1−mN

1

mN
2 −mN

1

)
mn

2 −
(

1−mN
2

mN
2 −mN

1

)
mn

1 ,

where m1 = −(1 +
√
1− ε )/ε and m2 = −(1 −√

1− ε )/ε. For small ε this
reduces to

yn ∼
(
−1

2

)n

+

[
1−

(
−1

2

)N
](

−ε

2

)N−n

, for n = 1, 2, . . . , N. (2.141)
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This shows boundary-layer type of behavior near the end n = N in the sense
that if one starts at n = N and then considers the values at n = N−1, N−2,
. . ., then the O(εN−n) term in (2.141) rapidly decays. Moreover, away from
the immediate vicinity of the right end, this term is small in comparison to
the other term in the expansion.

2.8.1 Outer Expansion

We now derive an asymptotic approximation of the solution of (2.139),
(2.140). The easiest component to obtain is the outer expansion, and this
is determined by simply assuming an expansion of the form

yn ∼ ȳn + εz̄n + · · · . (2.142)

Substituting this into (2.139) and then equating like powers of ε, one
finds that

αnȳn + βnȳn−1 = 0. (2.143)

Based on the observations made earlier, we expect the boundary layer to be
at n = N . Thus, we require ȳ0 = a. Solving (2.143) and using this boundary
condition, one finds that

ȳn = κna for n = 0, 1, 2, 3, . . . , (2.144)

where κ0 = 1, and for n �= 0

κn =
n∏

j=1

(
−βj

αj

)
. (2.145)

Except for special values of αn and βn, the solution in (2.144) does not satisfy
the boundary condition at n = N . How to complete the construction of the
approximate solution when this happens is the objective of what follows.

2.8.2 Boundary-Layer Approximation

Now the question is, how do we deal with the boundary layer at the right
end? To answer this, one needs to remember that (2.144) is a first-term
approximation of the solution in the outer region. As given in (2.142), the
correction to this approximation in the outer region is O(ε). The correction
at the right end, however, is O(1). This is because the exact solution satisfies
yN = b, and (2.144) does not do this.
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Our approach to finding the boundary-layer approximation is to first
rescale the problem by letting

yn = εγ(n)Yn. (2.146)

Once we find γ(n) and Yn, the general solution of the original problem will
consist of the addition of the two approximations. Specifically, the composite
approximation will have the form

yn ∼ ȳn + εγ(n)Y n, (2.147)

where the tilde over the variables indicates the first-term approximation from
the respective region. Given that yN = b, and ȳn does not satisfy this bound-
ary condition, then from (2.147) we will require that

γ(N) = 0 (2.148)

and

Y N = b− yN . (2.149)

The exponent γ(n) is determined by balancing, and to do this we substitute
(2.146) into (2.139) to obtain

ε1+γ(n+1)Yn+1 + αnε
γ(n)Yn + βnε

γ(n−1)Yn−1 = 0. (2.150)

① ② ③

In the outer region, the balancing takes place between terms ② and ③. For
the boundary layer we have two possibilities to investigate:

(i) ① ∼ ③ and ② is higher order.
The condition ① ∼ ③ requires that γ(n+1) = γ(n−1)−1. Thus, if n = 2k,
then γ(2k) = γ(0)−k, and if n = 2k+1, then γ(2k+1) = γ(1)−k. In the
case where n = 2k, we have ①, ③ = O(ε1+γ(1)−k), ② = O(εγ(0)−k), and
if n = 2k + 1, then we have ①, ③ = O(εγ(0)−k), ② = O(εγ(1)−k). To be
consistent with the assumed balancing, we require that 1 + γ(1) ≤ γ(0)
and γ(0) ≤ γ(1). From this it follows that it is not possible to pick values
for γ(0) and γ(1) that are consistent with our original assumption that
② is higher order. Thus, this balance is not possible.

(ii) ① ∼ ② and ③ is higher order.
The condition ① ∼ ② requires that γ(n+ 1) = γ(n)− 1, and so γ(n+1)
= γ(0) − n. From this it follows that ①, ② = O(ε1+γ(0)−n) and ③ =
O(ε2+γ(0)−n). This is consistent with the original assumption, and so
this is the balancing we are looking for.

The balancing argument has shown that γ(n) = 1 + γ(0) − n. From this
and (2.148) it follows that γ(0) = N − 1, and so

γ(n) = N − n.
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Figure 2.34 Comparison between asymptotic expansion in (2.155) and the numeri-
cal solution of (2.139), (2.140) in the case where αn = −(1+ n

N
), βn = 3

2
− n

N
, a = 1,

b = −1, N = 20, and ε = 10−2

In this case, (2.150) takes the form

Yn+1 + αnYn + εβnYn−1 = 0 for n = N − 1, N − 2, . . . . (2.151)

The appropriate expansion of the boundary-layer solution is

Yn ∼ Y n + εZn + · · · . (2.152)

Introducing this into (2.151) yields the equation

Y n+1 + αnY n = 0.

The solution of this that also satisfies the boundary condition (2.149) is

Y n = λN−n(b − κNa), (2.153)

where λ0 = 1, and for k �= 0

λk =

k∏
j=1

(
− 1

αN−j+1

)
. (2.154)

Using (2.147) we have found that a composite expansion of the solution is

yn ∼ κna+ εN−nλN−n(b− κNa). (2.155)

It is possible to prove that this does indeed give us an asymptotic approx-
imation of the solution (Comstock and Hsiao 1976). A demonstration of
the accuracy of the approximation is given in Fig. 2.34. It is seen that the
numerical solution of the difference equation and the asymptotic expansion
are in very close agreement.
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2.8.3 Numerical Solution of Differential Equations

There is a very interesting connection between the difference equation in
(2.139) and the numerical solution of an associated differential equation. To
understand this, consider the boundary value problem

εy′′ + p(x)y′ + q(x)y = 0 for 0 < x < 1, (2.156)

where y(0) = a and y(1) = b. It is assumed that the functions p(x) and q(x)
are continuous. Now, if p(x) < 0 for 0 ≤ x ≤ 1, then there is a boundary
layer at x = 1 with width O(ε) (Exercise 2.10). Given this fact, suppose we
want to solve the problem numerically using finite differences. The standard
centered-difference approximation will be used for the second derivative, but
for the first derivative we will consider using either the forward difference
approximation (Holmes, 2007)

y′(xn) ≈ yn+1 − yn
h

(2.157)

or the backward difference approximation

y′(xn) ≈ yn − yn−1

h
. (2.158)

Using the backward difference we get from (2.156) that

εyn+1 + (αn − 2ε)yn + (βn + ε)yn−1 = 0, (2.159)

where αn = hpn + h2qn and βn = −hpn. Because this equation differs from
(2.139) only in the addition of higher-order terms in the coefficients, a com-
posite expansion of the solution is still given in (2.155). Thus, the difference
equation has a boundary layer in the same location as the associated differ-
ential equation. This is good if one expects the numerical solution to have
any resemblance to the solution of the original problem. What is interesting
is that the forward difference (2.157) results in a difference equation with a
boundary layer at x = 0 and not at x = 1 (Exercise 2.64). This observation
is strong evidence that one should use (2.158) rather than (2.157) to solve
this problem.

Another way to approximate the first derivative is to use a centered
difference. This would seem to be a better choice because it is a O(h2) approx-
imation while the approximations in (2.157) and (2.158) are O(h). However,
its major limitation is that it cannot delineate a boundary layer at either end
of an interval.

Before completing the discussion of the numerical solution of (2.156), it
is worth making a comment about the order of the stepsize h. Presumably
h should be relatively small for the finite difference equation to be an ac-
curate approximation of the differential equation. This introduces a second
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small parameter into the problem, and one must be careful about its size
in comparison to ε. For example, since αn = O(h) and βn = O(h), then it
should not be unexpected that one must require ε � h to guarantee the ex-
pansion is well ordered. We will not pursue this topic, but interested readers
should consult the articles by Brown and Lorenz (1987), Farrell (1987), and
Linss et al. (2000).

Exercises

2.64. (a) Find a composite expansion of the difference equation

ωnyn+1 + αnyn + εyn−1 = 0 for n = 1, 2, . . . , N − 1,

where y0 = a and yN = b. Also, the ωn are nonzero.
(b) Suppose one uses the forward difference approximation given in (2.157) to

solve (2.156). Show that you get a difference equation like the one in part
(a), and write down the resulting composite expansion of the solution.

(c) At which end does the difference equation you found in part (b) have a
boundary layer? What condition should be placed on p(x) so this numer-
ical approximation can be expected to give an accurate approximation of
the solution?

2.65. Find a composite expansion of the difference equation

εyn+1 + αnyn + εβnyn−1 = 0 for n = 1, 2, . . . , N − 1,

where y0 = a and yN = b. It is suggested that you first solve the problem
in the case where αn and βn are constants. With this you should be able to
find the expansion of the solution of the full problem.

2.66. This problem investigates the forward and backward stability of certain
difference equations. In what follows, the coefficients αn, βn, and ωn are
assumed to be nonzero and bounded.
(a) Consider the initial value problem

εyn+1 + αnyn + βnyn−1 = 0 for n = 1, 2, . . . ,

where y0 = a and y1 = b. Explain why the solution of this problem be-
comes unbounded as n increases. You can do this, if you wish, by making
specific choices for the coefficients αn and βn.

(b) Consider the initial value problem

ωnyn+1 + αnyn + εyn−1 = 0 for n = 1, 2, . . . ,
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where y0 = a and y1 = b. Explain why the solution of this problem is
bounded as n increases. You can do this, if you wish, by making specific
choices for the coefficients ωn and αn.

(c) Now suppose the problems in parts (a) and (b) are to be solved for
n = 0,−1,−2,−3, . . .. Explain why the solution of the problem in (a) is
bounded as n → −∞, but the solution of the problem from (b) is un-
bounded as n → −∞. These observations give rise to the statement that
the equation in (a) is backwardly stable, while the equation in (b) is for-
wardly stable. These properties are reminiscent of what is found for the
heat equation.

2.67. This problem examines the use of centered-difference approximations
to solve the singularly perturbed boundary value problem in (2.156).
(a) Find a first-term composite expansion of the solution of the difference

equation

(α+ ε)yn+1 + 2(β − ε)yn − (α − ε)yn−1 = 0 for n = 1, 2, . . . , N − 1,

where y0 = a, yN = b, and α �= 0. Are there any boundary layers for this
problem?

(b) Suppose one uses the centered-difference approximation of the first deriva-
tive to solve (2.156). Letting p(x) and q(x) be constants, show that you get
a difference equation like the one in part (a), and write down the result-
ing composite expansion of the solution. Which terms in the differential
equation do not contribute to the composite expansion?

(c) The solution of (2.156) has a boundary layer at x = 0 if p(x) > 0 for
0 ≤ x ≤ 1 and one at x = 1 if p(x) < 0 for 0 ≤ x ≤ 1. Comment on this
and the results from parts (a) and (b).



Chapter 3

Multiple Scales

3.1 Introduction

When one uses matched asymptotic expansions, the solution is constructed
in different regions that are then patched together to form a composite ex-
pansion. The method of multiple scales differs from this approach in that it
essentially starts with a generalized version of a composite expansion. In do-
ing this, one introduces coordinates for each region (or layer), and these new
variables are considered to be independent of one another. A consequence of
this is that what may start out as an ordinary differential equation is trans-
formed into a partial differential equation. Exactly why this helps to solve
the problem, rather than make it harder, will be discussed as the method is
developed in this chapter.

The history of multiple scales is more difficult to delineate than, say,
boundary-layer theory. This is because the method is so general that many
apparently unrelated approximation procedures are special cases of it. One
might argue that the procedure got its start in the first half of the nineteenth
century. For example, Stokes (1843) used a type of coordinate expansion in
his calculations of fluid flow around an elliptic cylinder. Most of these early
efforts were limited, and it was not until the latter half of the nineteenth
century that Poincaré (1886), based on the work of Lindstedt (1882), made
more extensive use of the ideas underlying multiple scales in his investiga-
tions into the periodic motion of planets. He found that the approximation
obtained from a regular expansion accurately described the motion for only a
few revolutions of a planet, after which the approximation becomes progres-
sively worse. The error was due, in part, to the contributions of the second
term of the expansion. He referred to this difficulty as the presence of a sec-
ular term. To remedy the situation, he expanded the independent variable
with the intention of making the approximation uniformly valid by remov-
ing the secular term. This idea is also at the heart of the modern version
of the method. What Poincaré was missing was the introduction of multiple
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independent variables based on the expansion parameter. This step came
much later; the most influential work in this regard is by Kuzmak (1959) and
Cole and Kevorkian (1963).

3.2 Introductory Example

As in the last chapter, we will introduce the ideas underlying the method by
going through a relatively simple example. The problem to be considered is
to find the function y(t) that satisfies

y′′ + εy′ + y = 0 for 0 < t, (3.1)

where
y(0) = 0 and y′(0) = 1. (3.2)

This equation corresponds to an oscillator (i.e., a mass–spring–dashpot) with
weak damping, where the time variable has been scaled by the period of
the undamped system (Exercise 1.42). This is the classic example used to
illustrate multiple scales. Our approach to constructing the approximation
comes from the work of Reiss (1971).

3.2.1 Regular Expansion

It appears that this is not a layer type of problem since ε is not multiplying
the highest derivative in (3.1). It seems, therefore, that the solution has a
regular power series expansion. Thus, assuming

y(t) ∼ y0(t) + εy1(t) + · · · , (3.3)

one finds from (3.1) and (3.2) that

y(t) ∼ sin(t)− 1

2
εt sin(t). (3.4)

In comparison, the exact solution of the problem is

y(t) =
1

√
1− ε2/4

e−εt/2 sin
(
t
√
1− ε2/4

)
. (3.5)

These functions are plotted in Fig. 3.1. It is apparent that we have not been
particularly successful in finding a very accurate approximation of the solu-
tion for 0 ≤ t < ∞. This is because the second term in the expansion is as
large as the first term once εt ≈ 1. For this reason, the second term is said
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Figure 3.1 Comparison between the regular perturbation expansion in (3.4) and
the exact solution given in (3.5) when ε = 10−1 . The two curves are reasonably close
at the beginning (i.e., up to t ≈ 10), but they differ significantly for larger values of t

to be a secular term, and for the expansion to be well ordered we must have
εt << 1. The problem with our approximation is that the solution (3.5) de-
cays but the first term in (3.4) does not. The second term tries to compensate
for this, and in the process it eventually becomes as large as the first term.

Another way to look at what is happening in the problem is to consider
the energy. Multiplying (3.1) by the velocity y′, integrating, and then using
the initial conditions (3.2), one obtains the equation

H(y, y′) = H(0, 1)− ε

∫ t

0

[y′(τ)]2dτ, (3.6)

where

H(y, y′) ≡ 1

2
(y′)2 +

1

2
y2. (3.7)

The function H is the Hamiltonian and consists of the sum of the kinetic and
potential energies for the system. Thus, (3.6) shows that the energy equals
the amount included at the start minus whatever is lost due to damping.
To relate this to the multiple-scale expansion, recall that a system is said
to be conservative, or energy is conserved, if H is independent of t. On the
other hand, if d

dtH < 0, so that energy is lost, then the system is dissipative.
Using these ideas, we have that (3.1) is dissipative but the problem for y0(t)
is conservative. Therefore, the first term in the approximation in (3.4) is a
conservative approximation of a weakly dissipative problem. This is one of
many situations where the multiple-scale method is generally needed.

3.2.2 Multiple-Scale Expansion

The solution of the problem has an oscillatory component that occurs on
a time scale that is O(1), and it also has a slow variation that takes place
on a time scale O

(
1
ε

)
. To incorporate two time scales into the problem, we
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introduce the variables
t1 = t (3.8)

and
t2 = εαt. (3.9)

Based on the earlier discussion of the exact solution, it is expected that
α = 1. However, we will derive this later when constructing the expansion
of the solution. These two time scales will be treated as independent. One
consequence of this is that the original time derivative transforms as follows:

d

dt
→ dt1

dt

∂

∂t1
+

dt2
dt

∂

∂t2
=

∂

∂t1
+ εα

∂

∂t2
.

Substituting this into (3.1) and (3.2) yields

(
∂2t1 + 2εα∂t1∂t2 + ε2α∂2t2

)
y + ε (∂t1 + εα∂t2)y + y = 0, (3.10)

where
y = 0 and (∂t1 + εα∂t2)y = 1 for t1 = t2 = 0. (3.11)

To simplify the notation, we use the symbol ∂t1 in place of ∂
∂t1

(and simi-
larly for ∂t2). The benefits of introducing these two time variables are not yet
apparent. In fact, one might argue that we have made the problem harder
since the original ordinary differential equation has been turned into a partial
differential equation. The reasons for doing this will become evident in the
discussion that follows. It should be pointed out that the solution of (3.10),
(3.11) is not unique and that we need to impose more conditions for unique-
ness on the solution. This freedom will enable us to prevent secular terms
from appearing in the expansion (at least over the time scales we are using).

We will now use a power series expansion of the form

y ∼ y0(t1, t2) + εy1(t1, t2) + · · · . (3.12)

Substituting this into (3.10) yields

(∂2t1 + 2εα∂t1∂t2 + ε2α∂2t2)(y0 + εy1 + · · · )
+ ε(∂t1 + εα∂t2)(y0 + · · · ) + y0 + εy1 + · · · = 0. (3.13)

From this and (3.11) we obtain the first problem to solve:

O(1)
(
∂2t1 + 1

)
y0 = 0

y0 = 0, ∂t1y0 = 1 when t1 = t2 = 0.

The general solution of this problem is

y0 = a0(t2) sin(t1) + b0(t2) cos(t1), (3.14)

where
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a0(0) = 1 and b0(0) = 0. (3.15)

For the moment, the coefficients a0(t2) and b0(t2) are arbitrary
functions of t2 except that they are required to satisfy the initial
conditions given in (3.15).

To go any further, we need to determine α in the slow time scale (3.9).
To do this, note that in the O(ε) equation obtained from (3.13) we will have
the term ∂t1y0. It is not hard to check that this will cause a secular term to
appear in the expansion. However, this can be prevented if we make use of
the dependence of y0 on the time scale t2. In (3.13) the only term available
to us that can be used to prevent a secular term is 2εα∂t1∂t2y0. Balancing
this with ε∂t1y0 gives us α = 1. With this and the initial conditions in (3.11),
we get the following problem:

O(ε)
(
∂2t1 + 1

)
y1 = −2∂t1∂t2y0 − ∂t1y0

y1 = 0 and ∂t1y1 = −∂t2y0 when t1 = t2 = 0.

From (3.14), the differential equation for y1 is

(
∂2t1 + 1

)
y1 = (2b′0 + b0) sin (t1)− (2a′0 + a0) cos (t1) . (3.16)

The general solution of this problem is found to be

y1 =a1(t2) sin(t1) + b1(t2) cos(t1)

− 1

2
(2b′0 + b0) t1 cos (t1)− 1

2
(2a′0 + a0) t1 sin (t1) , (3.17)

where
a1(0) = a′0(0) and b1(0) = 0. (3.18)

In (3.17) we have the possibility of secular terms in the expansion.
However, the functions a0 and b0 can be chosen to prevent this. From
(3.17) and (3.15) we find that

2b′0 + b0 = 0
2a′0 + a0 = 0

⇒ b0 (t2) = β0e
−t2/2

a0 (t2) = α0e
−t2/2

⇒ b0 (t2) = 0

a0 (t2) = e−t2/2.
(3.19)

In the last step, we impose the initial conditions given in (3.15).

Putting our results together, we have found that

y ∼ e−εt/2 sin(t). (3.20)

This is a first-term approximation that is valid up to at least εt = O(1). This
approximation and the exact solution are shown in Fig. 3.2, from which it
is clear that the multiple-scale result is quite good. In fact, one can prove
that this is a uniformly valid asymptotic approximation of the solution for
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Figure 3.2 Comparison between the multiple-scale approximation in (3.20) and the
exact solution given in (3.5). The two curves are so close that they are essentially
indistinguishable from one another. In these calculations ε = 10−1

0 ≤ t ≤ O
(
1
ε

)
(Exercise 3.10). Also, the procedure is easily extendable to

more general oscillators, and an example can be found in Exercise 3.9.

3.2.3 Labor-Saving Observations

There are two observations that need to be made to help reduce the work
required to construct a multiple-scale expansion. The first concerns the equa-
tion

y′′ + ω2y = 0, (3.21)

where ω is a positive constant. The general solution of this equation can be
written as

y(t) = a sin(ωt) + b cos(ωt) (3.22)

or as
y(t) = A cos(ωt+ θ) (3.23)

or as
y(t) = Aeiωt + Āe−iωt. (3.24)

In the last equation, A is understood to be a complex-valued constant and
the overbar designates complex conjugate. In many of the examples and exer-
cises in this chapter, Eq. (3.21) must be solved to obtain the first term in the
approximation. Indeed, this is exactly what happened in the earlier example,
and it resulted in the solution given in (3.14). In this example, where the
original problem, as given in (3.1), is linear, all of the preceding three expres-
sions can be used without difficulty. However, this is not true if the original
problem is nonlinear. It is recommended that whenever using multiple scales
on a nonlinear problem and (3.21) appears as the O(1) problem, then the
solution be written as in (3.24) or as in (3.23). The reason is that these two
representations make finding the secular terms much easier.
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The second labor-saving observation concerns removing secular terms
without actually having to solve the O(ε) equation. In the preceding exam-
ple the solution was written out in (3.17), and from this the secular-removing
conditions in (3.19) were obtained. However, it is known that the solution of
the differential equation

y′′ + ω2y = f(t), (3.25)

where ω is a positive constant, has a secular term if f(t) contains an individual
term involving a solution of the associated homogeneous equation, in other
words, if f(t) contains any of the functions in (3.22)–(3.24). For example, a
secular term will be obtained if f(t) = 2 sin(ωt) or if f(t) = −5 cos(ωt) +
cos(3ωt), but it will not contain a secular term if f(t) = 7 cos(3ωt). Based
on this observation, a secular term can be prevented by simply requiring
that the coefficients of sin(t1) and cos(t1) in (3.16) be zero. Our ability to
use this to avoid having to solve the O(ε) equation depends on finding the
sin(ωt) and cos(ωt) contributions to f(t). For example, this is easy if f(t) =
−5 cos(ωt) + cos(3ωt) but not so if f(t) = sin(ωt) cos(ωt) or f(t) = cos3(ωt).
For the latter two, one needs to use trig identities to realize that

f(t) = sin(ωt) cos(ωt) =
1

2
(1 + sin(2ωt))

will not produce a secular term, whereas

f(t) = cos3(ωt) =
1

4
(3 cos(ωt) + cos(3ωt))

will cause a secular term to appear. This is why it is recommended that you
use (3.24) or (3.23), because they reduce the need for the more esoteric trig
identities. There are other ways to eliminate secular terms, and these are
examined in Exercises 3.13 and 3.14.

3.2.4 Discussion

Now that we have gone through the analysis of a problem using multiple
scales, it is worth reflecting on what we did. The approach used to construct
the expansion in (3.20) was to introduce the two time scales t1 = t and t2 = εt.
For this reason, the method is sometimes called two-timing, and t1 is said to
be the fast time scale and t2 the slow scale. This terminology implies that the
method is used only with the time variable, which is definitely not the case.
As we will see in Sect. 3.7, it is possible to solve some of the boundary-layer
problems in Chap. 2 by using these same ideas.

The time scales that should be used depend on the problem and the interval
over which one wants an approximation of the solution. The list of possible
scales is endless, but some possibilities include the following.
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1. Several time scales: for example, one may need to use the four time scales
t1 = t/ε, t2 = t, t3 = εt, t4 = ε2t. Some of the issues involved with such
expansions are explored in Sect. 3.3.

2. More complex dependence on ε: for example, t1 =
(
1 + ω1ε+ ω2ε

2+
· · · ) t and t2 = εt, where the ωn are determined while solving the problem
(this is called the method of strained coordinates or Lindstedt’s method).
In the previous problem, one would find that t1 =

(
1− ε2/8 + · · · )t.

3. The correct scaling may not be immediately apparent, and one starts off
with something like t1 = εαt and t2 = εβt, where α < β.

4. Nonlinear time dependence: for example, one may have to assume t1 =
f(t, ε) and t2 = εt1, where the function f(t, ε) is determined from the
problem (this type of scaling is used in Sect. 3.6).

Multiple scales are introduced to keep the expansion well ordered. This
should not be interpreted to mean that they are always to remove unbounded
terms, although many times this is what happens (as in the preceding ex-
ample). In fact, whatever freedom there is in the dependence on t2 is used
to minimize the error in the approximation. The role of such a minimization
principle in the construction of the multiple-scale expansion is explained in
Sect. 3.3.

Exercises

In the following exercises, when asked to find a first-term expansion of the so-
lution that is valid for large t, you should introduce a time-scale that removes
the first secular term that would appear in a regular expansion.

3.1. Find a first-term expansion of the solutions of the following problem
that is valid for large t.
(a) y′′ + ε(y′)3 + y = 0 for 0 < t, where y(0) = 0 and y′(0) = 1.
(b) εy′′ + y′ + y = 0 for 0 < t, where y(0) = 0 and y′(0) = 1.
(c) εy′′ + εy′ + y = cos(t) for 0 < t, where y(0) = 0 and y′(0) = 0.
(d) εy′′ + εαy′ + y + εy3 = 0 for 0 < t, where y(0) = 0, y′(0) = 1, and α is a

positive constant.

3.2. The equation for an oscillator can be written as

y′′ + V ′(y) = 0 for 0 < t,

where y(0) = ε and y′(0) = 0. Also, V (y) is the potential function. In what
follows, you are to find a first-term expansion of the solution that is valid for
large t for particular potential functions.
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(a) For a pendulum, V (y) = − cos(y). In this case, y(t) is the angular dis-
placement of the pendulum.

(b) For a Morse oscillator, V (y) = (1− e−αy)2 and α is a positive constant.
(c) For a Toda oscillator, V (y) = ey − y.
(d) For a Lennard–Jones oscillator, V (y) = (1 + y)−12 − (1 + y)−6.

3.3. Consider the weakly nonlinear oscillator problem of solving

y′′ + y + εyn = 0 for 0 < t,

where y(0) = a and y′(0) = 0. One of the objectives of this exercise is to
show that even-order nonlinearities can take longer to produce secular terms
than those of odd-order. Note that there are problems where this does not
hold, and an example can be found in Exercise 3.18.
(a) If n = 3, then a secular term appears in the second term of a regular

expansion (you do not need to show this). Find a first-term expansion of
the solution that is valid for large t.

(b) Taking n = 2 and using a regular expansion, show that a secular term
does not appear in the second term but does in the third term.

(c) Taking n = 2, find a first-term expansion of the solution that is valid for
large t.

(d) Suppose n is a positive integer. Using your results from parts (b) and
(c), as well as those from Exercise 3.11, explain why the time-scale over
which a secular term appears does not depend on the magnitude of n but,
rather, on whether n is odd or even.

3.4. A generalization of (3.1), (3.2) is

y′′ + ω2y = εf(y, y′) for 0 < t,

where y(0) = a and y′(0) = b. Also, ω is a positive constant. Assume here
that (3.8), (3.9), and (3.12) apply with α = 1. Also, assume f is a smooth
function. The objective is to find a first-term expansion of the solution that
is valid for large t.
(a) Show that the solution of the O(1) problem has the form y0 = A cos(t1 +

θ), where A and θ are functions of t2. What initial conditions do they
satisfy?

(b) Determine the O(ε) problem.
(c) The function F (φ) = f(A cosφ,−ωA sinφ) is 2π periodic. Expanding it in

a Fourier series and using your result from part (b), show that to prevent
secular terms in the expansion it is required that

A′ = − 1

2πω

∫ 2π

0

f(A cosφ,−ωA sinφ) sin φdφ,

Aθ′ = − 1

2πω

∫ 2π

0

f(A cosφ,−ωA sinφ) cosφdφ.
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(d) Find A and θ from part (c) when f(y, y′) = −y2 and when f(y, y′) = −y3.
Explain why the time scale does not necessarily remove the first secular
term that appears in a regular expansion. What assumption should be
made about the integrals in part (c) so it does remove the first secular
term?

3.5. Consider the problem of solving

y′ = y − y3, for 0 < t,

where y(0) = ε.
(a) Sketch the direction field for this problem and from this determine what

happens to the solution as t→ ∞.
(b) Suppose one assumes a regular expansion of the form y ∼ εy0(t) +

εαy1(t) + · · · . After finding y0 and y1, explain why y0 is not expected
to be an accurate approximation as t→ ∞. Also, explain why a multiple-
scale expansion should be used but (3.9) will not work for this problem.

(c) Suppose t2 = εαf(t), where f(t) is determined from the secular-removing
condition and the requirement that f(0) = 0. Show that

y ∼ εet
√
1 + ε2(e2t − 1)

.

3.6. In the study of Josephson junctions, the following problem appears
(Sanders, 1983):

φ′′ + ε(1 + γ cosφ)φ′ + sinφ = εα for 0 < t,

where φ(0) = φ′(0) = 0 and γ is a positive constant. Find a first-term ap-
proximation of φ(t) that is valid for large t.

3.7. The equation for a relativistic damped oscillator is (Struble and Harris,
1964)

d

dt

⎛

⎝ ut√
1 + εμ (ut)

2

⎞

⎠+ 2αεut + u = 0,

where α and μ are positive constants. The initial conditions are u(0) = 1 and
ut(0) = 0. Find a first-term approximation of u(t) that is valid for large t.

3.8. In the study of quantum jumps, single-ion trapping experiments are car-
ried out using something called a Paul trap (Cook, 1990). In nondimensional
form, the equation governing the ion motion in such a device is

ε (iφt + φxx) = v(x)φ cos

(
t

ε

)
for −∞ < x <∞ and 0 < t,
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where v(x) is a specified function. Note that, for small ε, the coefficient of the
right-hand side of this equation is rapidly varying. In the theory of quantum
jumps, this observation serves as the starting point for something called a
rotating wave approximation. The result is a reduced equation for φ(x, t)
where the coefficients of the equation are independent of t. You are asked in
this problem to derive the result using multiple scales.
(a) Find a first-term approximation of φ(x, t) that is valid for t = O(1). Note

that you need to derive only the differential equation that determines the
first-term approximation.

(b) The multivariable version of the quantum jump equation is

ε
(
iφt +∇2φ

)
= v(x)φ cos

(
t

ε

)
.

This problem can be reduced in exactly the same way as was done in
part (a). Instead, let φ(x, t) = ψ(x, t) exp[−iv(x) sin(t/ε)]. Then find a
first-term expansion of ψ(x, t) that is valid for t = O(1). Compare your
result with the one found in (a).

3.9. Consider the weakly nonlinear oscillator problem of solving

y′′ + y + εf(y) = 0 for 0 < t,

where y(0) = a and y′(0) = 0. The results from Exercise 3.11 will be useful
here, and the conclusions of Exercise 3.3 should be reviewed.
(a) Taking f(y) = sinh(y), show that a first-term expansion of the solution

that is valid for large t has the form y ∼ a cos(ωt), where ω = 1+ ελ and
λ is an infinite series that depends on a.

(b) Suppose f(0) = 0, and assume that the Maclaurin series of f(y) converges
for all y. What additional condition on f(y) is needed so the conclusion
from part (a) holds? Also, find a formula for λ using information deter-
mined from the Maclaurin series.

3.10. In this problem, you are to prove that (3.20) is a uniformly valid ap-
proximation of the solution for 0 ≤ t ≤ T/ε, where T > 0 is fixed. Do this by
showing that |y(t)− y0(t, εt)| = O(ε) for 0 ≤ t ≤ T/ε.
(a) Find the exact solution, and then use Taylor’s theorem to prove the result.
(b) Let z(t) = y(t) − y0(t, εt). After finding the problem satisfied by z(t),

prove the result.

3.11. In what follows, n and m are positive integers.
(a) Using the representation cosϕ = 1

2 (e
iϕ + e−iϕ) and the binomial expan-

sion, show that

cosn ϕ =
1

2n

n∑

j=0

(
n

j

)
cos((2j − n)ϕ).
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(b) Using part (a), show that

cos2m+1 ϕ = α0 cosϕ+

m∑

j=1

αj cos((2j + 1)ϕ),

where

α0 =
1

22m
(2m+ 1)!

m!(m+ 1)!
.

(c) Using part (a), show that

cos2m ϕ =
m∑

j=0

γj cos(2jϕ).

(d) Show that

sin2m+1 ϕ = α0 sinϕ+

m∑

j=1

(−1)jαj sin((2j + 1)ϕ)

and

sin2m ϕ =

m∑

j=0

(−1)jγj cos(2jϕ),

where the αj and γ are the same as those used in parts (b) and (c).

3.12. This problem examines when a secularlike term appears in the solu-
tion of

y′′ + ω2y = f(t),

where ω > 0. In this problem it is useful to be aware of the results from the
previous exercise as well as to remember that a continuous periodic function
is bounded.
(a) Suppose f(t) = cosn(ωt), where n is a positive integer. Show that if

n is even, then the solution is bounded, while if n is odd, then y =
α1

2ω t sin(ωt) + q(t), where q(t) is a bounded function and α1 is defined in
Exercise 3.11.

(b) Suppose f(t) = sinn(ωt), where n is a positive integer. Show that if
n is even, then the solution is bounded, while if n is odd, then y =
−α1

2ω t cos(ωt) + q(t), where q(t) is a bounded function.
(c) Suppose f(t) = sinn(ωt) cosm(ωt). Show that if n and m are both even,

or if they are both odd, then the solution is bounded.

3.13. This problem examines the weakly nonlinear oscillator equation

y′′ + y = εf(y, y′) for 0 < t,

where y(0) = a and y′(0) = b. Also, assume f is a smooth function.
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(a) Consider the equation u′′+ω2u = f(t), where f(t) is 2π/ω periodic. If u(t)

is 2π/ω periodic, show that
∫ 2π/ω

0 f(t) sin(ωt)dt =
∫ 2π/ω

0 f(t) cos(ωt)dt =
0.

(b) Show that the solution of the O(1) problem has the form y0 = A cos(t1 +
θ). A common assumption about nonlinear oscillators is that the solution
is periodic in the fast variable. Use this and the result from part (a) to
show that

A′ = p cos θ + q sin θ,

Aθ′ = −p sin θ + q cos θ,

where p and q are integrals that depend on A and θ.
(c) Show that the result in part (b) is the same as that given in Exer-

cise 3.9(c).

3.14. This problem considers how to apply the method from the previous
exercise to the first-order system

y′ = Ay + f(y, ε),

where y(0) = a. It is assumed f is smooth with f(y, 0) = 0. Also, letting
yT = (u, v), it is assumed that

A =

[
α β
−γ −α

]
,

where α2 < βγ. The matrix A and vector a do not depend on ε.
(a) Show that the weakly damped oscillator equation given in (3.1) can be

written in this form.
(b) Introduce the time scales t1 = t and t2 = εt, and then show that the first

term in the expansion of the solution has the form

y0(t1, t2) = q(t2)e
iωt1 + q(t2)e

−iωt1 ,

where ω =
√
βγ − α2 and the overbar indicates complex conjugate. Here

q is an eigenvector associated with a first-order problem. Also, what is
q(0)?

(c) Suppose the solution is known to be 2π/ω periodic in t1. This information
can be used to remove secular terms. To show how, let p(t1) be a solution
of the adjoint equation p′ = −ATp. From the equation for the O(ε) term,
show that ∫ 2π/ω

0

(∂t2y0 − ∂εf (y0, 0)) · pdt1 = 0.

Explain why this is a first-order differential equation that completes the
determination of the vector q.

(d) Show that (b) and (c) produce (3.20) when applied to the weakly damped
oscillator equation from part (a).
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(e) Consider the system of equations

u′ = u+ v − εu(2 + εuv),

v′ = −4u− v + εu(2 + εuv).

After identifying the matrix A and the function f, use the results of parts
(b) and (c) to find a first-term approximation of y(t) that is valid for
large t [assume the solution satisfies the periodicity condition mentioned
in (c)].

(f) In the study of chemical oscillators, the following system of equations is
found (Schnakenberg, 1979):

u′ = u+ v + εu(2u+ 2v + εuv),

v′ = −4u− v − εu(2u+ 2v + εuv).

In this case, show that the result in part (c) indicates that the wrong
time scale has been introduced. Extend the results of parts (b) and (c) to
include this situation, and in the process find a first-term approximation
of y(t) that is valid for large t [assume the solution satisfies the periodicity
condition mentioned in part (c)].

3.3 Introductory Example (continued)

Most of those who use multiple scales are interested in finding a first-term
approximation involving two time scales. The basic idea used to construct
the approximation, namely, preventing a secular term from appearing in the
expansion, is easy to understand. It also serves as the basis for most of the
examples and exercises in this chapter. This section, however, is an exception.
The objective here is to examine some of the underlying assumptions used in
multiple scales and, in the process, develop a deeper understanding of how
and why the method works.

In the previous section two time scales, t1 = t and t2 = εt, were used.
With them, it was shown that a first-term approximation of the equation

y′′ + εy′ + y = 0, (3.26)

where
y(0) = 0 and y′(0) = 1, (3.27)

is given as
y ∼ e−t2/2 sin(t1). (3.28)

We now ask an apparently simple question: can we do better than this? To
answer this we need to investigate some of the possible extensions of what was
done earlier. This includes using an additional scale and looking at including
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more than the first term in the expansion. We begin with the additional time
scale.

3.3.1 Three Time Scales

The approximation (3.28) holds up to εt = O(1), that is, it holds for 0 ≤ εt ≤
T , where T is fixed. What if one wants an approximation that holds over a
longer time interval, say up to ε2t = O(1)? The appropriate time scales in
this case are

t1 = t,

t2 = εt,

t3 = ε2t.

The time derivative now transforms as

d

dt
→ ∂

∂t1
+ ε

∂

∂t2
+ ε2

∂

∂t3
.

With this, (3.26) becomes

[
∂2t1 + 2ε∂t1∂t2 + ε2

(
∂2t2 + 2∂t1∂t3

)
+O(ε3)

]
y

+ ε
(
∂t1 + ε∂t2 + ε2∂t3

)
y + y = 0, (3.29)

and the initial conditions are

y = 0 and
(
∂t1 + ε∂t2 + ε2∂t3

)
y = 1 for t1 = t2 = t3 = 0. (3.30)

Similar to what was done earlier, we use a power series expansion of the
form

y ∼ y0(t1, t2, t3) + εy1(t1, t2, t3) + ε2y2(t1, t2, t3) + · · · . (3.31)

The O(1) and O(ε) problems are basically the same as before. Consequently,
from (3.14) and (3.15) we have that

y0 = a0(t2, t3) sin(t1) + b0(t2, t3) cos(t1), (3.32)

where a0(0, 0) = 1 and b0(0, 0) = 0. Also, from (3.17) and (3.18)

y1 =a1(t2, t3) sin(t1) + b1(t2, t3) cos(t1)

− 1

2
(2∂t2b0 + b0) t1 cos (t1)− 1

2
(2∂t2a0 + a0) t1 sin (t1) , (3.33)
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where a1(0, 0) = ∂t1a0(0, 0), b1(0, 0) = 0. Removing the secular terms in the
preceding expression yields

a0(t2, t3) = α0(t3) e
−t2/2, (3.34)

b0(t2, t3) = β0(t3) e
−t2/2, (3.35)

where α1(0) = 1 and β1(0) = 0. The preceding expressions are expected
generalizations of (3.19).

To find α0(t3) and β0(t3), it is necessary to consider the O
(
ε2
)
equation:

O(ε2)
(
∂2t1 + 1

)
y2 = −2∂t1∂t2y1 −

(
∂2t2 + 2∂t1∂t3

)
y0 − ∂t1y1 − ∂t2y0.

With the solutions for y0 and y1 given in (3.32) and (3.33), to prevent
secular terms in the expansion, we must require that

a1 = α1 (t3) e
−t2/2 +

1

8
(β0 − 8α0

′) t2e−t2/2 (3.36)

and

b1 = β1 (t3) e
−t2/2 − 1

8
(α0 + 8β0

′) t2e−t2/2. (3.37)

To summarize, our expansion is

y ∼
[
α0(t3) + ε

(
α1(t3) +

1

8
(β0 − 8α0

′) t2

)]
e−t2/2 sin(t1)

+

[
β0(t3) + ε

(
β1(t3)− 1

8
(α0 + 8β0

′) t2

)]
e−t2/2 cos(t1).

(3.38)

This is a different situation than we had previously because we have removed
the secular terms yet still have not determined α0 and β0. These coefficients
can be found if we remember that our objective is to obtain an accurate
asymptotic approximation, which means minimizing the error. One way to
look at this is that to improve the accuracy of y0 we should reduce, as much
as possible, the contribution of y1. In (3.33), we have already removed the
t1 cos t1 and t1 sin t1 terms. We can reduce the contributions of a1 and b1, as
given in (3.36) and (3.37), by taking β0 − 8α′

0 = 0 and α0 + 8β′
0 = 0. From

this and the initial conditions (3.15) it follows that α0 = cos(t3/8) and β0 =
−sin(t3/8). Therefore, a first-term approximation valid up to ε2t = O(1) is

y ∼ e−εt/2 sin(ωt), (3.39)

where ω = 1− 1
8ε

2.
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3.3.2 Two-Term Expansion

Instead of using three time scales, one can try improving the approximation
in (3.28) by using two time scales but including the second term y1. The
expansion is the same as in (3.31), except that the terms do not depend on
t3. For this reason, (3.38) applies except that the coefficients α0, β0, α1, β1
are independent of t3. Working out the details it is found that the two-term
expansion is

y ∼ e−εt/2

(
sin(t)− 1

2
ε2t cos(t)

)
. (3.40)

3.3.3 Some Comparisons

We now have three different approximations for the solution:

(i) y ∼ y0(t1, t2), as given in (3.28);

(ii) y ∼ y0(t1, t2) + εy1(t1, t2), as given in (3.40);

(iii) y ∼ y0(t1, t2, t3), as given in (3.39).

With three different approximations of the same function, it is natural to ask
how they compare.

(i) vs. (iii): (i) is guaranteed to hold up to εt = O(1) while (iii) holds up to
ε2t = O(1). Consequently, (iii) holds over a longer time interval.
However, there is no reason to expect that (iii) is more accurate
than (i) over the time interval where they both apply, that is,
for 0 ≤ εt ≤ O(1).

(i) vs. (ii): (ii) should give a more accurate approximation than (i) as ε
becomes small and 0 ≤ εt ≤ O(1).

(ii) vs. (iii): (ii) should give a more accurate approximation than (iii) as ε
becomes small and 0 ≤ εt ≤ O(1). However, (iii) holds for ε2t =
O(1), while (ii) only holds for εt = O(1). Note that the effort
to find (ii) and (iii) is about the same since the O

(
ε2
)
problem

must be examined to be able to find y1 as well as remove the
secular terms associated with the t3 time scale.

3.3.4 Uniqueness and Minimum Error

The method of multiple scales has the flexibility to work on a wide variety
of problems. This capability is also the source of some confusion about the
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method. To illustrate, suppose that the exact solution is found to be

y(t) = 1 + ε2te−t + ε4 sin(t).

Also, suppose the time scales used in the construction of the multiple-scale
expansion are t1 = t, t2 = εt, and t3 = ε2t. If the objective is to find an
expansion up through the O(ε2) terms, then the following are possible:

(i) y ∼ y0 + ε2y2 + · · · , where y0 = 1 and y2 = t1e
−t1 ;

(ii) y ∼ y0 + εy1 + · · · , where y0 = 1 and y1 = t2e
−t1 ;

(iii) y ∼ y0 + · · · , where y0 = 1 + t3e
−t1 ;

(iv) y ∼ y0 + εy1 + ε2y2 + · · · , where y0 = 1 + t3e
−t1 , y1 = −t2e−t1 , and

y2 = t1e
−t1 .

As the preceding list demonstrates, if you identify the time scales and then
write down the form of the expansion, the result is not unique. It is for this
reason that the method of multiple scales includes a principle that is used
to determine the preferred expansion. In the damped oscillator example of
Sect. 3.2, the choice was clear because of the appearance of a secular term.
This principle does not apply directly to the preceding expansions because,
as a function of t, none of them have secular terms. One might argue that the
removal of secular terms can still be used if you make use of the assumption
that the three time scales are independent. Based on this, the expansions in
(ii) and (iv) are not uniform in t2. For this reason both can be eliminated
from consideration. This leaves (i) and (iii), and this means that secularity
is not enough.

A principle that can help filter out unwanted multiple-scale expansions
involves minimizing the error. To explain, in determining y0 we want to min-
imize the value of the error

E0 = max
∣
∣y(t)− y0

(
t, εt, ε2t

)∣∣ ,

where the max is taken over the interval 0 ≤ t ≤ O
(
1/ε2

)
(i.e., over the time

interval 0 ≤ t ≤ T/ε2, where T is fixed). In the preceding list of possible
expansions, E0 = O(ε2) for (i) and E0 = O(ε4) for (iii). Therefore, according
to the minimum error requirement, we should take the y0 given in (iii). Once
this result is established, then in determining y1 we want the error

E1 = max
∣∣y(t)− y0

(
t, εt, ε2t

)− εy1
(
t, εt, ε2t

)∣∣

to be minimized. One finds that y1 = 0, and the other terms can be obtained
using a similar procedure. A demonstration of how to use arguments like this
to prove the validity of an expansion can be found in Smith (1985).
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Although there is merit to using the error, it has the distinct disadvantage
of requiring more information about the exact solution than is usually known.
What is more typical is the result in (3.36) and (3.37), where the coefficients
α0 and β0 are undetermined. The idea of minimizing the error translates into
the condition of minimizing the contribution of y1. Given that α1 and β1 do
not depend on t2, the requirement of minimizing y1 leads to the conclusion
that β0 − 8α′

0 = 0 and α0 + 8β′
0 = 0.

Exercises

3.15. This problem considers the case where the logistic equation has a slowly
varying carrying capacity c(εt). The equation is (Shepherd and Stojkov, 2007)

y′ = ry

(
1− y

c(εt)

)
for 0 < t,

where y(0) = α and r and α are positive constants. It is assumed that c(τ)
is a smooth positive function. Show that a first-term approximation that is
valid for large t is

y ∼ c(εt)

1 +A0c(εt)e−rt
,

where A0 = 1
α − 1

c(0) . Make sure to explain your reasoning in how you deter-

mine the dependence of y0 on the slow time variable t2 = εt.

3.16. Consider Eq. (3.26), subject to the initial conditions y(0) = a and
y′(0) = b.
(a) Using the time scales t1 = 1 and t2 = εt, and assuming that y ∼

y0(t1, t2) + εy1(t1, t2) + · · · , show that

y ∼ [B sin(t) +A cos(t)] e−εt/2,

where B = b+ 1
8ε(4 + t2)a and A = a− 1

8εt2b.
(b) Using the time scales t1 = 1, t2 = εt, and t3 = ε2t, and assuming that

y ∼ y0(t1, t2, t3) + · · · , show that

y ∼ [b sin(ωt) + a cos(ωt)] e−εt/2,

where ω = 1− 1
8ε

2.
(c) Extend the result in part (b) by finding y1 and show that

y ∼ [c sin(ωt) + a cos(ωt)] e−εt/2,

where c = b+ 1
2aε and ω = 1− 1

8ε
2.
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3.17. Consider the differential equation y′′ + y + εy3 = 0, subject to the
initial conditions y(0) = a and y′(0) = b. This nonlinear equation is known
as Duffing’s equation.
(a) Using the time scales t1 = 1 and t2 = εt, and assuming that y ∼

y0(t1, t2) + εy1(t1, t2) + · · · , show that

y0 = b sin(ωt) + a cos(ωt),

where ω = 1 + 3
8 (a

2 + b2)ε.
(b) Using the time scales t1 = 1, t2 = εt, and t3 = ε2t, and assuming that

y ∼ y0(t1, t2, t3) + · · · , show that

y0 = b sin(ωt) + a cos(ωt),

where ω = 1 + 3
8 (a

2 + b2)ε− κε2 and κ = 3
256 (7a

4 + 46a2b2 + 23b4).
(c) The exact solution is y = A cn(αt + β, k), where cn(x, k) is a Jacobian

elliptic function (Exercise 1.26), α =
√
1 + εA2, and αk = A

√
ε/2. To

satisfy the initial conditions it is required that A and β satisfy

A cn(β, k) = a,

−αA sn(β, k)
√

1− k2sn2(β, k) = b.

The resulting solution is periodic with period T = 4K/α, where

K =

∫ π/2

0

dt
√
1− k2 sin2 t

.

Using the approximations in Exercise 1.26, show that a two-term approx-
imation of T for small ε is consistent with the value of ω given in part (a).
With a bit more effort, it can also be shown that a three-term expansion
is consistent with the result in part (b).

3.4 Forced Motion Near Resonance

The problem to be considered corresponds to a damped, nonlinear oscillator
that is forced at a frequency near resonance. In particular, the problem that
is investigated is

y′′ + ελy′ + y + εκy3 = ε cos(1 + εω)t for 0 < t, (3.41)

where
y(0) = 0 and y′(0) = 0. (3.42)

In the differential equation, the damping (ελy′), nonlinearity (εκy3), and
forcing (ε cos(1+ εω)t) are small. Also, ω, λ, and κ are constants, with λ and
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κ nonnegative. This oscillator has been studied extensively and is an example
of a forced Duffing equation (Exercise 1.42).

Because of the small forcing and the zero initial conditions, it is natural
to expect the solution to be small. For example, if we consider the simpler
equation

y′′ + y = ε cos(Ωt), (3.43)

then the solution is, assuming Ω �= ±1,

y(t) =
ε

1−Ω2
[cos(Ωt) − cos(t)]. (3.44)

Therefore, the amplitude of the solution is proportional to the amplitude of
the forcing. This observation is not true when the driving frequency Ω ≈ 1.
To investigate this situation, suppose Ω = 1 + εω. A particular solution of
(3.43) in this case is, for ω �= 0,−2/ε,

y =
−1

ω(2 + εω)
cos(1 + εω)t, (3.45)

and for ω = 0 or ω = −2/ε,

y =
1

2
εt sin(t). (3.46)

In both cases a relatively small, order O(ε), forcing results in at least an
O(1) solution. Also, the behavior of the solution is significantly different for
ω = 0 and ω = −2/ε than for other values of ω. This is typical of a system
that is driven at one of its characteristic frequencies, and it is associated with
the phenomenon of resonance. Such behavior is also present in the nonlinear
oscillator equation in (3.41). To demonstrate this, the values of y(t) obtained
from the numerical solution of (3.41), (3.42) are shown in Fig. 3.3. It is seen
that the amplitude of the solution is an order of magnitude larger than the
forcing.

Another observation that can be made from Fig. 3.3 is that there appear
to be at least two time scales present in the problem. One is associated with
the rapid oscillation in the solution, and the other is connected with the
relatively slow increase in the amplitude. Thus, the multiple-scale method is
a natural choice for finding an asymptotic approximation of the solution. We
will try to give ourselves some flexibility and take t1 = t and t2 = εαt, where
α > 0. In this case (3.41) becomes

(
∂2t1+2εα∂t1∂t2+ε

2α∂2t2
)
y+ελ(∂t1+ε

α∂t2)y+y+εκy
3= ε cos(t1+εωt1) .

(3.47)

As stated earlier, because of the zero initial conditions (3.42) and the small
forcing, one would expect the first term in the expansion of the solution to be
O(ε). However, near a resonant frequency the solution can be much larger. It
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Figure 3.3 Numerical solution, shown with the solid curve, of the nonlinear oscil-
lator in (3.41) and (3.42) when ε = 0.05, λ = 2, κ = 4, and ω = 3/8. The dashed
curve is the numerical solution of (3.52) and (3.53) for the amplitude function A(εt)
obtained from the multiple-scale approximation (3.55)

is not clear what amplitude the solution actually reaches, and for this reason
we will take

y ∼ εβy0(t1, t2) + εγy1(t1, t2) + · · · , (3.48)

where, to guarantee that the expansion is well ordered, β < γ. Also, because
of the resonance effect, it is assumed that β < 1.

Substituting (3.48) into (3.47) yields the equation

(∂2t1 + 2εα∂t1∂t2 + · · · )(εβy0 + εγy1 + · · · ) + ελ(∂t1 + · · · )(εβy0 + · · · )
+ εβy0 + εγy1 + · · ·+ εκ(ε3βy30 + · · · ) = ε cos(t1 + εωt1).

In writing out the preceding equation, an effort was made to include only
the terms that might contribute to the first two terms of the expansion.
Multiplying out the terms, we have that

εβ∂2t1y0 + 2εα+β∂t1∂t2y0 + εγ∂2t1y1 + · · ·+ ε1+βλ∂t1y0 + · · ·
❷ ❶ ①

+ εβy0 + εγy1 + · · ·+ ε1+3βκy30 + · · · = ε cos(t1 + εωt1). (3.49)

❶ ① ②

With this and (3.42), the following problems result:

O(εβ)
(
∂2t1 + 1

)
y0 = 0,

y0(0, 0) = ∂t1y0(0, 0) = 0.

The general solution of this problem is

y0 = A(t2) cos(t1 + θ(t2)) , (3.50)

where
A(0) = 0. (3.51)
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The compact form of the solution is used in (3.50), rather than the
form in (3.14), since it is easier to deal with the nonlinear terms that
appear in the next problem. In particular, we will make use of the
identity cos3 φ = 1

4 [3 cos(φ) + cos(3φ)].

We need to determine α, β, and γ before going any further. With the
preceding solution for y0, we have two terms to deal with in (3.49), and they
are labeled with a ①. There is also the forcing term ②. The problem for the
second term in the expansion, which comes from the terms labeled with a
❶, must deal with one or more of these terms. It is possible to include all
of them, which produces the most complete approximation, if we take γ = 1
and β = 0. The remaining observation to make is that all three terms, labeled
with a ① or ②, will produce a secular term. Therefore, we must choose our
slow time scale t2 to deal with this. This means the term ❷ must balance
with ① and ②, which gives us that α = 1. With this, the right-hand side of
(3.49) is rewritten as ε cos(t1 + ωt2). Thus, the next order problem to solve
is the following:

O(ε)
(
∂2t1 + 1

)
y1 = −2∂t1∂t2y0 − λ∂t1y0 − κy30 + cos(t1 + ωt2)

= (2A′ + λA) sin(t1 + θ) + 2θ′A cos(t1 + θ)

−κ
4A

3 [3 cos(t1 + θ) + cos 3 (t1 + θ)] + cos(t1 + ωt2) .

We want to determine which terms on the right-hand side of this
equation produce secular terms – in other words, which terms are
solutions of the associated homogeneous equation. This can be done
by noting

cos(t1 + ωt2) = cos(t1 + θ − θ + ωt2)

= cos(t1 + θ) cos(θ − ωt2) + sin(t1 + θ) sin(θ − ωt2).

Thus, to remove the sin(t1 + θ) and cos(t1 + θ) terms, it is required
that

2A′ + λA = − sin(θ − ωt2) (3.52)

and

2θ′A− 3κ

4
A3 = − cos(θ − ωt2) . (3.53)

From (3.52) and (3.53), the initial condition in (3.51), and assuming
A′(0) > 0, it follows that

θ(0) = −π
2
. (3.54)

To summarize our findings, the first-term expansion of the solution of
(3.41), (3.42) has the form
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Figure 3.4 Schematic of positive solutions of (3.56) when λ and κ are positive (the
exact shape of the curve depends on λ and κ). The curve as shown has three branches:
(I) one for −∞ < ω ≤ ωM , (II) one for ωm < ω < ωM , and (III) one for ωm ≤ ω < ∞.
Note that AM = 1/λ and ωM = 3κ/(8λ2)

y ∼ A(t2) cos(t1 + θ(t2)) . (3.55)

To find the amplitude A and phase function θ, it remains to solve (3.52)
and (3.53) along with initial conditions (3.51) and (3.54). Unfortunately, the
solution of this nonlinear system of equations is not apparent. In lieu of
the exact solution, we can investigate what sort of solution may come from
this system. In particular, we will investigate what value the amplitude A
approaches if it goes to a steady state as t → ∞. So, assuming A′ = 0,
let A = A∞, where A∞ is a positive constant. From (3.52) it follows that
θ = ωt2 + θ∞, where θ∞ is a constant that satisfies sin(θ∞) = −λA∞. From
this and (3.53) the constant A∞ is determined from the equation

A2
∞

[

λ2 +

(
2ω − 3κ

4
A2

∞

)2
]

= 1. (3.56)

An example of the possible solutions obtained from (3.56) is shown in Fig. 3.6
as a function of the frequency parameter ω. The interesting parts of the
curve occur for ωm < ω < ωM , where there are three possible steady states
for A. The middle one, branch II, is unstable and cannot be reached unless
the initial conditions are chosen so that the solution starts exactly at one
of these points (the justification of this statement is given in Chap. 6, and
Exercise 3.27 should also be consulted). The other two branches, I and III, are
stable, and the solution will approach one of them depending on the initial
conditions. This situation is known as bistability. Note that if one were to
start on branch I and then increase the driving frequency to the point where
ω > ωM , then the amplitude would jump down to branch III. In a similar
manner, once it is on the lower part of this solution curve and the frequency
is decreased below ωm, the amplitude then jumps up to branch I.

A comparison between the amplitude function A(t2) obtained from (3.52),
(3.53) and the numerical solution of (3.41) is shown in Fig. 3.3. This type of
comparison is made, rather than plotting all the values for the solution that
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are obtained from (3.55), because of the oscillatory nature of the solution.
In any case, it is clearly seen that the agreement is quite good. However,
one might argue that if the reduced problem (3.52), (3.53) must be solved
numerically, then why not just solve the original problem numerically? It is
certainly true that the numerical solution is not limited to small values of the
parameter ε. In this regard it is superior to the asymptotic approximation.
The asymptotic approximation, on the other hand, is capable of providing
quick insight into how the solution depends on the various parameters of the
problem. This sort of pro-and-con argument applies to almost all numeri-
cal/asymptotic solutions. What is special about the present example is the
oscillatory nature of the response. In this case, the asymptotic approximation
has the rapid oscillations built into the representation. Thus, the functions
that need to be computed numerically are relatively smooth. In this sense, it
is easier to solve (3.52), (3.53) numerically than the original Eq. (3.41).

The analysis here has been for what is sometimes called harmonic, or pri-
mary, resonance. There are also subharmonic and superharmonic resonances.
To see where these originate, note that the solution in (3.44) is periodic if
Ω = n or if Ω = 1/n, where n is a positive integer with n �= 1. For the
first case, the solution has period 2π while the forcing has period 2π/n. This
corresponds to what is known as subharmonic oscillation. If Ω = 1/n, then
the solution and forcing have period 2πn. This is known as superharmonic,
or ultraharmonic, oscillation. With the nonlinear Duffing equation (3.41), it
is possible for there to be a resonant response if Ω is equal to a subhar-
monic or superharmonic frequency. However, the amplitudes are generally
smaller than what is found for harmonic resonance. This is demonstrated
in Exercise 3.20, which examines the use of multiple scales to analyze the
subharmonic response.

Exercises

3.18. In the relativistic mechanics of planetary motion around the Sun, one
comes across the problem of solving

d2u

dθ2
+ u = α(1 + εu2) for 0 < θ <∞,

where u(0) = 1 and u′(0) = 0. Here θ is the angular coordinate in the orbital
plane; u(θ) = 1/r, where r is the normalized radial distance of the planet
from the Sun; and α is a positive constant. Note that if ε = 0, then one
obtains the Newtonian description.
(a) Find a first-term approximation of the solution that is valid for large θ.
(b) Using the result from part (a), find a two-term expansion of the angle

Δθ between successive perihelions, that is, the angle between successive
maxima in u(θ).
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(c) The parameters in the equation are ε = 3(h/crc)
2 and α = rc/[a(1 −

e2)], where h is the angular momentum of the planet per unit mass,
rc is a characteristic orbital distance, c is the speed of light, a is the
semimajor axis of the elliptical orbit, and e is the eccentricity of the orbit.
For the planet Mercury, h/c = 9.05 × 103 km, rc = a = 57.91 × 106 km,
and e = 0.20563 (Nobili and Will, 1986). It has been observed that the
precession of Mercury’s perihelion, defined as Δφ ≡ Δθ − 2π, after a
terrestrial century is 43.11′′ ± 0.45′′ (note that Mercury orbits the Sun in
0.24085 terrestrial years). How does this compare with your theoretical
result in (b)?

(d) In the 11th edition of Merriam-Webster’s Collegiate Dictionary, the sec-
ond definition given for the word “perturbation” is “a disturbance of the
regular and usually elliptical course of motion of a celestial body that is
produced by some force additional to that which causes its regular mo-
tion.” Comment on this in conjunction with your result from part (a).
Also, how would you change the definition so that it encompasses the
ideas in Chaps. 1 and 2?

3.19. What follows is the equation for van der Pol’s oscillator (with small
damping):

y′′ − ε(1− y2)y′ + y = 0 for 0 < t,

where y(0) = α0 and y′(0) = β0.
(a) Find a first-term approximation of the solution that is valid for large t.
(b) Sketch the first-term approximation in the phase plane as a function of t

when α0 = 1 and β0 = 0.

3.20. This problem investigates the subharmonic resonances of Duffing’s
equation,

y′′ + ελy′ + y + εκy3 = ε cos(Ωt) for 0 < t,

where y(0) = y′(0) = 0.
(a) Suppose one attempts to use the regular expansion

y ∼ ε (y0(t) + εy1(t) + · · · ) .

Explain why this is nonuniform if Ω = ±1 (primary resonance), or if
Ω = ±3 (subharmonic resonance). Also explain how your calculation
shows that subharmonic resonance is due to the nonlinear interaction of
the forcing with the primary resonance mechanism of the system.

(b) Setting Ω = 3+εω, find a first-term approximation of the solution that is
valid for large t. If you are not able to solve the problem that determines
the t2 dependence, then find the possible steady states (assume λ > 0).

(c) Compare the results from part (b) with those in Fig. 3.4.

3.21. The equation for a pendulum with a weak forcing is

θ′′ +
1

ε
sin(εθ) = ε2 sin(ωt) for 0 < t,
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Figure 3.5 Oscillator studied in Exercise 3.22

where θ(0) = θ′(0) = 0.
(a) For fixed ω2 �= 1, 1/9, . . . and ω2 �= 1, 9, . . . , find a two-term approxima-

tion of θ(t).
(b) For ω = 1+ ω0ε

2, find a first-term approximation of θ(t) that is valid for
large t. If you are not able to solve the problem that determines the t2
dependence, then find the possible steady states (if any).

3.22. Suppose a mass is situated between two parallel walls and is connected
to the walls by springs (as shown in Fig. 3.5). For a small periodic forcing the
equation for the transverse oscillations of the mass is (Stoker, 1950; Arnold
and Case, 1982; Forbes, 1991)

y′′ + y

[

1− λ
√
1 + y2

]

= ε cos(κt+ ε2/3ωt) for 0 < t,

where λ and κ are positive constants with 0 < λ < 1. Also, y(0) = y′(0) =
0. Set κ2 = 1 − λ, and for small ε find a first-term approximation of the
solution that is valid for large t. If you are not able to solve the problem
that determines the t2 dependence, then find, and sketch, the possible steady
states (if any) for the amplitude.

3.23. In the study of Raman scattering, one comes across the equation for a
forced Morse oscillator with small damping, given as

y′′ + ε2αy′ + (1− e−y)e−y = ε3 cos(1 + ε2ω)t,

where y(0) = 0 and y′(0) = 0. Also, α > 0.
(a) Find a first-term approximation of y(t) that is valid for large t. If you are

not able to solve the problem that determines the t2 dependence, then
find the possible steady states (if any) for the amplitude.

(b) Lie and Yuan (1986) used numerical methods to solve this problem. They
were interested in how important the value of the damping parameter α
is for there to be multiple steady states for the amplitude. They were
unable to answer this question because of the excessive computing time it
took to solve the problem using the equipment available to them. However,
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based on their calculations, they hypothesized that multiple steady states
for the amplitude are possible even for small values of α. Sketching the
graph of A∞ as a function of ω for α > 0 determine whether or not their
hypothesis is correct.

3.24. Figure 3.6 shows an oscillator driven by a belt moving with velocity
v. The block moves in the same direction as the belt until the spring has
sufficient restoring force to pull it back. The block then retracts until the
force in the spring reduces to the point where the frictional force between the
block and belt causes the block to start moving again in the same direction
as the belt. This back-and-forth motion is an example of what is known as
a stick-slip problem. Among other things, this mechanism has been used to
model squeaky doors and violin strings (Popp and Stelter, 1990; Gao and
Kuhlmann-Wilsdorf, 1990). The equation of motion in this case is

y′′ + εβy′ + y = f(v − εy′) for 0 < t,

where β and v are positive constants. The function f(v − εy′) accounts for
the friction between the mass and the belt. It is an odd function of the
relative velocity V = v − εy′. In this problem, for V > 0, we will take
f(V ) = 1

3aV (V 2 − 3) + b, where a and b are constants with 0 < 2a < 3b. We
will also take y(0) = y′(0) = 0.
(a) For v2 > 1 − β/a, find a first-term approximation of the solution that is

valid for large t.
(b) Find a first-term approximation of the solution that is valid for large t

when 4
5 (1−β/a) < v2 < 1−β/a. Make sure to point out where the stated

conditions on v are used in the derivation.

3.25. The equation of a nonlinear beam with a small forcing is

∂4xu− κ∂2xu+ ∂2t u = εf(t) sin(πx) for 0 < x < 1 and 0 < t,

where u = u′′ = 0 at x = 0, 1. Also,

Figure 3.6 Forced oscillator used to model stick-slip problem in Exercise 3.24
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( , )

Figure 3.7 Forced pendulum studied in Exercise 3.26

κ =
1

4

∫ 1

0

(ux)
2dx.

(a) Find a first-term expansion of the solution that is valid for large t when
f(t) = sin(t).

(b) If f(t) = sin[(π + ω0ε)t], find a first-term expansion of the solution that
is valid for large t.

3.26. The equation for a weakly damped pendulum whose support is sub-
jected to a vertical excitation is (Fig. 3.7)

θ′′ + εμθ′ + [1− f(t, ε)] sin θ = 0,

where μ > 0 is constant and f(t, ε) is the prescribed excitation of the support.
We will assume θ(0) = εa0 and θ′(0) = εb0, where a0 and b0 are constants
independent of ε.
(a) For f(t, ε) = εα sin2(t), where α is a positive constant, find a first-term

expansion of the solution that is valid for large t.
(b) For f(t, ε) = α sin(εωt), where α and ω are positive constants, find a

first-term expansion of the solution that is valid for large t.

3.27. This problem concerns the forced Duffing problem (3.41) and its
asymptotic solution (3.55).
(a) Sketch the positive solutions of (3.56) when λ = 0. Identify which branch

is in phase with the forcing and which branch is out of phase.
(b) One way to obtain a qualitative understanding of the solution of (3.52),

(3.53) is to use the phase plane. Set φ = θ−ωt2, and sketch the direction
fields in the A, φ-plane for λ�= 0 and for λ = 0.

(c) Based on your results from part (b), comment on the possibility that A
approaches a constant as t2 → ∞.
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Figure 3.8 Sketch by Huygens, circa 1665, of two pendulum clocks attached to a
beam supported by chairs

3.5 Weakly Coupled Oscillators

In this section we will use multiple scales to study systems involving multiple
oscillators that are weakly coupled. This is a classic problem in applied math-
ematics, going back to Huygens’ attempt to solve one of the more important
unsolved technological problems in the middle 1600s. An accurate method
was needed to determine longitude on a sailing ship, and Huygens thought
he could use two of his pendulum clocks to produce such a device. A sketch of
what he had in mind is shown in Fig. 3.8. It did not work as expected because
the pendulums would become synchronous after running for about 30min.
In particular, he found that irrespective of how the pendulums started out,
their motion would somehow change so they would eventually be 180◦ out
of phase. After some experimentation Huygens discovered that this was due
to the beam the pendulums were attached to, which allowed for a weak cou-
pling between the oscillators. It is also worth commenting on how easy it is
to obtain this type of response; the simplicity of the experiment shown in
Fig. 3.8 is evidence of this (another example is shown in Fig. 6.22). In fact,
it is so easy that Huygens claimed, in a letter to his father, that he did the
experiment while lying in bed. It is therefore not surprising that synchronous
behavior is found throughout nature. One example arises in neuroscience.
The brain contains millions of neurons, and to certain stimuli groups of these
neurons can respond in an oscillatory manner. It is thought that the result-
ing synchronized neural activity is important for cognitive function, although
exactly how is still an open question (Poulet and Petersen, 2008; Klimesch
et al., 2010). Another example, one most people are familiar with, is the
synchronized clapping that can occur in a theater (Neda et al., 2000).

To investigate some of the consequences that weak coupling might have
on the overall behavior of oscillators, we will consider a simple problem, one
involving masses, springs, and dashpots. An example is shown in Fig. 3.9.
Each oscillator, which consists of a single mass and spring, is coupled to
every other oscillator through a spring and dashpot. The resulting equations
of motion are
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m1y
′′
1 + k1y1 = ε (f12 + f13) , (3.57)

m2y
′′
2 + k2y2 = ε (−f12 + f23) , (3.58)

m3y
′′
3 + k3y3 = ε (−f13 − f23) , (3.59)

where

f12 = k12(y2 − y1) + c12(y
′
2 − y′1), (3.60)

f13 = k13(y3 − y1) + c13(y
′
3 − y′1), (3.61)

f23 = k23(y3 − y2) + c23(y
′
3 − y′2). (3.62)

In the preceding equations, fij is the force of the coupling between the ith
and jth oscillators and the minus signs appearing in (3.58) and (3.59) are
due to Newton’s third law. Also, these equations are nondimensionalized; an
explanation of how this is done in given in Exercise 3.32. In this context,
mi and ki are the scaled mass and spring constants, respectively, for the ith
oscillator. Similarly, kij is the spring constant for the spring connecting the
ith and jth oscillators, and cij is the constant for the dashpot connecting the
ith and jth oscillators.

The equations of motion (3.57)–(3.62) can be written in matrix form as

My′′ +Ky = −ε (Ay +By′) , (3.63)

where

M =

⎛

⎜
⎜
⎝

m1 0 0

0 m2 0

0 0 m3

⎞

⎟
⎟
⎠ , K =

⎛

⎜
⎜
⎝

k1 0 0

0 k2 0

0 0 k3

⎞

⎟
⎟
⎠ ,

A =

⎛

⎜
⎜
⎝

k12 + k13 −k12 −k13
−k12 k12 + k23 −k23
−k13 −k23 k13 + k23

⎞

⎟
⎟
⎠ ,

Figure 3.9 Three oscillators weakly coupled by springs and dashpots
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B =

⎛

⎜
⎜
⎝

c12 + c13 −c12 −c13
−c12 c12 + c23 −c23
−c13 −c23 c13 + c23

⎞

⎟
⎟
⎠ .

The left-hand side of (3.63) comes from the masses and springs of the oscilla-
tors, while the right-hand side contains the coupling terms. It is important to
note that all four of the preceding matrices is symmetric. Moreover, assuming
that the parameters mi, ki, kij , and cij are positive, the matrices M and K
are positive definite, and A and B are positive semidefinite (Exercise 3.31).

We are assuming that the coupling is weak, and so ε is small. Our objective
is to derive an approximation for the solution that holds for large t. Exactly
what happens depends on the differences in the oscillators. In the calculations
to follow we will assume they are all different in the sense thatmi/ki �= mj/kj
if i�= j. In Exercise 3.28 the other extreme is considered, where the oscillators
are all the same. Later, in Sect. 6.7, we will consider what happens when the
oscillators are nonlinear, where each gives rise to what is known as a limit
cycle solution.

The equation in (3.63) is similar enough to (3.1) that it should not be
unexpected that we need to use a multiple-scale approximation to derive an
approximation that holds for large t. With this in mind, we introduce the
two time scales t1 = t and t2 = εt. In this case, (3.63) becomes

M(∂2t1 + 2ε∂t1∂t2 + ε2∂2t2)y +Ky = −ε [Ay + (∂t1 + ε∂t2)By] .

Assuming that
y ∼ y0(t1, t2) + εy1(t1, t2) + · · ·

we obtain the following problem:

O(1) M(∂2t1y0) +Ky0 = 0.

To find the solution, assume that y0 = zeirt1 . Substituting this into
the equation yields Kz = r2Mz. This is an eigenvalue equation, where
r2 is the eigenvalue and z is the corresponding eigenvector. Given the
diagonal nature of the two matrices, we have the three eigenvalues
r2j = kj/mj for j = 1, 2, 3. Letting zj be an eigenvector for r2j ,
normalized so that

zjMzk = δjk, (3.64)

then the general solution of the O(1) equation is

y0 =
∑

j

[
αj(t2)e

irjt1 + βj(t2)e
−irjt1

]
zj , (3.65)

where the dependence of the αj and βj on t2 is determined from O(ε)
problem.
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The solution in (3.65) was written so it applies to systems containing more
that three oscillators. That is, it applies to the second-order differential equa-
tion given in (3.63), where M and K are symmetric and positive-definite
matrices. The symmetry in this case guarantees that the eigenvectors zj
form a basis, and the positive-definiteness of these two matrices means that
the eigenvalues r2j are positive. What we had to assume explicitly was that
the eigenvalues are distinct. This does not affect the form of the solution in
(3.65), but it does have consequences for how the coupling is responsible for
generating secular terms.

O(ε) M(∂2t1y1) +Ky1 = −2M(∂t1∂t2y0)−Ay0 −B(∂t1y0).

Given that the zj form a basis, we can write

y1 =
∑

j

γj(t1, t2)zj .

Substituting this into the O(ε) equation and using the fact that
Kzj = r2jMzj yields

∑

j

(
∂2t1γj + r2jγj

)
Mzj =

∑

j

(
2irjβ

′
jMzj + irjβjBzj − βjAzj

)
e−irjt1

−
∑

j

(
2irjα

′
jMzj + irjαjBzj + αjAzj

)
eirjt1 .

Given the orthogonality condition (3.64) it follows that

∂2t1γk + r2kγk = −2irkα
′
ke

irkt1 + 2irkβ
′
ke

−irkt1

−
∑

j

αj(irjzkBzj + zkAzj)e
irjt1

−
∑

j

βj(−irjzkBzj + zkAzj)e
−irjt1 .

The e±irkt1 terms on the right-hand side will generate secular terms,
and so we require that

− 2irkα
′
k − αk(irkzkBzk + zkAzk) = 0 (3.66)

and
2irkβ

′
k − βk(−irkzkBzk + zkAzk) = 0. (3.67)

Solving these equations yields

αk = ak exp

(
1

2

(
−zkBzk +

i

rk
zkAzk

)
t2

)
for k = 1, 2, 3,
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and

βk = bk exp

(
1

2

(
−zkBzk − i

rk
zkAzk

)
t2

)
for k = 1, 2, 3,

where the constants ak and bk are determined from the initial
conditions.

Based on the preceding calculations and the result from Exercise 3.31(c),
the first-term approximation of the weakly coupled oscillator problem is

y ∼
∑

j

(
aje

iθjt + bje
−iθjt

)
e−εκjtzj , (3.68)

where

κj =
1

2
zjBzj

=
1

2mj
Bjj

and

θj = rj +
ε

2rj
zjAzj

=

√
kj
mj

[
1 +

ε

2

Ajj

k1

]
.

The preceding approximation holds for the general matrix Eq. (3.63), so long
as the eigenvalues r2j are distinct and have a geometric multiplicity of one. In

other words, in the case of n oscillators, there are n eigenvalues with r2i �= r2j ,
∀i�= j.

The solution in (3.68) applies to the general form of the equation as given
in (3.63). For the three oscillator systems first introduced in Fig. 3.9, the
approximation gives us that the displacement for the first oscillator is

y1 ∼ A1e
−εκ1t cos(θ1t+ ϕ1) , (3.69)

where

κ1 =
1

2m1
(c12 + c13)

and

θ1 =

√
k1
m1

[
1 +

ε

2

k12 + k13
k1

]
.

The constants A1 and ϕ1 are determined from the initial conditions. There
are similar expressions for the displacements of the other two oscillators.
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In (3.69), given that κ1 depends on c12 and c13, the decay in the solution is
due to the damping terms in the coupling. Similarly, the dependence of θ1 on
k12 and k13 shows that the spring coupling causes a shift in the frequency of
the oscillation. For anyone familiar with a damped harmonic oscillator, this
result is not particularly surprising. However, what might not be obvious is
that this result hinges on the fact that the three oscillators have different
resonant frequencies. As shown in Exercise 3.28, when they are the same,
the time decay seen in (3.69) no longer occurs and the solution evolves into
simple harmonic motion.

Exercises

3.28. This problem explores what happens when all of the oscillators are
the same for the system shown in Fig. 3.9. Specifically, it is assumed that
mi = ki = 1, i = 1, 2, 3 [Exercise 3.32(b)]. The coupling coefficients, however,
are not assumed to be equal.
(a) Show that in constructing a first-term multiple-scale approximation one

obtains (3.65), but instead of (3.66) and (3.67), it is necessary to solve
first-order systems of the form α′ = Qα and β′ = Pβ.

(b) Show that zero is an eigenvalue of Q and all other eigenvalues have neg-
ative real part. What about the eigenvalues of P? With this information,
write down the resulting first-term multiple-scale approximation of y.

(c) A single mass–spring–dashpot system, as embodied in (3.1), is oscillatory
but decays over time. The decay comes from the dissipative nature of
the dashpot mechanism. One might think that the same is true with a
multiple mass–spring–dashpot system. Explain why your answer in part
(b) shows that this expectation is incorrect. Also, explain this situation by
considering the contribution of the dashpots to the equations of motion,
which is contained in the term −εBy′.

(d) Show that as t → ∞, the three oscillators are not only periodic but in-
phase. In other words, they evolve into synchronous periodic motion.

3.29. This problem explores three pendulums that are coupled with springs,
as shown in Fig. 3.10. It is assumed the pendulums are the same, so they
have the same mass m and length L. It is also assumed that the two springs
have the same spring constant k, and each is attached at a distance � from
the upper pivot (as measured along the rod of the pendulum).
(a) The equations of motion are

mL2θ′′1 = −mgL sin(θ1) + k�2(sin θ2 − sin θ1) cos θ1,

mL2θ′′2 = −mgL sin(θ2) +
(
k�2(sin θ3 − sin θ2)− k�2(sin θ2 − sin θ1)

)
cos θ2,

mL2θ′′3 = −mgL sin(θ3)− k�2(sin θ3 − sin θ2) cos θ3.
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Assuming a small angle, so sin θ ≈ θ and cos θ ≈ 1, nondimensionalize
the resulting linear problem and show that it can be written as

y′′ + y = −εAy,

where

A =

⎛

⎜
⎜
⎝

1 −1 0

−1 2 −1

0 −1 1

⎞

⎟
⎟
⎠ .

It is assumed that the coupling is weak, so ε is small.
(b) Derive a first-term multiple-scale approximation of y.

3.30. The spring and dashpot coupling shown in Fig. 3.9 occurs in parallel.
It is possible to put them in series. A two oscillator example is shown in
Fig. 3.11. Assuming weak coupling, the equations of motion are (Holmes,
2009)

m1y
′′
1 + k1y1 = εf,

m2y
′′
2 + k2y2 = −εf,

1

k0
f ′ +

1

c0
f = y′2 − y′1.

In these equations, f is the force due to the coupling.
(a) The equations for two oscillators that have parallel coupling is obtained

by setting y3 = k13 = c13 = k23 = c23 = 0 in (3.57)–(3.62). Comment on
the differences in the equations for series and parallel coupling. Also, show
that they reduce to the same problem if the coupling has no dashpot, so
c12 = 0 and c0 → ∞, or has no spring, so k12 = 0 and k0 → ∞.

(b) Derive a first-term multiple-scale approximation of the solution of the
parallel problem in the case where k1/m1 �= k2/m2.

(c) Show that the displacement for the first oscillator can be written as

y1 ∼ A1e
−εκ̄1t cos

(
θ̄1t+ ϕ̄1

)
.

1 2 3

Figure 3.10 Three pendulums that are weakly coupled by springs, as described in
Exercise 3.29
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Figure 3.11 Two oscillators that are weakly coupled by a spring and dashpot in
series, as described in Exercise 3.30

Comment on how the decay in the solution and the frequency shift differ
from the parallel solution as given in (3.69). For example, does the solution
for the series coupling decay faster or have a larger frequency shift than
the solution for parallel coupling? Also, show that this solution agrees
with (3.69) for the two special cases described in part (a).

(d) Derive a first-term multiple-scale approximation of the solution of the
parallel problem in the case where m1 = m2 = k1 = k2 = 1.

(e) For your solution in part (d), explain what happens as t → ∞ when the
initial conditions satisfy x1(0) + x2(0) = 0 and x′1(0) + x′2(0) = 0. What
happens when the initial conditions do not satisfy these conditions?

3.31. This problem develops some of the properties of the matrices and vec-
tors used in this section. Assume here that the parameters mi, ki, kij , and
cij are positive.
(a) Show that M and K are positive definite.
(b) Show that A and B are positive semidefinite. In particular, for each ma-

trix, show that one eigenvalue is zero and the others are positive.
(c) Explain why, even with the normalization given in (3.64), zj is not

uniquely determined. Also, show that one choice is (zj)i = δij/
√
mj .

3.32. This problem derives the nondimensional oscillator problem (3.57)–(3.59).
In dimensional variables the equation for the first oscillator is

M1Y
′′
1 +K1Y1

= K12(Y2 − Y1) +K13(Y3 − Y1) + C12(Y
′
2 − Y ′

1) + C13(Y
′
3 − Y ′

1),

where Yi(T ) is the displacement of the ith oscillator,Mi its mass, and Ki its
spring constant. Also, T is the time variable, and the Kij and Cij are the
coupling constants. The capital letters designate dimensional quantities, and
their lowercase counterparts will designate the nondimensional version of the
respective variable. There are also equations for the other two oscillators, but
this problem will concentrate only on the first one.
(a) Introducing the averages Ma = 1

3

∑
j Mj and Ka = 1

3

∑
j Kj, let mi =

Mi/Ma and ki = Ki/Ka. Also, assume the nondimensionalization is Yi =
Ycyi and T = Tct, where Yc and Tc are the same for the three oscillators.
What does Tc need to obtain (3.57)? Explain why there is no condition
imposed on Yc (other than that it is independent of i).
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(b) Show that if the oscillators are the same, so that they have the same mass
and the same spring constant, then mi = ki = 1 in (3.57)–(3.59).

3.6 Slowly Varying Coefficients

To illustrate what happens when a more complicated time scale must be used,
we present the following problem:

y′′ + k2(εt)y = 0 for 0 < t, (3.70)

where
y(0) = a and y′(0) = b. (3.71)

This equation corresponds to an undamped oscillator with a spring that has
a slowly varying restoring force. This is the sort of situation that could arise,
for example, if the spring gradually fatigued or changed periodically in time.
We will assume that k(τ) is a smooth positive function for τ ≥ 0. It is also
assumed that it is not constant.

Before deriving a multiple-scale approximation of the solution of (3.70),
(3.71), it is worth examining what a solution can look like. Therefore, in
Fig. 3.12 the numerical solution is shown for a particular choice of the func-
tion k(εt). It is evident from this graph that there are (at least) two time
scales, a fast time scale associated with the rapid oscillations in the solution
and a slower time scale involved with the variation of the amplitude of the
oscillation. Our objective is to determine exactly what these time scales are
and how they depend on the coefficient function k(εt).
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t-axis
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Figure 3.12 Numerical solution (dashed curve) of (3.70) and (3.71) when k(εt) =
2+cos(εt), ε = 10−1, a = 0, and b = 1. Also shown (solid curve) is the amplitude A(t)
of the oscillation determined from the multiple-scale approximation given in (3.81)
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Based on our success with the weakly damped oscillator in Sect. 3.2, sup-
pose we assume the two principal time scales for this problem are t1 = t and
t2 = εt. Using the same expansion as in (3.12), one finds that

y0 = a0(t2) sin[k(t2) t1] + b0(t2) cos[k(t2) t1] .

To determine a0 and b0, we need to solve the O(ε) equation. One finds that
this equation is

(
∂2t1 + k2

)
y1 = −2

[
(a0k)

′ − b0kk
′t1
]
cos[k(t2) t1]

+ 2
[
(b0k)

′
+ a0kk

′t1
]
sin[k(t2) t1] .

Looking at the right-hand side of this equation, one sees that terms like
t21 sin[k(t2) t1] and t1 sin[k (t2) t1] are going to appear in the solution for y1.
Since a0, b0, and k are independent of t1, the only way to prevent this is
to take a0 = b0 = 0. In other words, the only solution we are able to find
that does not contain secular terms is the zero solution. Clearly, we have not
gotten very far with our simple expansion.

It is necessary to think a little harder on how to choose the time scales,
and the first place to begin is with t1. This is the faster time scale, so it
should be a measure of the period of oscillation. In this problem, the period
depends on k(εt). At the moment, it is unclear exactly how to define this
time scale, and so we will let

t1 = f(t, ε) (3.72)

and
t2 = εt. (3.73)

The function f(t, ε) must satisfy the following conditions:

1. f(t, ε) is nonnegative and increases with t,

2. εt << f as ε ↓ 0 (i.e., t1 is the fast time scale and t2 is the slow
scale), and

3. f(t, ε) is smooth.

Now, with the multiple-scale transformation and the chain rule, we have

d

dt
=
∂f

∂t

∂

∂t1
+ ε

∂

∂t2
,

d2

dt2
= f2

t

∂2

∂t21
+ ftt

∂

∂t1
+ 2εft

∂2

∂t1∂t2
+ ε2

∂2

∂t22
.

Substituting these into (3.70) yields
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(f2
t ∂

2
t1 + ftt∂t1 + 2εft∂t1∂t2 + ε2∂2t2

)
y + k2(εt)y = 0. (3.74)

① ②

The oscillation takes place because of the balance between terms ① and ②.
We therefore let ft = k(εt). Integrating this yields

f(t, ε) =

∫ t

0

k(ετ)dτ. (3.75)

It is not hard to show that this choice satisfies the three requirements listed
earlier. Also, with this, we have that ftt = εk′(t2). So with the expansion

y ∼ y0(t1, t2) + εy1(t1, t2) + · · · , (3.76)

we obtain the following problems from (3.74) and (3.71):

O(1)
(
∂2t1 + 1

)
y0 = 0,

y0(0, 0) = a, k(0)∂t1y0(0, 0) = b.

The solution of this problem is

y0 = a0 (t2) sin(t1) + b0 (t2) cos(t1) , (3.77)

where b0(0) = a and a0(0) = b/k(0).

O(ε) k2
(
∂2t1 + 1

)
y1 = −2k∂t1∂t2y0 − k′∂t1y0

= − (a0k
′ + 2ka′0) cos(t1) + (b0k

′ + 2kb′0) sin(t1).

To prevent secular terms, we let a0k
′ + 2ka′0 = b0k

′ + 2kb′0 = 0. Thus,

a0 =
α0√
k
, and b0 =

β0√
k
, (3.78)

where α0 and β0 are constants determined from the initial conditions.

Our first-term approximation is therefore

y ∼ 1
√
k(εt)

[
α0 sin

(∫ t

0

k(ετ)dτ

)
+ β0 cos

(∫ t

0

k(ετ)dτ

)]
. (3.79)

The values of α0 and β0 are determined from the initial conditions, and one
finds that β0 = y(0)

√
k(0) and α0 = y′(0)/

√
k(0).

As a check on the accuracy of the multiple-scale approximation in (3.79),
note that in the special case where y(0) = 0, (3.79) reduces to
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y ∼ A(t) sin

(∫ t

0

k(ετ)dτ

)
, (3.80)

where the amplitude function A(t) is

A(t) =
α0√
k(εt)

. (3.81)

To compare the multiple-scale approximation and the numerical solution of
the problem, A(t) is plotted in Fig. 3.12. The amplitude is used because the
highly oscillatory nature of the solution makes a point-by-point comparison
unwieldy. Based on how well the amplitude compares, it is is evident that the
multiple-scale approximation gives a very accurate description of the solution.

Problems with slowly varying coefficients are not uncommon, and it is
also not uncommon to see ad hoc approximations of the solution. Usually
this involves solving the problem as if the coefficients were constant and
then allowing the coefficients in the resulting solution to be slowly varying
functions. This idea, and how badly it works, is explored in Exercise 3.34.

There are other ways to derive the approximation in (3.79). One that is
relatively easy to apply is the WKB method (Exercise 4.2). The advantage
of the multiple-scale approach is that it works on nonlinear problems. This is
evident in the original paper on this problem by Kuzmak (1959), and it will
be evident in the next section. Using the method, however, requires us to be
able to recognize the appropriate scales and then determine what terms are
responsible for secular terms.

Exercises

3.33. This problem concerns the slowly varying undamped oscillator (3.70).

(a) Suppose that one uses Taylor’s theorem to expand k(εt) for small ε and
then uses a standard multiple-scale transformation as in (3.8), (3.9). How
does the first term in this case compare with (3.79)? Over what time
interval is this expansion valid?

(b) Show that the fast time scale given in (3.75) satisfies the following con-
ditions: (i) f(t, ε) is positive and increases with t; (ii) εt << f as ε ↓ 0;
and (iii) f(t, ε) is smooth. Is it necessary that f(0, ε) = 0?

(c) Suppose that instead of (3.73) one takes t2 = εt1. Does this alter (3.79)?

3.34. This problem explores one of the more common, but flawed, methods
for approximating the solution to a problem with slowly varying coefficients.

(a) Assuming k is constant, find the general solution of (3.70). The flawed
approximation is obtained by taking this solution and letting k depend
on εt. Use this expression to satisfy the initial conditions y(0) = 0 and
y′(0) = b.
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Figure 3.13 Stability regions in ε, λ-plane for Mathieu’s equation. An S indicates a
stable region and an N an unstable region. In Exercise 3.37 it is assumed that λ > 0

(b) How does the approximation in part (a) compare with the corresponding
multiple-scale approximation in (3.80), (3.81)? Comment specifically on
the differences in the amplitude and phase of the two expressions. Use
the example in Fig. 3.12 to illustrate your conclusions.

3.35. Consider the problem

d

dt

(
D(εt)

dy

dt

)
+ y = 0 for 0 < t,

where y(0) = α and y′(0) = β. The coefficient D(τ) is a smooth positive
function with D′ > 0. Find a first-term approximation of the solution valid
for large t.

3.36. The equation for the angular displacement θ(t) of a pendulum whose
length is slowly varying is

θ′′ + κ(εt) sin(θ) = 0 for 0 < t,

where θ(0) = ε and θ′(0) = 0. The function κ(τ) is smooth and positive. Find
a first-term expansion of the solution that is valid for large t.

3.37. Mathieu’s equation is

y′′ + [λ+ ε cos(t)]y = 0 for 0 < t,

where y(0) = a and y′(0) = b. Also, λ is a positive constant. This equation
describes the small-amplitude oscillations of a pendulum whose length varies
periodically with time. If the pendulum’s natural frequency is a particular
multiple of the frequency of the length variation, then instability can occur.
This is indicated in Fig. 3.13, which shows the regions in the ε, λ-plane where
the motion is stable (S) and unstable (N). Equations for the boundaries of
these regions are derived in this exercise.
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(a) Assuming λ is independent of ε, use a regular expansion to show that a
secular term appears in the second term of the expansion if λ = 1/4 and
in the third term no matter what the value of λ.

(b) In the case where λ = 1/4, use multiple scales to remove the secular term
in the second term of the expansion. Use this to explain why the solution
can grow exponentially in time and is therefore unstable. By generalizing
this analysis, it is possible to show that the solution may be unbounded,
and hence unstable, if λ = n2/4, where n = 1, 2, 3, . . . (you do not need
to show this).

(c) Assuming λ �= n2/4, where n = 1, 2, 3, . . ., use multiple scales to show
that

y ∼ a0 cos

(√
λt+

ε2t

4
√
λ(1− 4λ)

+ θ0

)
,

where a0 and θ0 are constants. This expression indicates what the solution
looks like in the stable regions in Fig. 3.13.

(d) To investigate what happens for λ values near 1/4, suppose λ ∼
1
4 (1 + 2ελ1). Find a first-term approximation of the solution that is
valid for large t. From this, show that the solution may be unbounded,
depending on the initial conditions, if |λ1| < 1. Moreover, irrespective of
the initial conditions, the solution is bounded if |λ1| > 1. Because of this,
the curves λ ∼ 1

4 (1± 2ε) form the stability boundaries in this region.
(e) To investigate what happens near λ = 1, suppose λ ∼ 1 + ε2λ1. Find

a first-term approximation of the solution that is valid for large t. From
this, show that the solution may be unbounded, depending on the initial
conditions, if −1

12 < λ1 <
5
12 .

3.38. This problem considers the case where the logistic equation has a slowly
varying rate r(εt). The equation is

y′ = r(εt)y(1 − y) for 0 < t,

where y(0) = α is a positive constant. It is assumed that r(τ) is a smooth
positive function.
(a) Using the time scales t1 = t and t2 = εt, show that there is a problem

when attempting to determine the dependence of y0 on t2.
(b) Using the time scales (3.72) and (3.73), derive a first-term approximation

for the solution that is valid for large t.

3.39. Consider the following boundary-value problem for the function u(x):

ε2u′′ +
[
ω2 − k2(x)

]
u = 0 for 0 < x <∞,

where u(0) = 1 and u→ 0 as x→ ∞. Also, k(x) is smooth and positive, and
ω is a positive constant.
(a) Find a first-term approximation of the solution if k(x) > ω for 0 ≤ x<∞.
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(b) Suppose k′(x) > 0 for 0 ≤ x < ∞ and k(xt) = ω, where 0 < xt < ∞.
Find a first-term approximation of the solution for 0 ≤ x < xt and another
approximation of the solution for xt < x <∞. The approximations from
these two regions need to be matched; how to do this will be discussed in
Sect. 4.3.

3.40. The equation for what is known as the Rayleigh oscillator is

y′′ − ε

(
1− 1

3
(y′)2

)
y′ + y = 0 for 0 < t,

where y(0) = 0 and y′(0) = 1. Find a first-term approximation of the solution
valid for large t.

3.41. The approach used in this section can be adapted to other secular-
producing approximations. As an example, consider the eigenvalue problem
for the vertical displacement of an elastic string with variable density, given
as

y′′ + λ2ρ(x, ε)y = 0 for 0 < x < 1, where y(0) = y(1) = 0.

Both the eigenfunction y(x) and associated eigenvalue λ are to be determined
from this problem. The density ρ is assumed known, with ρ ∼ 1+εμ(x), where
μ(x) is smooth. The objective is to find an approximation of y and λ, for small
ε, that is valid for both large and small values of λ.
(a) Assuming regular expansions of the form y ∼ y0(x) + εy1(x) + · · · and

λ ∼ λ0 + ελ1 + · · · , show that y0 = A0 sin(λ0x) and λ0 = nπ. Also, by
examining the problem for the second terms, explain why y1 contains a
secular term for large n (you can assume μ = x to do this).

(b) In a similar manner as in (3.72), introduce a change of variables, X =
f(x, ε) and Y (X) = y(x). Find f so the problem transforms into solving

Y ′′ + h(X, ε)Y ′ + ν2Y = 0 for 0 < X < 1,

where Y = 0 for X = 0, 1 and ν2 is a positive constant. Also, for small ε,
h(X, ε) ∼ 1

2εμ
′(X) + · · · .

(c) Assuming μ(x) = αx, find the first two terms in the expansion of Y
and ν. Are secular terms present in the second terms? What are the
corresponding expansions for y and λ?

(d) In the case where ρ = 1/(1 + εx)2, the exact eigenvalues are

λ2n =
ε2(πn)2

ln2(1 + ε)
+
ε

4
.

Compare this with your result in part (c).
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3.7 Boundary Layers

As stated earlier, the method of multiple scales is not limited to the time vari-
able. To illustrate this, we consider one of the boundary-layer problems from
the last chapter. Specifically, we take the following problem from Sect. 2.2:

εy′′ + 2y′ + 2y = 0 for 0 < x < 1, (3.82)

where
y(0) = 0 and y(1) = 1. (3.83)

We set x1 = x/ε and x2 = x, and (3.82) becomes

(
∂2x1

+ 2ε∂x1∂x2 + ε2∂2x2

)
y + 2 (∂x1 + ε∂x2)y + 2εy = 0. (3.84)

It is worth noting the intervals that are used for the space scales we have
introduced. For the boundary-layer scale, we have that 0 ≤ x1 <∞, and for
the other coordinate we require 0 ≤ x2 ≤ 1. Now, assuming

y ∼ y0(x1, x2) + εy1(x1, x2) + · · · , (3.85)

one finds, from (3.84), that the general solution for the first term is

y0 = a0(x2) + b0(x2)e
−2x1 . (3.86)

To determine the coefficients, we need the O(ε) equation from (3.84), and we
find that (

∂2x1
+ 2∂x1

)
y1 = −2∂x1∂x2y0 − 2∂x2y0 − 2y0. (3.87)

The general solution of this is

y1 = a1(x2) + b1(x2)e
−2x1 − (a′0 + a0)x1 + (b0 − b′0)x1e

−2x1 . (3.88)

Since 0 ≤ x1 < ∞, to remove the secular terms, we require a′0 + a0 = 0,
and to minimize the contribution of the second term, we take b0 − b′0 = 0
(Exercise 3.43). Using the fact that y0(0, 0) = 0 and y0(∞, 1) = 1, it follows
that the first-term approximation of the solution is

y ∼ e1−x − e1+x−2x/ε. (3.89)

In comparison, using matched asymptotics, we obtain, using the composite
expansion (2.16),

y ∼ e1−x − e1−2x/ε.

These expressions are unequal, and the difference is in the second expo-
nential in (3.89). However, this term is exponentially small except in the
boundary layer. Since the layer has thickness O(ε), it follows that any con-
tribution the x makes is of second order. In other words, the two expansions
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are asymptotically equivalent (to first order). As a final comment, note that
when using multiple scales, the balancing needed to determine the correct
space scale and the location of the boundary layer are hidden but are still
a very important component of the solution procedure. Readers wishing to
pursue the connections between matched asymptotic expansions and multiple
scales should consult the papers by Wollkind (1977) and Bouthier (1984).

Exercises

3.42. Consider the problem

εy′′ + p(x)y′ + q(x)y = f(x) for 0 < x < 1,

where y(0) = α and y(1) = β. Here p(x), q(x), and f(x) are smooth, and
p(x) > 0 for 0 ≤ x ≤ 1.
(a) Using matched asymptotic expansions, construct a composite expansion

of the solution.
(b) Let

x1 =
1

ε

∫ x

0

p(s)ds

and x2 = x. Find a first-term multiple-scale approximation.
(c) Discuss the differences between your results in parts (a) and (b). Comment

on the specific case where p(x) and q(x) are constants.

3.43. Set R(x, ε) = y(x)− y0(x/ε, x), where y0 is defined in (3.86) and a0(x)
and b0(x) are arbitrary.
(a) Find the exact solution to (3.82), (3.83), and write down the resulting

expression for R.
(b) Use Taylor’s theorem, with remainder, to expand the terms in R for small

ε. Use this to explain how a0 and b0 should be chosen to minimize the
error for 0 ≤ x ≤ 1.

3.8 Introduction to Partial Differential Equations

To begin the study of the application of multiple scales to partial differential
equations, we consider the equation for an elastic string with weak damping.
Specifically, we will study the problem

∂2xu = ∂2t u+ ε∂tu for 0 < x < 1 and 0 < t, (3.90)

where
u = 0 for x = 0, 1 (3.91)
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and
u(x, 0) = g(x) and ∂tu(x, 0) = 0. (3.92)

Even though a partial differential equation is involved, (3.90) is similar to the
oscillator problem considered in Sect. 3.2. This is because the input is through
the initial conditions (3.92), and there is weak damping. Consequently, it
should not be surprising to find out that a regular expansion results in secular
terms. (Another way to reach this conclusion is given in Exercise 3.45.)

To use multiple scales, we need to determine the appropriate time scales.
Given the similarity with the weakly damped oscillator, it seems reasonable
to assume that the same time scales can be used in this problem, and so we
take t1 = t and t2 = εt. In this case, (3.90)–(3.92) becomes

∂2xu =
(
∂2t1 + 2ε∂t1∂t2 + ε2∂2t2

)
u+ ε (∂t1 + ε∂t2)u, (3.93)

where
u = 0 for x = 0, 1 (3.94)

and
u = g(x) and (∂t1 + ε∂t2)u = 0 at t1 = t2 = 0. (3.95)

As before, the solution is not unique, and we will use this freedom to minimize
the contribution of the second term in the expansion. This will prevent the
appearance of secular terms.

The appropriate expansion of the solution is

u ∼ u0(x, t1, t2) + εu1(x, t1, t2) + · · · . (3.96)

Introducing this into (3.93)–(3.95) yields the O(1) problem

∂2xu0 = ∂2t1u0, (3.97)

where
u0 = 0 for x = 0, 1 (3.98)

and
u0(x, 0, 0) = g(x) and ∂t1u0(x, 0, 0) = 0. (3.99)

Using separation of variables, one finds that the general solution of (3.97),
(3.98) is

u0(x, t1, t2) =

∞∑

n=1

[an(t2) sin(λnt1) + bn(t2) cos(λnt1)] sinλnx, (3.100)

where λn = nπ. The initial conditions in (3.99) will be imposed once we
determine the coefficients an(t2) and bn(t2).

The O(ε) equation that comes from introducing (3.96) into (3.93) is
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∂2xu1 = ∂2t1u1 + 2∂t1∂t2u0 + ∂t1u0

= ∂2t1u1 +

∞∑

n=1

An(t1, t2) sinλnx, (3.101)

where
An = (2a′n + an)λn cos(λnt1)− (2b′n + bn)λn sin(λnt1).

Given the boundary conditions (3.94), it is appropriate to expand the solution
of (3.101) in a modal expansion like the one that appears in (3.100). Thus,
the solution of (3.101) has the form

u1 =

∞∑

n=1

vn(t1, t2) sinλnx.

Substituting this into (3.101) and using (3.100), one finds that

∂2t1vn + λ2nvn = −(2a′n + an)λn cos(λnt1) + (2b′n + bn)λn sin(λnt1).

Since the trigonometric functions on the right-hand side are solutions of the
associated homogeneous equation, to prevent secular terms in the expansion
we must take

2a′n + an = 0 and 2b′n + bn = 0.

Solving these equations and using the initial conditions (3.99), one finds that
an = 0 and bn = βne

−t2/2, where

βn = 2

∫ 1

0

g(x) sin(λnx)dx.

Therefore, our first-term approximation of the solution is

u(x, t) ∼
∞∑

n=1

βne
−εt/2 cos(λnt) sinλnx. (3.102)

It appears from this example that the application of the method of multiple
scales to partial differential equations is a relatively straightforward gener-
alization of what was used for ordinary differential equations. It should be
understood, however, that this was a very simple example and partial dif-
ferential equations can easily produce different, and very interesting, uses of
multiple scales.

Exercises

3.44. Consider the following problem:
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∂2xu = ∂2t u+ εu for 0 < x < 1 and 0 < t,

where u(0, t) = u(1, t) = 0, u(x, 0) = g(x), and ∂tu(x, 0) = 0. Using multiple
scales, find a first-term approximation of the solution that is valid for large t.

3.45. This problem concerns the energy associated with the weakly damped
string equation in (3.90).
(a) Multiplying (3.90) by the velocity ut, show that the equation can be

rewritten in the form
∂tH + ∂xS = −Φ.

In this case, H is the Hamiltonian, S the energy flux density, and Φ the
dissipation function (the latter being the only one that depends explicitly
on ε in this problem).

(b) Suppose a regular expansion of the solution is used. Explain why the first
term is a conservative approximation to a dissipative problem.

(c) Expand the energy equation in part (a) using multiple scales. Can you
interpret the approximation in (3.102) in terms of this result?

3.46. The problem for a weakly damped elastic string is

∂2xu = ∂2t u+ εut + εf(x) sin(ωt) for 0 < x < 1 and 0 < t,

where u(0, t) = u(1, t) = 0 and u(x, 0) = ∂tu(x, 0) = 0. Assume f(x) is
smooth.
(a) When ω �= nπ, where n is an integer, find a first-term approximation of

the solution that is valid for large t.
(b) When ω = π, find a first-term approximation of the solution that is valid

for large t.
(c) Suppose one looks for time-periodic solutions of the form u(x, t) =

v(x)eiωt. Find v(x) and then describe how this periodic solution com-
pares to the large t behavior of the solutions found in parts (a) and (b).
Assume that f(x) = sin(πx).

3.47. Consider the problem

∂2xu = ∂tu+ c(εx)u for 0 < x < 1 and 0 < t,

where u(0, t) = u(1, t) = 0 and u(x, 0) = f(x). Assume c(s) is smooth and
positive, and c′(0) �= 0. Find a first-term approximation of the solution that
is valid for large t.

3.48. The equation for a weakly damped beam is

∂4xu+ ε∂2xu+ ∂2t u+ ε∂tu = 0 for 0 < x < 1 and 0 < t,

where u = uxx = 0 at x = 0, 1. The initial conditions are u(x, 0) = f(x), and
ut(x, 0) = 0.
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(a) Find a first-term approximation of the solution that is valid for large t.
(b) Find the exact solution, and compare it with the result from part (a).

3.49. The Kirchhoff equation for the transverse vibrations of a weakly non-
linear string is (Leissa and Saad, 1994)

T (t)∂2xu = ∂2t u for 0 < x < 1 and 0 < t,

where

T (t) = 1 + ε

∫ 1

0

u2xdx.

Also, u(0, t) = u(1, t) = 0, u(x, 0) = g(x), and ∂tu(x, 0) = h(x).
(a) Assuming that g(x) = sin(nπx), where n is a positive integer, and h(x) =

0, find a first-term approximation of the solution that is valid for large t.
(b) For the general case, show that the first-term approximation of the so-

lution that is valid for large t has the form u ∼ ∑
an sinλnx, where

an = αn cos(ωnt) + βn sin(ωnt) for

ωn = λn

(
1 +

3

16
ελ2n(α

2
n + β2

n)

)
.

(c) The result in part (b) appears to be nonuniform for large values of n.
Show that this is not the case when h(x) = 0 and either g(x) = |x − 1

2 |
or g(x) = 1 + H(x − 1

2 ), where H is the Heaviside step function. What
about the general case?

3.50. This problem examines the piston-driven motion of a gas inside a cylin-
der. The Lagrangian equations of motion in this case are (Wang and Kassoy,
1990)

∂tρ+ ρ2∂xu = 0
∂tu+ ργ−1∂xρ = 0

}
for 0 < x < 1 and 0 < t,

where u(0, t) = εU(εt), u(1, t) = 0, and at t = 0 we have ρ = 1 and u = 0.
Here ρ(x, t) is the density of the gas, u(x, t) is the velocity of the gas, and U
is the prescribed velocity of the piston. The parameter ε is the ratio of the
piston velocity to the speed of sound, and γ > 1 is constant. It is assumed
that U(0) = 0, U ′(0) > 0, and

∫ ∞

0

U(τ)dτ < 1.

(a) Using regular expansions for u(x, t) and ρ(x, t), show that secular terms
are present in the second terms.

(b) Using multiple scales, find a first-term approximation of the solution that
is valid for large t.
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3.9 Linear Wave Propagation

To investigate how multiple scales can be used for traveling waves, we will
again start with the equation for an elastic string with weak damping. The
problem is

∂2xu = ∂2t u+ ε∂tu for −∞ < x <∞ and 0 < t, (3.103)

where
u(x, 0) = F (x) and ∂tu(x, 0) = 0. (3.104)

It is assumed that F (x) is smooth and bounded.
To see what happens when the multiple-scale method is not used, we try

the regular expansion

u ∼ u0(x, t) + εu1(x, t) + · · · . (3.105)

Substituting this into (3.103) and (3.104) yields the following problems:

O(1) ∂2xu0 = ∂2t u0
u0(x, 0) = F (x), ∂tu0(x, 0) = 0.

It is convenient at this point to switch to characteristic coordinates
and let θ1 = x− t and θ2 = x+ t. In this case, ∂x = ∂θ1 + ∂θ2 ,
∂t = −∂θ1 + ∂θ2 , and t = 0 corresponds to θ1 = θ2. Also, the equation
for u0 reduces to ∂θ1∂θ2u0 = 0. Integrating this yields the general
solution

u0 = f0(θ1) + g0(θ2),

where f0(θ1) and g0(θ2) are determined from the initial conditions.
From these conditions one finds that the solution of the O(1) problem
is

u0 =
1

2
[F (θ1) + F (θ2)] .

O(ε)
(
∂2x − ∂2t

)
u1 = ∂tu0.

If we use characteristic coordinates and the O(1) solution, the
equation becomes

4∂θ1∂θ2u1 = −1

2
F ′(θ1) +

1

2
F ′(θ2).

Integrating this, we obtain

u1 = −1

8
θ2F (θ1) +

1

8
θ1F (θ2) + f1(θ1) + g1(θ2),
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where f1(θ1) and g1(θ2) are arbitrary functions. Since −∞ < x <∞,
this solution contains secular terms; from what we have done so far,
there is no way to prevent this from occurring.

Because of the appearance of secular terms in the regular expansion, we
will use multiple scales to find an asymptotic approximation of the solution.
Unlike the problems examined earlier, this one appears to have secular terms
in both space and time. Consequently, we can introduce several scales. For
example, we can use one of the following:

(i) t1 = t, t2 = εt, x1 = x, x2 = εx;

(ii) θ1 = x− t, θ2 = x+ t, φ1 = εθ1, φ2 = εθ2;

(iii) θ1 = x− t, θ2 = x+ t, t2 = εt, x2 = εx.

These are equivalent, but note that each list contains four variables. Unfor-
tunately, this is usually necessary and means that there is going to be some
serious symbol pushing ahead.

We will use the scales given in (iii), which means that

∂x → ∂θ1 + ∂θ2 + ε∂x2 and ∂t → −∂θ1 + ∂θ2 + ε∂t2 . (3.106)

Substituting these into (3.103), we obtain the following equation:

{
4∂θ1∂θ2 + 2ε [(∂θ1 + ∂θ2) ∂x2 − (−∂θ1 + ∂θ2) ∂t2 ] +O(ε2)

}
u

= ε [−∂θ1 + ∂θ2 +O(ε)] u.

Also note that the initial conditions at t = 0 now correspond to θ1 = θ2 = x
and t2 = 0. In fact, the initial conditions in (3.104) become

u = F (θ1) and (−∂θ1 + ∂θ2 + ε∂t2)u = 0 when θ1 = θ2 and t2 = 0.

The next step is to introduce the expansion for the solution. For this problem,
it is simply

u ∼ u0(θ1, θ2, x2, t2) + εu1(θ1, θ2, x2, t2) + · · · .

This leads to the following problems:

O(1) 4∂θ1∂θ2u0 = 0 ,

u0 = F (θ1), (−∂θ1 + ∂θ2)u0 = 0 at θ1 = θ2 = 0 and t2 = 0.



Exercises 191

The general solution of the differential equation is

u0 = A(θ1, x2, t2) +B(θ2, x2, t2).

This expression is required to satisfy the initial conditions, and this
enables us to make a labor-saving observation. Since the initial con-
ditions do not depend on x2, it is not unreasonable to expect that u0
does not depend on x2. In other words, we can simplify the preceding
solution to

u0 = f0(θ1, t2) + g0(θ2, t2). (3.107)

If this hypothesis is incorrect, then the problem will tell us when we
attempt to remove secular terms.

O(ε) 4∂θ1∂θ2u1 = 2 (−∂θ1 + ∂θ2)∂t2u0 + (−∂θ1 + ∂θ2)u0.

Substituting the O(1) solution into this equation and solving, one
finds that

u1 = −1

4
θ2 (2∂t2 + 1)f0 +

1

4
θ1 (2∂t2 + 1)g0 + f1(θ1, t2) + g1(θ2, t2).

To prevent secular terms, we take

(2∂t2 + 1)f0 = 0 and (2∂t2 + 1)g0 = 0.

Integrating these equations and using the O(1) initial conditions yields

f0 =
1

2
F (θ1)e

−t2/2 and g0 =
1

2
F (θ2)e

−t2/2. (3.108)

Therefore, a first-term approximation of the solution that is valid for large
t is

u(x, t) ∼ 1

2
[F (x− t) + F (x+ t)]e−εt/2. (3.109)

The accuracy of this approximation is quite good and has to do with the
fact that it is actually the exact solution of the problem. This does not
happen when more general initial conditions are used, as demonstrated in
Exercise 3.51.

Exercises

3.51. Instead of (3.104), suppose the initial conditions are u(x, 0) = F (x)
and ∂tu(x, 0) = G(x).
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(a) Find a first-term approximation of the solution of (3.103), for these initial
conditions, that is valid for large t.

(b) The exact solution is (Tychonov and Samarskii, 1970)

u =
1

2
[F (x + t) + F (x− t)]e−εt/2

+
1

4
e−εt/2

∫ x+t

x−t

[K(x, t, z)F (z) + L(x, t, z)G(z)]dz,

where

K(x, t, z) = εI0

(ε
2
s
)
+
εt

s
I1

(ε
2
s
)
,

L(x, t, z) = 2I0

(ε
2
s
)
,

s =
√
t2 − (x− z)2, and I0 and I1 are modified Bessel functions. Show

that this reduces to your result in part (a).

3.52. This exercise explores what happens when the domain is semi-infinite.
The problem is to solve

∂2xu = ∂2t u+ ε∂tu for 0 < x <∞ and 0 < t,

where u(x, 0) = a(x), ∂tu(x, 0) = b(x), and u(0, t) = c(t). It is assumed that
a(0) = c(0) and b(0) = c′(0).
(a) Before finding a multiple-scale approximation, it is worth first considering

the problem when ε = 0. In this case, information travels with speed
s = 1. This means that at any given nonzero value of x, information from
the boundary (where x = 0) does not arrive until t = x. Consequently,
the boundary condition only affects the solution over the interval 0 ≤
x ≤ t, and the solution for t < x is determined entirely from the initial
conditions. Based on these observations, the solution for ε = 0 can be
written as

u(x, t) =

{
F (x− t) +G(x + t) if 0 ≤ t < x,
f(x− t) + g(x+ t) if 0 ≤ x < t.

Explain why the preceding function satisfies the wave equation (you can
assume that x �= t). Also, determine F and G from the initial condi-
tions, and then determine f and g from the boundary condition and the
requirement that u be continuous at x = t.

(b) In the case of small ε, find a first-term approximation of the solution that
is valid for large t. Note that the result from part (a) will be useful here,
but it is necessary to assume that the functions also depend on the slow
variables.

(c) The exact solution, when 0 ≤ t ≤ x, is (Tychonov and Samarskii, 1970)
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u =
1

2
[a(x+ t) + a(x− t)]e−εt/2

+
1

4
e−εt/2

∫ x+t

x−t

[K(x, t, z)a(z) + L(x, t, z)b(z)]dz,

where J and K are defined in Exercise 3.51(b). Show that this reduces to
your result in part (b) when 0 ≤ t ≤ x.

(d) The exact solution, when 0 ≤ x ≤ t, is

u = uc + c(t− x)e−εx/2 +
ε

2
e−εt/2

∫ t−x

0

M(x, t, z)c(z)dz,

where uc is the expression for the solution in part (c), and

M(x, t, z) =
x

s
J1

(ε
2
s
)
eεz/2.

Show that this reduces to your result in part (b) when 0 ≤ x ≤ t.

3.53. The wave equation with a slowly varying phase velocity is

c2(εt)∂2xu = ∂2t u for −∞ < x <∞ and 0 < t,

where u(x, 0) = f(x) and ut(x, 0) = 0. Find a first-term approximation of the
solution that is valid for large t. It is assumed that c(t) is a smooth positive
function. (Hint: See Sect. 3.6.)

3.54. Consider the following advection problem with weak diffusion:

ε∂2xu = ∂tu+ ∂xu for −∞ < x <∞ and 0 < t,

where u(x, 0) = f(x). Using multiple scales, find a first-term approximation
of the solution that is valid for large t.

3.55. In the study of acoustic wave propagation in a tube, one comes across
the horn equation for the pressure p(x, t). This equation can be written as
(Rabbitt and Holmes, 1988)

pxx + εa(εx)px = ptt for −∞ < x <∞ and 0 < t.

The coefficient a(εx) is included to account for a slowly varying cross section
of the tube. Specifically, if the cross-sectional area is A(εx), then a(εx) =
A′(εx)/A(εx).
(a) Using multiple scales, find a first-term approximation of the solution that

is valid for large x.
(b) Find the second term in the expansion.

3.56. In the study of the quantum motion of an ion in a Paul trap, one is
interested in finding what is called a Wigner function u(x, y, t). In the case
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of a weakly harmonic potential, the equation for this function is (Stenholm,
1992)

ut + ux − xf(t)uy = 0.

Here f(t) = a−ε cos(t), where a is a positive constant. Using multiple scales,
find a first-term approximation of the solution that is valid for large t.

3.10 Nonlinear Waves

Traveling-wave solutions are found for a wide variety of nonlinear partial
differential equations. This differs significantly from the situation for linear
problems where wave propagation is limited to particular types of equations.
In this section, examples are analyzed that illustrate some of the situations
where nonlinear waves are possible and how to use multiple scales to find
them.

3.10.1 Nonlinear Wave Equation

Consider the nonlinear wave equation

∂2xu = ∂2t u+ u+ εu3 for −∞ < x <∞ and 0 < t, (3.110)

where
u(x, 0) = F (x) and ∂tu(x, 0) = G(x). (3.111)

This is known as the nonlinear Klein–Gordon equation, and it describes the
motion of a string on an elastic foundation as well as the waves in a cold
electron plasma. There is little hope of solving this problem in closed form,
so our approach will be to investigate particular solutions that are in the
form of traveling waves.

To understand the approach we will take, consider the linear equation
that is obtained when ε = 0. Using the Fourier transform, one finds that the
general solution has the form

u(x, t) =

∫ ∞

−∞
A(k)ei(kx−ωt)dk +

∫ ∞

−∞
B(k)ei(kx+ωt)dk, (3.112)

where A(k) and B(k) are determined from the initial conditions and ω =√
1 + k2. This shows that the solution of the linear equation can be written

as the superposition of the plane wave solutions u±(x, t) = ei(kx±ωt). For this
reason, it is worth investigating what the nonlinear equation does to one of
these plane waves.
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The analysis to follow investigates what happens to the right-running plane
wave u(x, t) = cos(kx−ωt), where ω =

√
1 + k2. To find an expansion of the

solution, one might try something like

u(x, t) ∼ u0(kx− ωt) + εu1(x, t) + · · · .

However, it is not hard to show that this leads to secular terms. Consequently,
we will use multiple scales, and this brings up choices for the scales similar to
those we had for the linear wave problem (Sect. 3.9). Because we are inves-
tigating what effects the nonlinearity has on the right-running wave, for the
scales we will take θ = kx−ωt, x2 = εx, and t2 = εt. In this development, we
assume that ω =

√
1 + k2 and k > 0. Using the change of variable formulas

given in (3.106), differential Eq. (3.110) becomes

[
∂2θ − 2ε(k∂x2 + ω∂t2)∂θ +O(ε2)

]
u+ u+ εu3 = 0. (3.113)

The appropriate expansion of the solution is now

u(x, t) ∼ u0(θ, x2, t2) + εu1(θ, x2, t2) + · · · . (3.114)

This leads to the following problems:

O(1) (∂2θ + 1)u0 = 0.

The general solution of this problem is

u0 = A(x2, t2) cos[θ + φ(x2, t2)]. (3.115)

As usual, the functions A and φ are used to prevent secular terms from
appearing in the higher-order terms in the expansion. Note that the
initial conditions have not been listed in this problem. These will be
discussed after the general form of the expansion has been determined.

O(ε) (∂2θ + 1)u1 = 2 (k∂x2 + ω∂t2)∂θu0 − u30

Using (3.115), the equation takes the form

(∂2θ + 1)u1 = −2 [(k∂x2 + ω∂t2)A] sin(θ + φ)− 1

4
A3 cos 3(θ + φ)

− 2

[
(k∂x2 + ω∂t2)φ+

3

8
A2

]
A cos(θ + φ).

This is an ordinary differential equation much like what we saw
earlier. To prevent secular terms, it is required that

(k∂x2 + ω∂t2)A = 0 (3.116)
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and

(k∂x2 + ω∂t2)φ+
3

8
A2 = 0. (3.117)

These first-order equations can be solved using characteristic
coordinates; thus, let r = ωx2 + kt2 and s = ωx2 − kt2. With this
(3.116) and (3.117) become

∂rA = 0 and ∂rφ = − 3

16ωk
A2.

From this we get A = A(s) and φ = − 3
16ωkA

2r + φ0(s).

We have found that a first-term approximation of the solution of the non-
linear Klein–Gordon equation is

u ∼ A cos

[
θ − 3

16ωk
(ωx2 + kt2)A

2 + φ0

]
, (3.118)

where A = A(ωx2 − kt2) and φ0 = φ0(ωx2 − kt2) are arbitrary.
We began this example by asking what the nonlinearity does to the plane

wave solution. To answer this, suppose the initial conditions correspond to
the plane wave u = α cos(kx− ωt), so

u(x, 0) = α cos(kx) and ut(x, 0) = αω sin(kx). (3.119)

In terms of the multiple scales used to derive (3.118), these translate into
the conditions that u0(θ, x2, 0) = α cos(θ) and ∂θu0(θ, x2, 0) = −α sin(θ). In
(3.118) this means A(ωx2) = α and φ0(ωx2) =

3
16kA

2x2. Thus, a first-term
approximation of the solution in this case is

u(x, t) ∼ α cos(kx− λωt) , (3.120)

where

λ = 1 +
3εα2

8ω2
. (3.121)

This shows that the phase velocity

vph =

(
1 +

3εα2

8ω2

)
ω

k

is increased by the nonlinearity and that this increase is amplitude dependent.
Specifically, the larger the amplitude, the faster it moves. This dependence
of the velocity on amplitude is typical of nonlinear waves and does not occur
for linear problems.

As it turns out, this example was one of the first wave problems to be
analyzed using multiple scales (Luke, 1966). There are other ways to approach
the problem; one of the more popular ways is to look for a solution of the
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form u = f(kx − ωt). This is known as a permanent-wave assumption, and
it transforms (3.110) into an ordinary differential equation (Exercise 3.59).
Although this can make the problem easier to analyze, it does not readily
extend to more complicated wave problems.

3.10.2 Wave–Wave Interactions

Most initial conditions do not correspond to a single plane wave but consist
of a superposition of many such waves. To help develop an understanding
of the effects of the nonlinearity in such situations, we will consider what
happens when there are two waves. From (3.112) we know that

u = α1 cos(k1x− ω1t) + α2 cos(k2x− ω2t),

where ω1 =
√
1 + k21 and ω2 =

√
1 + k22 is a solution of the linear (ε = 0)

Klein–Gordon Eq. (3.110). We will assume that the initial condition for the
nonlinear problem corresponds to this solution. In other words, we will take

u(x, 0) = α1 cos(k1x) + α2 cos(k2x) (3.122)

and
∂tu(x, 0) = α1ω1 sin(k1x) + α2ω2 sin(k2x). (3.123)

It is assumed the waves are distinct, so k1 �= k2.
Given the multiple waves, the expansion in (3.114) will not work. Instead,

we need to introduce the scales

x1 = x, x2 = εx,

t1 = t, t2 = εt.

With this, we have that

∂x → ∂x1 + ε∂x2 ,

∂t → ∂t1 + ε∂t2 ,

and (3.110) takes the form

(
∂2x1

+ 2ε∂x1∂x2 + ε2∂2x2

)
u =

(
∂2t1 + 2ε∂t1∂t2 + ε2∂2t2

)
u+ u+ εu3.

The next step is to introduce the expansion for the solution. For this problem
it is simply

u ∼ u0(x1, t1, x2, t2) + εu1(x1, t1, x2, t2) + · · · .

This leads to the following problems:
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O(1) ∂2x1
u0 = ∂2t1u0 + u0,

u0(x1, 0, x2, 0) = α1 cos(k1x1) + α2 cos(k2x1),
∂t1u0(x1, 0, x2, 0) = α1ω1 sin(k1x1) + α2ω2 sin(k2x1).

Given the initial conditions and the known solution for the linear
problem, we will assume that

u0 = A0(x2, t2) cos(φ0) +A1(x2, t2) cos(φ1), (3.124)

where
φ0 = k1x1 − ω1t1 + θ0(x2, t2)

and
φ1 = k2x1 − ω2t1 + θ1(x2, t2).

Also, A0, A1, θ0, and θ1 are arbitrary functions of x2 and t2, except
for the stipulation that they satisfy the initial conditions. This means
that they satisfy

A0(x2, 0) = α0, A1(x2, 0) = α1, θ0(x2, 0) = θ1(x2, 0) = 0. (3.125)

O(ε) ∂2x1
u1 = ∂2t1u1 + u1 − 2∂x1∂x2u0 + 2∂t1∂t2u0 − u30 .

From (3.124), and a little algebra, one finds that

u30 =
3

4

(
A2

0 + 2A2
1

)
A0 cos(φ0) +

3

4

(
A2

1 + 2A2
0

)
A1 cos(φ1)

+
1

4
A3

0 cos(3φ0) +
1

4
A3

1 cos(3φ1)

+
3

4
A2

0A1[cos(2φ0 − φ1) + cos(2φ0 + φ1)]

+
3

4
A0A

2
1[cos(2φ1 − φ0) + cos(2φ1 + φ0)] .

In the preceding expression, any cosine term that satisfies
ω =

√
1 + k2 will generate a secular term in the expansion. The only

ones satisfying this requirement are the first two terms. These can be
removed from the equation, in the usual manner, using the terms
coming from −2∂x1∂x2u0 + 2∂t1∂t2u0. This leads to the following
equations:

(ki∂x2 + ωi∂t2)Ai = 0 (3.126)

and

(ki∂x2 + ωi∂t2) θi = −3

8

(
A2

i + 2A2
j

)
. (3.127)

In the last equation, if i = 1, then j = 0, while if i = 0, then j = 1.
The general solution of the linear wave Eq. (3.126) is
Ai = Ai(ωix2 − kit2). Given the initial conditions (3.125), it follows
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that Ai is constant and is given as Ai = αi. With this, the general
solution of the linear wave Eq. (3.127) is

(kiωj − kjωi) θi = −3

8

(
A2

i + 2A2
j

)
(ωjx2 − kjt2) + ci(ωix2 − kit2).

The function ci is determined from (3.125). From this one finds that

θi = − 3

8ωi

(
A2

i + 2A2
j

)
t2. (3.128)

We have found that a first-term approximation of the solution of the
weakly nonlinear Klein–Gordon equation, subject to the initial conditions
(3.122) and (3.123), is

u ∼ α0 cos(k0x− λ0ω0t) + α1 cos(k1x− λ1ω1t) , (3.129)

where

λ0 = 1 +
3ε

8ω2
0

(
α2
0 + 2α2

1

)
(3.130)

and

λ1 = 1 +
3ε

8ω2
1

(
α2
1 + 2α2

0

)
. (3.131)

The expression in (3.129) is the expected generalization of the single-wave
solution, given in (3.120). However, what is new is the change in the frequency
multiplier λ. What we have found is that for the wave–wave problem, the
amplitude of the second wave affects the multiplier, as given in (3.130) and
(3.131). For example, the presence of a second wave causes the first wave to
travel faster than it would if it were by itself.

3.10.3 Nonlinear Diffusion

In the study of wave propagation in chemical and biological systems, one
comes across the problem of having to solve

ut = εuxx + f(u) for −∞ < x <∞ and 0 < t, (3.132)

where
u(x, 0) = g(x). (3.133)

There are restrictions on the functions f(u) and g(x), and these will be
given later. What is interesting is that the solution of this nonlinear diffusion
problem can evolve into a traveling wave of the form u(x, t) = U(x − vt),
where v is the velocity of the wave. Such a solution is impossible with linear
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diffusion, and this is one of the reasons why nonlinear diffusion problems
have received a lot of attention over the last few years. We will use multiple
scales to find an asymptotic approximation of the solution of (3.132), and
our approach will be based on the work of Berman (1978). An introduction
to the theory and some of the applications of this equation can be found in
Edelstein-Keshet (2005) and Murray (2003).

We first need to list the restrictions made on the nonlinearity in (3.132).
In doing so, we specify only what happens for 0 ≤ u ≤ 1. This interval for
u(x, t) is the one of physical interest since this function is a nondimensional
concentration or density. In what follows, we will assume that f(u) is smooth
for 0 ≤ u ≤ 1 and positive for 0 < u < 1. Moreover, f(0) = f(1) = 0, f ′(0) >
0, and f ′(1) < 0. Perhaps the simplest example, and the most well studied,
is the quadratic function f(u) = u(1−u). This gives rise to what is known as
Fisher’s equation or the Kolmogorov–Petrovsky–Piskunov (KPP) equation.
It has been used to model such phenomena as the spatial spread of certain
genetic characteristics, the propagation of cosmic rays in the atmosphere, and
the evolution of a neutron population in a reactor. It is also worth pointing out
that this quadratic function is the same as appears in the logistic equation,
which is studied in connection with population dynamics.

The initial condition in (3.133) must also be consistent with the physics.
The requirements on this function are that 0 < g(x) < 1, g(x) → 1 as
x→ −∞, and g(x) → 0 as x→ ∞. In what follows, we will simply take

g(x) =
1

1 + eλx
, (3.134)

where λ > 0 is a given constant.
The origin of all these conditions may seem mysterious, and it may be un-

clear what connections, if any, there are between the choices we are making for
f(u) and g(x). To explain what we have done, note that our requirements on
f(u) result in two steady-state solutions of the differential equation, namely,
u = 0 and u = 1. The function f(u) has also been set up so that u = 1 is
stable and u = 0 is unstable. (The tools needed to show this are developed
in Chap. 6.) Therefore, by requiring that g → 1 as x → −∞, and g → 0 as
x→ ∞, the initial condition effectively connects these two steady states. The
solution of the problem in this case is fairly simple since at any given point
on the x-axis, u(x, t) simply moves away from u = 0 and approaches u = 1.
What is important is that the speed at which it approaches u = 1 depends
nonlinearly on the solution. The resulting movement toward u = 1 is what
gives rise to the traveling wave. This is a very simplistic explanation of what
occurs, but hopefully it will provide some insight into the behavior of the
solution.

Our assumption that ε is small in (3.132) means that there is weak diffu-
sion, and this introduces a second time scale into the problem. To account
for this, we introduce the two time scales t1 = t and t2 = εt. The equation
in (3.132) then takes the form
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(∂t1 + ε∂t2)u = εuxx + f(u). (3.135)

There is nothing unusual about this equation, and so the appropriate expan-
sion for the solution is a regular power series of the form

u ∼ u0(x, t1, t2) + εu1(x, t1, t2). (3.136)

The O(1) problem that comes from substituting (3.136) into (3.135) and
(3.133) is

∂t1u0 = f(u0), (3.137)

where
u0(x, 0, 0) = g(x). (3.138)

Separating variables in (3.137) one finds that

∫ u0

1/2

dr

f(r)
= t1 + θ(x, t2), (3.139)

where θ(x, t2) is arbitrary. Imposing the initial condition (3.138) yields

θ(x, 0) =

∫ g(x)

1/2

dr

f(r)
. (3.140)

Without knowing exactly what the function f(u) is, we will have to leave
u0(x, t1, t2) defined implicitly in (3.139). However, note that we can write
the solution in the form u0 = U0(t1+θ(x, t2)), where U0(s) is a function that
satisfies ∫ U0

1/2

dr

f(r)
= s.

This form will prove handy when removing secular terms.
To determine the second term in the expansion, the O(ε) equation obtained

from (3.135) is

∂t1u1 = f ′(u0)u1 + ∂2xu0 − ∂t2u0

= f ′(u0)u1 + f(u0)
[
θxx − θt2 + f ′(u0)θ2x

]
.

Equations (3.139) and (3.137) were used in the last step. Fortunately, this
equation for u1 is linear and is not hard to solve. To do this, it is worth
pointing out that, from (3.137), f ′(u0) = ∂t1 ln(f(u0)). Using this result, one
finds that the solution of the preceding equation for u1 is

u1 =
[
A(x, t2) + (t1 + θ)(θxx − θt2) + θ2x ln(f(u0))

]
f(u0), (3.141)

where A(x, t2) is arbitrary. From a quick inspection of this solution, it would
appear that secular terms are going to arise unless we restrict θ(x, t2). How-
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ever, determining the condition on θ requires some care because the logarithm
term depends on t1 and θ.

We need to consider what happens with the logarithm term in (3.141) if
f(u0) approaches zero. Given the assumptions made on the function f(u),
this only happens if u0 approaches either 1 or 0. From (3.139) this means that
t1 + θ → ±∞. In the case where t1 + θ → ∞, because of the multiplicative
factor of f(u0) in (3.141), a secular term does not occur (Exercise 3.71). Just
the opposite conclusion is made when t1+θ → −∞. In this limit, u0 → 0 and
ln(f(u0)) ∼ κ(t1+θ), where κ = f ′(0) is a positive constant. Thus, ln(f(u0))
produces a secular term in (3.141) that is of the same order as the other t1+θ
term in that expression.

Based on the observations in the previous paragraph, we require

θxx − θt2 + κθ2x = 0. (3.142)

This equation can be solved if we make the change of variables w(x, t2) =
eκθ(x,t2). In this case (3.142) reduces to the linear diffusion equation

wxx = wt2 for −∞ < x <∞ and 0 < t2. (3.143)

The solution of this is

w(x, t2) =
1√
π

∫ ∞

−∞
h
(
x+ 2r

√
t2
)
e−r2dr, (3.144)

where h(x) = w(x, 0). From (3.140) we get

h(x) = exp

(

κ

∫ g(x)

1/2

dr

f(r)

)

. (3.145)

In stating that the solution of (3.143) is given by the formula in (3.144), we
are assuming that the function h(x) is well enough behaved that the improper
integral in (3.144) is defined for all x and t2. As shown in Exercise 3.71, with
the conditions we have imposed on f(u) and the initial condition in (3.134),
the solution in (3.144) is well defined.

From the preceding analysis we have found that a first-term approximation
of the solution of (3.132) is u ∼ u0(x, t1, t2), where u0 is defined implicitly
through the equation

∫ u0

1/2

dr

f(r)
= t1 +

1

κ
ln [w(x, t2)] , (3.146)

where w(x, t2) is given in (3.144) and κ = f ′(0).
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3.10.3.1 Example: Fisher’s Equation

As stated earlier, nonlinear diffusion problems can give rise to traveling-wave
solutions. The asymptotic approximation of the solution given in (3.146) can
be used to demonstrate this. To show how, we will take f(u) = u(1− u). In
this case, we have from (3.139) that u0 = U0(t1 + θ(x, t2)), where

U0(s) =
1

1 + e−s
.

This can be rewritten as

u0(x, t1, t2) =
w(x, t2)

w(x, t2) + e−t1
,

where, from (3.144),

w(x, t2) = e−λx

√
t2
π

∫ ∞

−∞
e−t2s(s−2λ)ds

= e−λx+λ2t2 .

Therefore, the asymptotic approximation of the solution of Fisher’s
equation is

u ∼ 1

1 + eλx−(1+λ2ε)t
, (3.147)

where the positive constant λ is specified in the initial condition (3.134). This
is a traveling wave with velocity

v ∼ 1 + λ2ε

λ
. (3.148)

The fact that the velocity of the wave depends on the shape of the initial
profile is not unusual for a nonlinear problem. What is interesting is that as
a function of λ there is a minimum wave speed of 2

√
ε, which occurs when

λ = 1/
√
ε. This agrees with the theoretical limit for the wave speed, which

has been proven to satisfy the inequality 2
√
ε ≤ v < ∞ (Kolmogorov et al.,

1937). To illustrate the character of the traveling wave that comes from the
nonlinear diffusion equation, both the asymptotic and numerical solutions of
Fisher’s equation are shown in Fig. 3.14. To help compare these two graphs,
the time labels are at the same coordinates in both graphs. It is seen that as
ε decreases, the wave slows down, which is expected given (3.148). Also, the
asymptotic and numerical solutions are in such agreement for ε = 0.01 that
the two curves are indistinguishable in the graph. In fact, they are in rather
good agreement even for ε = 0.1. �
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Figure 3.14 Traveling-wave solution of Fisher’s equation as determined from the
asymptotic solution (3.147) for two values of ε. The asymptotic solution is shown
by a dashed curve at t = 5, and 10. For comparison, the numerical solution of the
original problem (3.132)–(3.134) is shown by solid curves. In these calculations, λ = 1

Exercises

3.57. Consider the weakly nonlinear Klein–Gordon equation

∂2xu = ∂2t u+ u+ εu2 for −∞ < x <∞ and 0 < t,

where the initial conditions are given in (3.119) with ω =
√
1 + k2.

(a) Find a multiple-scale expansion for the right-running wave that removes
the secular term coming from the nonlinearity.

(b) The time and space scales needed to remove the secular term in this
problem are different than what were needed for the cubically nonlinear
problem. Comment on what would be needed if the u2 term is replaced
with un, where n is a positive integer.

3.58. Consider the nonlinear wave equation

ux + ut = εf(u) for −∞ < x <∞ and 0 < t,

where u(x, 0) = g(x).
(a) Find an asymptotic approximation of the solution that is valid for large

t. Assume f(u) and g(x) are smooth and positive.
(b) What is the approximation when f(u) = u(1 − u) and g(x) is given

in (3.134)? Sketch the approximate solution for a few values of t, and
comment on how it compares with the solution of Fisher’s equation shown
in Fig. 3.11.
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3.59. Suppose one looks for traveling-wave solutions of (3.110) of the form
u(x, t) = f(θ), where θ = x− vt.
(a) After finding the equation satisfied by f(θ), show that a regular expansion

of f(θ) contains secular terms.
(b) Expanding both f(θ) and v, use multiple scales to find a first-term ap-

proximation valid for large θ. Explain why the expansion for v is not
necessary to remove secular terms.

(c) Suppose the initial conditions are given in (3.119). Find the first-term
approximation from part (b), and compare the result to that given in
(3.120).

3.60. A model for collective motion is (Lee, 2011)

∂tu = −2c∂xv,

∂tv = −c∂xu+ ε(γuv − v),

where u(x, 0) = g(x) and v(x, 0) = 0. Also, c and γ are positive constants,
and the variables u and v are nonnegative. Assume that γg(x) ≤ 2.

(a) Show that if ε = 0, then the general solution of the problem has the form
u = F (θ1) + G(θ2), v = [F (θ1) − G(θ2)]/

√
2, where θ1 = x − √

2ct and
θ2 = x+

√
2ct.

(b) For small ε, find an asymptotic approximation of the solution that is valid
for large t.

(c) What happens to your approximation if the assumption γg(x) ≤ 2 is not
made?

3.61. The Korteweg–deVries (KdV) equation is

∂tu+ ∂xu+ αu∂xu+ β∂3xu = 0 for −∞ < x <∞ and 0 < t,

where α and β are positive constants and u(x, 0) = εf(x) for 0 < ε << 1.
(a) Setting θ = kx−ωt, suppose one looks for traveling-wave solutions using

an expansion of the form

u(x, t) ∼ ε[u0(θ) + εu1(θ) + · · · ],

where ω = k − βk3 and k is a positive constant. Show that this can lead
to secular terms.

(b) Multiple scales can be used to prevent the secular terms in the expansion
in part (a). Do this, and find a first-term expansion that is valid for large
t. What form must f(x) have to be able to generate this traveling wave?
The analysis in this problem is simplified greatly if you remember that
f(x) is independent of ε.

(c) Suppose u(x, 0) = ε [μ+A(εx) cos[ϕ(x, εx)]], where μ is a nonzero con-
stant and A and ϕ are smooth bounded functions. Redo part (b), and
find a first-term expansion of the traveling-wave solution that is valid for
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large t. What form must ϕ(x, εx) have to be able to generate this traveling
wave?

3.62. In the study of waves in shallow water, one comes across the Boussinesq
equation

utt = c2uxx + αuxxxx + ε∂2xu
2 for −∞ < x <∞ and 0 < t,

where c and α are positive constants. Proceeding as in the nonlinear Klein–
Gordon example, find a first-term approximation, valid for large t, of the
waves traveling to the right.

3.63. In the theory of nonlinear sound propagation in a fluid one comes across
the Westervelt equation for acoustic pressure (Westervelt, 1963)

pxx − μ2ptt = −εβ∂2t (p2),

where μ and β are positive constants.

(a) For small ε, show that a regular expansion for the solutions of the form

p(x, t) ∼ p0(kx− ωt) + εp1(x, t) + · · ·

leads to the appearance of secular terms.
(b) Using multiple scales, find the reduced problem that must be solved to

obtain a two-term expansion of the solution.

3.64. This problem concerns the nonlinear diffusion equation

ut = εuxx + cux + f(u) for −∞ < x <∞ and 0 < t,

where u(x, 0) = g(x). Assume f(u) satisfies the same conditions imposed on
the nonlinearity in (3.132).
(a) After making the change of variables r = x+ct, τ = t, find an asymptotic

approximation of the solution that is valid for large τ . Express the result
in x, t-coordinates.

(b) What does the approximate solution reduce to when f(u) = u(1− u)?

3.65. Suppose the initial condition for the nonlinear diffusion problem in
(3.132) is

g(x) =
1

1 + eλ(x−x0)(x−x1)
,

where λ > 0, x0, and x1 are constants.
(a) For f(u) = u(1− u), find a first-term approximation of the solution.
(b) Taking λ = 1, ε = 10−2, and x0 = −x1 = 5, sketch the approximate

solution for a few values of t. Comment on the differences in the solution
with the that in Fig. 3.11.

3.66. In the nonlinear diffusion Eq. (3.132), suppose f(u) = u(1−un), where
n is a positive integer.
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(a) Find a first-term approximation of the solution that is valid for large t
[use the initial condition in (3.134)].

(b) What does the approximate solution in part (a) reduce to when n = 2?
Is the result a traveling wave? Also, compare this result with the solution
shown in Fig. 3.11.

3.67. In the study of wave propagation along the human spine, one comes
across the following problem (Murray and Tayler, 1970):

∂2t u = [1 + εf(ux)]∂
2
xu for 0 < x <∞ and 0 < t,

where u(0, t) = g(t) and u(x, 0) = ∂tu(x, 0) = 0. Also, f and g are smooth
functions with f(0) = g(0) = g′(0) = 0. If we assume that g(θ) = 0 if θ ≤ 0,
then the solution of this problem is u = g(t− x) when ε = 0.
(a) Based on what happens when ε = 0, suppose we assume an expansion of

the form

u(x, t) ∼ u0(t− x) + εu1(x, t) + · · · .
Show that this leads to secular terms.

(b) Using multiple scales, find an asymptotic approximation of the solution
that is valid for large x.

(c) Suppose there is a positive value of s where g′′(s)f ′(−g′(s)) < 0. Explain
why your approximate solution in part (b) holds for x < xc but may not
hold for x > xc, where

xc =
−2

ε min
0≤s

[g′′(s)f ′(−g′(s))] . (3.149)

(d) The equation for a weakly nonlinear elastic string is

∂2t u =
∂

∂x

(
ux√

1 + ε(ux)2

)

for 0 < x <∞ and 0 < t.

Assuming the initial and boundary conditions are the same as those used
in the spine problem, explain why the results from parts (a)–(c) apply to
this problem.

3.68. The equation for the longitudinal motion of a nonlinear elastic bar is

∂2t s = ∂2xs+ εf(s, sx) for −∞ < x <∞ and 0 < t,

where f(s, sx) = 2∂x(s∂xs). The initial conditions are s(x, 0) = F (x) and
st(x, 0) = 0, where F (x) is a smooth bounded function. In this problem,
s(x, t) is the strain in the bar and is related to the displacement u(x, t)
through the equation s = ∂xu. This problem is based on the papers of Lardner
(1975) and Mortell and Varley (1970).
(a) Using multiple scales, find an asymptotic approximation of the strain

s(x, t) that is valid for large t.
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(b) Explain why your approximate solution holds for t < tc but may not hold
for t > tc, where

tc =
2

ε max−∞<x<∞|F ′(x)| .

(c) How do your results in parts (a) and (b) change if f(s, sx) =
nλ∂x(s

n−1∂xs), where λ is a nonzero constant and n ≥ 3 is an inte-
ger?

3.69. The nonlinear progressive wave equation that is used to describe the
density fluctuations due to an acoustic disturbance, for uniaxial motion, is
(McDonald and Kuperman, 1985)

∂tρ+ ∂x

[
α(x)ρ +

1

2
βρ2

]
= 0 for −∞ < x <∞,

where ρ(x, 0) = 1+ εf(x). Here α(x) > 0 is smooth and β ≥ 0 is constant.
(a) Suppose α is constant and we are interested in finding an asymptotic

approximation to the traveling-wave solutions. This is to be found by
assuming an expansion of the form ρ ∼ 1+ ερ0(x− λt) + ε2ρ1(x, t) + · · · ,
where λ is a constant to be determined from the preceding equation. Show
that this leads to secular terms.

(b) For the situation described in part (a), use multiple scales to prevent
secularity in the O(ε2) term of the expansion.

(c) Redo part (b), but assume α is not a constant.

3.70. Consider the problem

∂tu+ g(u)∂xu = 0 for −∞ < x <∞ and 0 < t,

where u(x, 0) = u0 + εv(x) for constant u0. The function g(u) is assumed
smooth and is such that g(u0) �= 0 and g′(u0) > 0. The function v(x) is
also assumed smooth and is zero outside a bounded interval. This differential
equation is a scalar conservation law. One interesting feature of the equation
is that shock (i.e., discontinuous) solutions will appear in finite time. The
effect of this on the multiple-scale expansion developed in this problem can
be found in DiPerna and Majda (1985).
(a) Show that a regular expansion of the solution leads to the appearance of

secular terms.
(b) Using multiple scales, find the reduced problem that must be solved to

obtain a two-term expansion of the solution.
(c) The exact solution of this problem is defined implicitly as u = u0+εv(x−

tg(u)). Derive your expansion in part (b) from this equation.

3.71. In this exercise some of the steps in the derivation of the asymptotic
approximation of the nonlinear diffusion problem are worked out.
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(a) Suppose that t1 + θ → ∞ in (3.139). Explain why this requires u0 → 1.
Assuming that u0 is close to one, use Taylor’s theorem on f(r) to show
that the first term approximation of (3.139) gives

u0 = 1− ef
′(1)(t1+θ).

Use this to explain why a secular term does not appear in (3.141) in the
case where t1 + θ → ∞.

(b) Suppose that t1 + θ → −∞ in (3.139). Explain why this requires u0 → 0.
Assuming that u0 is close to zero, use Taylor’s theorem on f(r) to show
that the first-term approximation of (3.139) gives

u0 = ef
′(0)(t1+θ).

Use this to explain why a secular term can appear in (3.141) in the case
where t1 + θ → −∞.

(c) Explain why the improper integral in (3.145) is well defined if h(x) ≤
Meαx

2

for −∞ < x < ∞, where α and M are constants with α < 1.
Use the ideas developed in parts (a) and (b) to show that for x → ∞,
h ∼ 1/g, while for x→ −∞, h ∼ (1−g)γ, where γ = f ′(0)/f ′(1). Use this
to explain why the initial condition in (3.134) means that the solution in
(3.144) is well defined.

3.11 Difference Equations

An interesting application of multiple scales arises in their use in finding
asymptotic solutions of difference equations. This is a relatively new area but
one that is important because of the prominence of difference equations in
problems in scientific computing, modeling, and other areas. Some pertinent
results for solving difference equations are given in Appendix D.

3.11.1 Weakly Nonlinear Difference Equation

As we usually do, we will introduce the ideas using a relatively simple exam-
ple. The one we will consider is the following weakly nonlinear, second-order
difference equation:

yn+1 − 2yn + yn−1 = −2ω2
(
yn + εy3n

)
for n = 1, 2, 3, . . . , (3.150)

where y0 and y1 are prescribed. Also, ω is a constant that is assumed to satisfy
0 < ω < 1. In the case of small ω, this equation is associated with a finite-
difference approximation of the nonlinear differential equation y′′ + y = εy3.
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Consequently, it might be expected that the methods we have developed
for differential equations can be adapted in a relatively straightforward way
to difference equations. This is not exactly true, because difference equations
have some unusual features, but this analogy at least allows us to get started.

From what we have seen for differential equations, it is expected that for
this problem the solution depends on n and on εn. The latter is the analog of
the slow scale and is incorporated into the problem by assuming the solution
has an expansion of the form

yn ∼ y0(n, s) + εy1(n, s) + · · · , (3.151)

where s = εn. With this,

yn±1 ∼ y0(n± 1, s± ε) + εy1(n± 1, s± ε) + · · ·
∼ y0(n± 1, s) + ε[y1(n± 1, s)± ∂sy0(n± 1, s)] + · · · . (3.152)

Substituting (3.152) and (3.151) into (3.150), we obtain the following
equation:

O(1) y0(n+ 1, s)− 2y0(n, s) + y0(n− 1, s) = −2ω2y0(n, s).

This is a second-order, homogeneous, linear difference equation, and
the general solution is (Appendix D)

y0 = A(s) cos[nφ+ θ(s)], (3.153)

where A(s) and θ(s) are arbitrary functions of the slow scale s and

cos(φ) = 1− ω2. (3.154)

O(ε) y1(n+ 1, s)− 2y1(n, s) + y1(n− 1, s)

= −2ω2y1(n, s)− ∂sy0(n+ 1, s)

− 2ω2y0(n, s)
3 + ∂sy0(n− 1, s). (3.155)

To determine how to remove the secular terms, note that a particular
solution of the difference equation (Appendix D)

zn+1 − 2zn + zn−1 = −2ω2zn + fn for n = 1, 2, 3, . . . (3.156)

is

zn =
1

sinφ

n∑

i=1

fn−i sin(iφ). (3.157)

When fi = cos(iφ), the solution can be written as
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zn =
1

2 sinφ
[−n cos(nφ) + cot(φ) sin(nφ)] . (3.158)

Similarly, if fi = sin(iφ), then a particular solution is

zn =
1

2
(n+ 1)

sin(nφ)

sinφ
. (3.159)

In both (3.158) and (3.159) we are getting terms that grow with n. If
either of these is allowed into our expansion, then we will end up with
a secular term. To make sure this does not happen, the functions A
and θ will be chosen to prevent the cos(nφ+ θ) and sin(nφ+ θ) terms
from appearing in the right-hand side of (3.155). One finds, after
using a few trigonometric identities, that this requirement yields

A′ = 0

and

4Aθ′ sinφ = 3ω2A3.

From this we get that A is constant and

θ =
3ωA2s

4
√
2− ω2

+ θ0.

Therefore, a first-term approximation of the solution of (3.150) for small
ε, that holds for large n, is

yn ∼ A cos[(φ + εα)n+ θ0], (3.160)

where

α =
3ωA2

4
√
2− ω2

(3.161)

and A and θ0 are constants (independent of n and ε) and φ is defined in
(3.154).

To compare our asymptotic approximation (3.160) with the exact solution
of (3.150), suppose y0 = 0, y1 = 1, ω = 1/2, and ε = 0.01. The resulting
curves are shown in Fig. 3.15; clearly they are very close (at least over the
interval shown).

The approach used here is based on some of the ideas developed in Mickens
(1990), Hoppensteadt and Miranker (1977), and Torng (1960). More recent
contributions to this area can be found in van Horssen and ter Brake (2009)
and Rafei and Van Horssen (2010), but the application of multiple scales to
difference equations still has many open problems.
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Figure 3.15 Graph of exact solution of difference equation in (3.150) and asymptotic
approximation of solution given in (3.160)

Figure 3.16 Chain of masses and springs

3.11.2 Chain of Oscillators

An interesting example involving difference equations arises when studying
the motion of a chain of identical particles. Assuming nearest-neighbor inter-
actions, the equations of motion are

my′′n = V ′(yn+1 − yn)− V ′(yn − yn−1)−W ′(yn) for n = 0,±1,±2, . . . ,
(3.162)

where yn(t) is the displacement of the nth particle, m is the particle mass,
V (y) is the interaction potential, andW (y) is called the on-site potential. This
situation is illustrated in Fig. 3.16, where the springs between the masses all
have potential V and the potential W is for each of the springs on the lower
level.

The system in (3.162) arises in numerous applications and has various
names. For example, in the case whereW = 0 it reduces to the Fermi–Pasta–
Ulam (FPU) chain, while if V (y) = αy2, one obtains the Klein–Gordon chain.
The best-known recent application of this model involves a chain of atoms
that are subject to nearest-neighbor interactions (Iooss and James, 2005).
However, the problem goes back centuries, to at least Bernoulli (1728), and
has been used in a wide spectrum of applications, including the interactions
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of stars (Voglis, 2003) and the modeling of swarming motion (Erdmann et al.,
2005)

Mathematically, (3.162) is an example of a differential-difference equation.
To relate it to some of the other problems we have studied in this chapter,
consider the special case where V (y) = 1

2εkcy
2 and W (y) = 1

2εky
2. For these

particular functions, (3.162) reduces to

my′′n + kyn = εkc(yn+1 − 2yn + yn−1),

which is the same problem given in (3.57)–(3.62) when kij = kc, cij = 0,
mi = m, and ki = k. Our interest now is not modal vibrations, as it was in
Sect. 3.5, but the wavelike behavior seen with long chains of such oscillators.
This leads us to a second example, when one takes V (y) = αy2 and W (y) =
β0y

2 +β1y
4. In this case (3.162) is a finite-difference version of the nonlinear

Klein–Gordon equation studied in Sect. 3.10.1. One of the goals here is the
adaption of the multiple-scale method, as expressed in Sects. 3.9 and 3.10.1,
to waves from the discrete system given in (3.162).

3.11.2.1 Example: Exact Solution

To understand the wavelike solutions obtained from differential-difference
equations, consider

y′′n = μ2(yn+1 − 2λyn + yn−1) for n = 0,±1,±2, . . . , (3.163)

where yn(0) = an and y′n(0) = bn. Using the Laplace transform one can show
that the solution is (Pinney, 1958)

yn(t) = anK(
√
2μt, 0) +

∞∑


=1

(an+
 + an−
)K(
√
2μt, �)

+ bnL(
√
2μt, 0) +

∞∑


=1

(bn+
 + bn−
)L(
√
2μt, �), (3.164)

where

K(t, �) =
1

π

∫ π

0

cos
(
t
√
λ− cos θ

)
cos(�θ)dθ

and

L(t, �) =
1√
2μ

∫ t

0

K(τ, �)dτ.

In the special case where λ = 1, one finds that

K(t, �) = J2
(
√
2t), (3.165)

where Jn(x) is the Bessel function of the first kind and
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L(t, �) =
1

2μ

∫ √
2t

0

J2n(s)ds

= L(t, 0)− 1

μ


−1∑

m=0

J2m+1(
√
2t). (3.166)

To get an idea of what the solution looks like, suppose the initial condition
consists of plucking one of the oscillators, and so assume that the an and bn
are all zero except a0 = 1. The preceding solution in this case reduces to

yn(t) = J2n(2μt). (3.167)

This function is plotted in Fig. 3.17 in the case where μ = 1. It is evident that
the disturbance spreads out as time passes. The edge of the disturbance is
located at approximately n = ±μt. Between the two fronts, for larger values
of t, one can use the large-argument approximation for the Bessel function
to obtain (Olver et al., 2010)

yn(t) ∼ 1√
πμt

cos
(
2μt− nπ − π

4

)
. (3.168)

This approximation holds for 2n2 << μt. In this region the solution is a
wave with phase velocity 2μ/π and an amplitude that decays in time but is
independent of n. What is somewhat surprising is that the solution is nonzero
for large values of n for any t > 0. The reason why this might be unexpected
is explained in Exercise 3.74(c). �

3.11.2.2 Example: Plane Wave Solution

Instead of solving an initial-value problem as in the last example, we now
look for solutions of (3.163) of the form

yn = ei(kn−ωt). (3.169)

Taking μ = λ = 1 and substituting the preceding solution into (3.163), the
equation reduces to the dispersion relation

ω = ±2 sin(k/2). (3.170)

Consequently, traveling waves are possible and propagate with velocity

vph = ±2 sin(k/2)

k
. (3.171)

The exception to the preceding statement arises when k is an even multiple
of π, in which case one obtains a standing wave. Also note that the plane
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Figure 3.17 Solution of (3.163) in the case where μ = λ = 1

waves match the velocity of the wave given in (3.168) only when k = ±π. �

Similar to the approach taken in Sect. 3.10.1, we will investigate what
the nonlinearity does to the preceding traveling wave. In particular, we will
consider the equation

y′′n = yn+1 − 2yn + yn−1 + ε[(yn+1 − yn)
3 − (yn − yn−1)

3]. (3.172)

The analysis to follow is straightforward in the sense that it simply combines
the ideas developed in Sects. 3.10.1 and 3.11.1 to construct an asymptotic
approximation of the solution.

It is assumed that the initial condition is consistent with the linear (ε = 0)
plane wave solution, yn = α cos(kn−ωt), where ω = 2 sin(k/2) is assumed to
be nonzero. The appropriate scales for this problem are θ = kn−ωt, s = εn,
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and t2 = εt. Also, the solution is assumed to have an expansion of the form

yn ∼ y0(θ, s, t2) + ε y1(θ, s, t2) + · · · . (3.173)

With this,

yn±1 ∼ y0(θ ± k, s± ε, t2) + ε y1(θ ± k, s± ε, t2) + · · ·
∼ y0(θ ± k, s, t2) + ε [y1(θ ± k, s, t2)± ∂sy0(θ ± k, s, t2)] + · · · .

Substituting this into (3.172) we have that

(ω2∂2θ − 2εω∂θ∂t2 + ∂2t2)(y0 + ε y1 + · · · )
= y0(θ + k, s, t2)− 2y0 + y0(θ − k, s, t2)

+ ε[y1(θ + k, s, t2)− 2y1 + y1(θ − k, s, t2)]

+ ε[∂sy0(θ + k, s, t2)− ∂sy0(θ − k, s, t2)]

+ ε
[
(y0(θ + k, s, t2)− y0)

3 − (y0 − y0(θ − k, s, t2))
3
]
+ · · · ,

where y0 = y0(θ, s, t2) and y1 = y1(θ, s, t2).
O(1) ω2∂2θy0 = y0(θ + k, s, t2)− 2y0 + y0(θ − k, s, t2) .

This equation can be solved by assuming y0 = eλθ (Appendix E).
Given the initial conditions, it follows that the general solution is

y0 = A(s, t2) cos[θ + φ(s, t2)], (3.174)

where A(s, t2) and φ(s, t2) are arbitrary functions of the slow scales s
and t2.

O(ε) ω2∂2θy1 = y1(θ + k, s, t2)− 2y1 + y1(θ − k, s, t2)

+ 2ω∂θ∂t2y0 + ∂sy0(θ + k, s, t2)− ∂sy0(θ − k, s, t2)

+ [y0(θ + k, s, t2)− y0]
3 − [y0 − y0(θ − k, s, t2)]

3.

To prevent secular terms we need to keep terms of the form
cos[θ + φ(s, t2)] and sin[θ + φ(s, t2)] from appearing in the right-hand
side of the preceding equation. Given (3.174), and using a few
trigonometric identities, one finds that

(∂t2 + v∂s)A = 0

and
(∂t2 + v∂s)φ = −3A2 sin3(k/2),

where v = sin(k)/ω = cos(k/2). The general solutions of these
equations are A = A(s− vt2) and φ = −3A2 sin3(k/2)t2 + φ0(s− vt2).
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Given that y0 = α cos(kn) and ∂θy0 = −α sin(kn) at t = 0, it follows that
A = α and φ0 = 0. With this, we have that a first-term approximation is

y0 = α cos(nk − κωt), (3.175)

where κ = 1 + 3
8εα

2ω2.
Our analysis has produced a traveling-plane-wave solution, with a fre-

quency modified by the nonlinearity in the equation. Other types of waves
are also possible. As an example, the general solution obtained from our
analysis is that

y0 = A(ξ) cos(nk − κωt+ φ0(ξ)), (3.176)

where ξ = ε(n− vt) and κ = 1 + 3
8εA

2ω2. Consequently, the amplitude and
phase can be traveling waves, but with velocity v = cos(k/2). The latter is
the group velocity because it satisfies v = ω′(k). What is interesting is that
A and φ can move in the opposite direction from the plane-wave solution.
It is also worth pointing out that (3.176) is the basis for what is known as
a bright breather, which is a time-periodic and spatially localized solution.
A discussion of this can be found in Butt and Wattis (2007) and Iooss and
James (2005).

Exercises

3.72. For small ε find a first-term approximation of the solution of each of
the following equations that holds for large n.
(a) yn+1 = yn + ε(yn + yn+1). Also, compare the approximation with the

exact solution.
(b) yn+1 − 2yn + yn−1 + 2ω2yn + αε(yn+1 − yn−1) = 0.
(c) yn+1 − 2yn + yn−1 + 2ω2(yn + εy3n) = ε cos[(1 + εω0)n].

3.73. This problem uses multiple scales to explore forced motion near reso-
nance for a difference equation. The equation to solve is

yn+1 + ayn + byn−1 = cos(Ωn) for n = 1, 2, 3, . . . ,

where b ≤ 1, −2 < a < 0, and a2 − 4b < 0. An equation of this form
is obtained when using centered differences to find the numerical solution of
y′′+εy′+y = c cos(Ω̄t). This type of weakly damped oscillator was considered
in Sect. 3.4. It also means that a and b depend on ε, and the exact dependence
is specified below. Also, in what follows assume that y0 = y1 = 0.
(a) The undamped case corresponds to b = 1. Solve the resulting difference

equation and explain why the solution is unbounded as a function of n if
Ω = θ (the definition of θ is given in Appendix D). In this context, θ is
the resonant frequency for the undamped difference equation.
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(b) When damping is included, the coefficients have the form a = α/(1 + ε)
and b = (1−ε)/(1+ε), where −2 < α < 0. Also, assume that Ω = θ0+εω,
where cos(θ0) = −α/2. Find a first-term approximation of the solution of
the resulting difference equation.

3.74. This problem explores the differential-difference Eq. (3.163) and its
solution given in (3.164).
(a) Derive (3.164).
(b) If λ = −1, then show that K(t, �) = I2
(

√
2t), where In(x) is the modified

Bessel function.
(c) Equation (3.163), when λ = 1, is obtained when using a centered-

difference approximation on the wave equation ∂2t u = c2∂2xu. In this case,
yn(t) is the finite-difference approximation for u(xn, t) and α2 = c2/h2,
where h is the spatial stepsize (so h = xn+1 − xn). Assuming that the
initial conditions are u(x, 0) = f(x) and ∂tu(x, 0) = 0, then the solution
of the wave equation is

u(x, t) =
1

2
[f(x− ct) + f(x+ ct)] .

Comment on the differences and similarities of this solution with that
shown in Fig. 3.17.

3.75. The Hamiltonian, or total energy, of the chain described by (3.162) is

H(t) =
∑

n

[
1

2
m(y′n)

2 + V (yn − yn−1) +W (yn)

]
.

Show that H is constant and is therefore determined by the initial conditions.

3.76. Rayleigh (1909) considered a chain where the springs between the par-
ticles were replaced with elastic rods. In doing this he obtained the equation

my′′n = −V ′(yn+2−2yn+1+yn)+2V ′(yn+1−2yn+yn−1)−V ′(yn−2yn−1+yn−2),

where V (y) = 1
2αy

2.
(a) What is the resulting differential-difference equation?
(b) Verify that

yn(t) =
1

π

∫ π

0

cos[s(n− v(s)t)] ds,

where v(s) = 2a sin2(s/2)/s and a = 2
√
α/m, is a particular solution of

the equation. What initial conditions does this solution satisfy?
(c) Show that the solution in part (b) can be written as

yn(t) = Jn(at) cos
(nπ

2
− at

)
.
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3.77. Consider the first-order difference equation

yn+1 = αyn + εf(yn, yn+1) for n = 0, 1, 2, 3, . . . ,

where α is a nonzero constant.
(a) Find a first-term approximation of the solution that holds for large n. In

the derivation, you will need to assume that the function

g(x) = lim
n→∞

1

n

n∑

j=1

1

αj
f(αj−1x, αjx)

is well defined.
(b) To find the numerical solution of the linear differential equation

y′(t) = λy + εy for t > 0, (3.177)

where λ is a nonzero constant, one can use Euler’s method

yn+1 = (1 + hλ)yn + εhyn (3.178)

or the backward Euler method

(1− hλ)yn+1 = yn + εhyn+1. (3.179)

Here yn is the finite-difference approximation of y(tn), where tn = nh for
a given value of the stepsize h. What does the result from part (a) reduce
to for these two difference equations? Assume 1± hλ�= 0 and λ+ ε�= 0.

(c) Find the exact solution of (3.177) and of the two difference Eqs. (3.178)
and (3.179).

(d) Suppose y(0) = 1, λ = −2, ε = 10−2, and h = 10−1. On the same axes,
plot the exact solution of (3.177), the exact solution of (3.178), and the
asymptotic approximation of the solution of (3.178) for 0 ≤ t ≤ 2. Also,
plot them for λ = −20. Comment on the relative accuracy of the results.

(e) Redo part (d), but use (3.179) instead of (3.178).

3.78. This problem considers the accuracy of various finite-difference ap-
proximations that can be used to solve the nonlinear differential equation
numerically:

y′′(t) + y + εy3 = 0 for t > 0. (3.180)

(i) The first equation, which comes directly from using a centered-difference
approximation of the derivative, is

yn+1 − 2yn + yn−1 = −h2(yn + εy3n). (3.181)

This equation is basically the same as that given in (3.150). Note that yn
is the finite-difference approximation of y(tn), where tn = nh for some
value of the stepsize h.
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(ii) The second method, which uses the trapezoidal rule in its derivation,
results in the difference equation

yn+1 − 2yn + yn−1 = −h
2

2

[
yn+1 + yn−1 + ε

(
y3n+1 + y3n−1

)]
. (3.182)

(iii) The third method, which uses Simpson’s rule in its derivation, results in
the difference equation

yn+1−2yn + yn−1 = −h
2

6

[
yn+1 + 4yn + yn−1 + ε

(
y3n+1 + 4y3n + y3n−1

)]
.

(3.183)

So we have three second-order difference equations from which to pick
to solve (3.180).

(a) For small ε, find the first term in an expansion of the solution of (3.180)
that is valid for large t.

(b) For small ε, find first-term expansions of the solutions of (3.181)–(3.183)
that are valid for large n.

(c) Comparing your results in parts (a) and (b), comment on the relative
accuracy of the finite-difference approximations. Of interest here is the
solution when h is small. For example, does the phase cause the numerical
solution to lead or follow the asymptotic solution? Also, what if one were
to use the approximation given in (3.153) but the phase θ were found by
adding together certain combinations of the phase determined from (i),
(ii), and (iii)?

3.79. In the study of the structural changes in DNA, one finds a model for
the motion of a harmonic lattice that involves localized oscillating nonlin-
ear waves (Dauxois et al., 1992). These waves are associated with what are
called “breathers.” The problem is to find the function un(t) that satisfies
the equation

u′′n + ω2
d

(
un − u2n

)
= un+1 − 2un + un−1 for n = 0,±1,±2,±3, . . . .

The initial conditions have the form un(0) = εfn and u′n(0) = εgn, where fn
and gn are independent of ε.
(a) For small ε, suppose one looks for traveling-wave solutions using an ex-

pansion of the form

un ∼ ε[A cos(kn− ωt) + · · · ], (3.184)

where k and ω are positive constants. From the O(ε) problem, find the
relationship between ω and k so that the solution has the form assumed
in (3.184). This equation for ω and k is the dispersion relation. Also, show
that the form of expansion assumed in (3.184) leads to secular terms.
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(b) Use multiple scales to find a first-term expansion of the traveling-wave
solutions that is valid for large t. What form must fn and gn have to be
able to generate this traveling-wave solution?

3.80. In a certain problem from population genetics, one is interested in the
proportion gn of a population in the nth generation with a particular genetic
trait. The Fisher–Wright–Haldane model for this is (Hoppensteadt, 1982)

gn+1 =
rng

2
n + sngn(1− gn)

rng2n + 2sngn(1− gn) + tn(1− gn)2
for n = 1, 2, 3, . . . .

Assume that rn = 1 + ερf(n), sn = 1 + εσf(n), and tn = 1 + ετf(n), where
ρ, σ, and τ are constants and f(n) is a positive function with period N [i.e.,
f(n + N) = f(n)]. Also, because of how gn is defined, it is required that
0 ≤ gn ≤ 1. This will happen if the start-off value satisfies 0 ≤ g1 ≤ 1.
(a) Using an expansion similar to that in (3.151), find a first-term approxi-

mation of gn for small ε that holds for large n. Assume that at least one
of the two constants α = σ − τ , β = ρ− 2σ + τ is nonzero.

(b) Using the result from part (a), find a first-term approximation for the
possible steady states for gn. Under what conditions on the constants
α and β and the start-off value g1 will the steady state g∞ satisfy 0 <
g∞< 1?



Chapter 4

The WKB and Related Methods

4.1 Introduction

In the method of matched asymptotic expansions studied in Chap. 2, the de-
pendence of the solution on the boundary-layer coordinate was determined
by solving the boundary-layer problem. In a similar way, when using mul-
tiple scales the dependence on the fast time scale was found by solving a
differential equation. This does not happen with the WKB method because
one begins with the assumption that the dependence is exponential. This is
a reasonable expectation since many of the problems we studied in Chap. 2
ended up having an exponential dependence on the boundary-layer coordi-
nate. Also, with this assumption, the work necessary to find an asymptotic
approximation of the solution can be reduced significantly.

The popularity of the WKB method can be traced back to the 1920s and
the development of quantum mechanics. In particular, it was used to find
approximate solutions of Schrödinger’s equation. The name of the method is
derived from three individuals who were part of this development, namely,
Wentzel, Kramers, and Brillouin. However, as often happens in mathematics,
the method was actually derived much earlier. Some refer to it as the method
of Liouville and Green since they both published papers on the procedure in
1837. It appears that this too is historically incorrect since Carlini, in 1817,
used a version of the approximation in studying elliptical orbits of planets.
Given the multiple parenthood of the method it should not be unexpected
that there are other names it goes by; these include the phase integral method,
the WKBJ method (“J” standing for Jefferys), the geometrical acoustics
approximation, and the geometrical optics approximation. The history of the
method is surveyed very nicely by Heading (1962) and in somewhat more
mathematical detail by Schlissel (1977b). A good, but dated, introduction to
its application to quantum mechanics can be found in the book by Borowitz
(1967) and to solid mechanics in the review article by Steele (1976). What

M.H. Holmes, Introduction to Perturbation Methods, Texts in Applied
Mathematics 20, DOI 10.1007/978-1-4614-5477-9 4,
© Springer Science+Business Media New York 2013
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this all means is that the WKB approximation is probably a very good idea
since so many have rediscovered it in a wide variety of disciplines.

4.2 Introductory Example

In the same manner as was done for boundary layers and multiple scales, the
ideas underlying the WKB method will be developed by using it to solve an
example problem. The one we begin with is the equation

ε2y′′ − q(x)y = 0. (4.1)

For the moment we will not restrict the function q(x) other than to assume
that it is smooth. Our intention is to construct an approximation of the
general solution of this equation. To motivate the approach that will be used,
suppose that the coefficient q is constant. In this case the general solution of
(4.1) is

y(x) = a0e
−x

√
q/ε + b0e

x
√
q/ε. (4.2)

The hypothesis made in the WKB method is that the exponential solution
in (4.2) can be generalized to provide an approximate solution of (4.1). All
that is necessary is to ensure the expansion is general enough so it can handle
the variable coefficient in the equation. The specific assumption made when
using the WKB method is that the asymptotic expansion of a solution is

y ∼ eθ(x)/ε
α

[y0(x) + εαy1(x) + · · · ]. (4.3)

One of the distinctive features of the WKB method is that it is fairly specific
on how the solution depends on the fast variation, namely, the dependence is
assumed to be exponential. This limits the method but it can make it easier
to use than either the multiple-scale or boundary-layer methods.

From (4.3) we get that

y′ ∼ (ε−αθ′y0 + y′0 + θ′y1 + · · · )eθ/εα (4.4)

and
y′′ ∼ [ε−2αθ2xy0 + ε−α(θxxy0 + 2θxy

′
0 + θ2xy1) + · · · ]eθ/εα . (4.5)

These are sufficient for the problem we are considering. However, we will
occasionally be considering third- and fourth-order problems, and it is worth
having the formulas in one place so they are easy to find when the time
comes. So, for the record, we also have that

y′′′ ∼ [ε−3αq3xy0 + ε−2αθx(3θxy0
′ + 3θxxy0 + θ2xy1) + · · · ] eθ/εα (4.6)

and
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y(4) ∼ [ε−4αθ4xy0 + ε−3αθ2x(6θxxy0 + 4θxy0
′ + θ2xy1) + · · · ]eθ/εα . (4.7)

The next step is to substitute (4.3) and (4.5) into (4.1). Doing this, one
finds that

ε2
{

1

ε2α
(θx)

2y0 +
1

εα
[
θ′′y0 + 2θ′y′0 + (θx)

2y1
]
+ · · ·

}

− q(x)(y0 + εαy1 + · · · ) = 0. (4.8)

Something important happened in this step, namely, the exponential dropped
out. This would not have happened if the equation were nonlinear. This point
will be raised again after the example has been completed. Now, balancing
the terms in (4.8), one finds that α = 1, and this leads to the following
equations:

O(1) (θx)
2 = q(x).

This is called the eikonal equation and its solutions are

θ(x) = ±
∫ x√

q(s)ds. (4.9)

To obtain the first term in the expansion, we need to also find y0(x),
and this is accomplished by looking at the O(ε) problem.

O(ε) θ′′y0 + 2θ′y0′ + (θx)
2y1 = q(x)y1 ,

This is the transport equation. Since θ(x) satisfies the eikonal equation,
it follows that θ′′y0 + 2θ′y′0 = 0. The solution of this is

y0(x) =
c√
θx
, (4.10)

where c is an arbitrary constant.

We have therefore found that a first-term approximation of the general
solution of (4.1) is

y(x) ∼ q(x)−1/4

[
a0 exp

(
−1

ε

∫ x√
q(s)ds

)
+ b0 exp

(
1

ε

∫ x√
q(s)ds

)]
,

(4.11)

where a0 and b0 are arbitrary, possibly complex, constants. It is apparent
from this that the function q(x) must be nonzero. The values of x where
q(x) is zero are called turning points, and these will be discussed in the next
section (also see Exercise 4.13).

The easiest way to check on the accuracy of the WKB approximation
is to compare it with the exact solution. This is done in the following two
examples.
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Figure 4.1 Comparison between exact solution (4.14) and WKB approximation
given in (4.13). In the calculations, ε = 0.1, a = 1, and b = 0. The two curves are so
close that they are indistinguishable from each other

Examples

1. Suppose q(x) = −e2x. In this case (4.11) reduces to

y ∼ e−x/2
(
a0e

−iex/ε + b0e
iex/ε

)

= e−x/2[α0 cos(λe
x) + β0 sin(λe

x)], (4.12)

where λ = ε−1. To determine the constants in (4.12), suppose the bound-
ary conditions are y(0) = a and y(1) = b. One finds that the WKB ap-
proximation is then

y ∼ e−x/2

(
be1/2 sinλ(ex − 1)− a sinλ(ex − e)

sinλ(e− 1)

)
. (4.13)

For comparison, the exact solution is

y(x) = c0J0(λe
x) + c1Y0(λe

x), (4.14)

where

c0 =
1

d
[bY0(λ) − aY0(λe)] and c1 =

1

d
[aJ0(λe) − bJ0(λ)]. (4.15)

Here, J0 and Y0 are Bessel functions and d = J0(λe)Y0(λ) − Y0(λe)J0(λ).
The values obtained from the WKB approximation and the exact solution
are shown in Fig. 4.1; it is clear that they are in very good agreement. �

2. Another use of the WKB method is to find approximations of large eigen-
values. To understand how this is done, suppose the problem is

y′′ + λ2e2xy = 0 for 0 < x < 1, (4.16)
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Figure 4.2 Relative error, in absolute value, between theWKB approximation (4.18)
of the eigenvalues and the exact values obtained by solving (4.19) numerically. Here
ε = 10−1

where
y(0) = y(1) = 0. (4.17)

We are interested in what values of λ produce a nonzero solution. The solu-
tion in (4.13) will be nonzero and satisfy (4.17 ) so long as sinλ(e − 1) = 0.
Therefore, a first-term approximation of the large eigenvalues is

λ ∼ nπ

e− 1
for integer n. (4.18)

The exact value of each eigenvalue is determined from the denominator in
(4.15), that is, they are solutions of the equation

J0(λe)Y0(λ) − Y0(λe)J0(λ) = 0. (4.19)

To see just how well (4.18) does in approximating the eigenvalues, the
relative error is plotted in Fig. 4.2 for the first 20 eigenvalues. Clearly the
approximation is very good and is much easier to use than (4.19). More-
over, the WKB approximation does well even for the first few eigenvalues.
�

4.2.1 Second Term of Expansion

To obtain a measure of the error in using (4.11) to approximate the solution,
we will calculate the second term y1 in the expansion (4.3). This is not dif-
ficult, and carrying out the calculation it is found from (4.8) that the O(ε2)
equation is

θ′′y1 + 2θ′y′1 + (θx)
2y2 + y′′0 = q(x)y2.

Using the eikonal equation this can be reduced to

2θ′y′1 + θ′′y1 = −y′′0 .
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Letting y1(x) = y0(x)w(x), then from the preceding equation one finds that,
for θx =

√
q,

w(x) = d+
1

4

θxx
(θx)2

+
1

8

∫ x (θxx)
2

(θx)3
dx

= d+
1

8

qx
q3/2

+
1

32

∫ x q2x
q5/2

dx, (4.20)

where d is an arbitrary constant. A similar expression is obtained when
θx = −√

q.
Now, for small ε, the expansion in (4.3) will be well ordered so long as

εy1(x) � y0(x). Given that y1(x) = y0(x)w(x), then well-ordering is guaran-
teed if |εw(x)| � 1. From the formula for w(x) given in (4.20), we can express
this requirement in terms of q(x) and its first derivative. In particular, for
x0 ≤ x ≤ x1 we will have an accurate approximation if

ε

[
|d|+ 1

32

∣
∣∣
∣
q′

q3/2

∣
∣∣
∣
∞

(
4 +

∫ x1

x0

∣
∣∣
∣
q′

q

∣
∣∣
∣ dx

)]
� 1 (4.21)

holds, where |h(x)|∞ = maxx0≤x≤x1 |h(x)|. This holds if the interval does
not contain a turning point, that is, a point where q(x) = 0. The preceding
formula can also be used to determine just how close one can get to a turn-
ing point before the expansion becomes nonuniform, and this is explored in
Exercise 4.11. For a more extensive investigation into the theory underlying
the WKB method the book by Olver (1974) may be consulted.

The general solutions given in (4.11) and (4.20) contain constants that
are determined from boundary conditions. This step is usually not thought
provoking, but when using the WKB approximation we have to be a little
more careful. The reason is that when attempting to satisfy the boundary
conditions it is very possible that the constants depend on ε. It is therefore
necessary to make sure this dependence does not interfere with the ordering
assumed in the WKB expansion in (4.3). To illustrate this situation, consider
the boundary-value problem

ε2y′′ + e2κxy = 0 for 0 < x < 1. (4.22)

This is a generalization of the examples considered earlier (where κ = 1).
Since θx = ±ieκx, we get, from (4.20), that

w(x) = d∓ iκ

8
e−κx. (4.23)

A two-term expansion of the general solution of (4.22) is therefore
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y ∼ e−κx/2

{
a0e

−χ

[
1 + ε

(
a1 − iκ

8
e−κx

)]
+ b0e

χ

[
1 + ε

(
b1 +

iκ

8
e−κx

)]}
,

(4.24)

where

χ =
i

κε
eκx

and a0 and b0 are constants determined by the boundary conditions. As in
the example shown in Fig. 4.1, we take κ = 1, y(0) = 1, and y(1) = 0. For
these values

a1 = −cosλ(e− 1)− e−1−i(e−1)λ

8 sinλ(e − 1)
,

where λ = 1
ε . One also finds that b1 is the complex conjugate of a1. This shows

that for this example the second term in the combined WKB expansion in
(4.24) is small except at, or near, the resonant points where λ(e−1) = nπ. In
particular, if ε = 0.1, then the maximum value of |a1− iκ

8 e
−κx| for 0 ≤ x ≤ 1

is approximately 0.08 . This explains why the curves in Fig. 4.1 are essentially
indistinguishable from each other.

4.2.2 General Discussion

The most distinguished characteristic of the WKB approximation is the as-
sumed exponential dependence on the fast variation. Making this assump-
tion, we determine the first-term approximation of the solution by solving
two first-order differential equations. The first one, the eikonal equation, is
nonlinear, and it determines the fast variation in the solution. It was not
difficult to solve the eikonal equation for this example, but this can be one
of the more difficult steps in using the WKB method. The nonlinearity is
important, however, because it means the solution of the eikonal equation
is not unique, and this gives rise to the two independent solutions in (4.11).
What can be done when there is a unique solution of the eikonal equation is
explored in Exercises 4.4(c) and 4.10(b).

The second equation coming from the WKB approximation is the trans-
port equation, and this determines the slow variation. Fortunately, the trans-
port equation is linear, as are the equations for determining the higher-order
terms in the expansion.

The WKB method is relatively easy to use and is capable of providing
an approximation with less effort than other methods. However, with this
advantage come limitations. The most significant is the requirement that the
equation be linear. It is possible to find a few special nonlinear problems
where it can be used in a limited form, and an example is considered in
Exercise 4.12. A discussion of various other possibilities can be found in
Carles (2008).
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Another observation is that the WKB method works just as well if q is
positive or negative. In contrast, the method of matched asymptotic expan-
sions only works on (4.1) if q is positive (Exercise 2.4). However, unlike the
WKB method, the method of matched asymptotic expansions is not limited
to linear problems.

Finally, in the physics literature it is common to see the WKB method
used by first making the change of variables y = ew. This produces a Riccati
equation, and examples are considered in Exercise 4.4. The direct approach,
as embodied in (4.3), is used here as it is easier to generalize to other prob-
lems, such as those considered in Exercise 4.14 and in Sect. 4.5.

Exercises

4.1. Use the WKB method to find an approximate solution of the following
problems:
(a) εy ′′ + 2y ′ + 2y = 0 for 0 < x < 1, where y(0) = 0 and y(1) = 1.

Compare your answer with (i) the composite expansion (2.16) obtained
using matched asymptotic expansions and (ii) the exact solution.

(b) ε2y ′′ + εxy ′ − y = −1 for 0 < x < 1, where y(0) = 0 and y(1) =
3. Compare your answer with the composite expansion obtained using
matched asymptotic expansions.

(c) εy ′′ + y ′ + exy = 0 for 0 < x < 1, where y(0) = 0 and y(1) = 1. Com-
pare your answer with the composite expansion obtained using matched
asymptotic expansions.

(d) εy ′′ + (x− 1
2 )y

′ + y = 0 for 0 < x < 1, where y(0) = 2 and y(1) = 3.

(e) εy(iv) + e4xy = 0 for 0 < x < 1, where y(0) = y(1) = 1 and y ′′(0) =
y ′′(1) = 0.

4.2. Consider the following problem:

y ′′ + k2(εt)y = 0 for 0 < t,

where y(0) = a and y ′(0) = b. Make the change of variables, τ = εt, and then
use the WKB method to construct a first-term approximation of the solution.
Compare this result with that obtained using multiple scales in (3.79).

4.3. This problem and the one that follows consider extensions of the WKB
formula for the general solution given in (4.11).
(a) Suppose, rather than (4.1), the equation is

ε2y ′′ − q(x, ε)y = 0.

Assuming q(x, ε) ∼ q0(x) + εq1(x), show that

y ∼ q0(x)
−1/4

(
a0e

−κ(x,ε)/ε + b0e
κ(x,ε)/ε

)
,
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where

κ(x, ε) =

∫ x√
q0(s)

[
1 +

ε

2

q1(s)

q0(s)

]
ds.

In this expansion is it possible to replace κ with K(x, ε) =
∫ x√

q(s, ε)ds?
(b) Consider the equation

ε2y′′ + p(x)y′ + q(x)y = 0.

Assuming p(x) �= 0, show that the WKB approximation of the general
solution is

y ∼ a0e
− ∫

x(q/p)ds +
b0
p(x)

e
∫

x(q/p)ds−ε−2
∫

x p(s)ds.

(c) Assuming q(x) > 0, show that the WKB approximation of the general
solution of ε2y′′ − q(x)y = f(x) is

y ∼
∫ x

G(x, s, ε)f(s)ds + yh,

where yh is given in (4.11) and

G(x, s, ε) =
sinh

[
1
ε

∫ x

s

√
q(r)dr

]

ε[q(x)q(s)]1/4
.

What is G(x, s, ε) in the case where q(x) < 0?
(d) Find the WKB approximation of the general solution of the equation

ε2y′′ + ε2p(x)y′ − q(x)y = 0,

where q(x) is nonzero.

4.4. Another approach to using WKB is to first make the substitution y(x) =
ew(x). This problem explores this idea using the equation

ε2y ′′ − q(x, ε)y = 0.

(a) What equation does w satisfy?
(b) Suppose that q(x, ε) ∼ q0(x) + εq1(x), where q0 is nonzero. Assuming

w ∼ ε−α[w0(x)+ε
βw1(x)+ · · · ], find the first two terms in the expansion.

Show that this gives the result given in Exercise (4.3)(a).
(c) Suppose that q(x, ε) ∼ εq0(x) + ε2q1(x), where q0 is nonzero. Find the

first two terms in the expansion for w, and then determine the resulting
expansion for y.

(d) Discuss what happens to the change of variables at points where y(x) = 0.
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4.5. Consider the eigenvalue problem

d

dx

[
p(x)

dy

dx

]
− r(x)y = −λ2q(x)y for 0 < x < 1,

where y(0) = y(1) = 0. Here p(x), q(x), and r(x) are given, smooth, positive
functions and λ ≥ 0 is the eigenvalue.
(a) Show that if one lets y(x) = h(x)w(x), where h(x) = 1/

√
p(x), then

p(x)w′′ + [λ2q(x)− f(x)]w = 0 for 0 < x < 1,

where f(x) = r − (ph′)′/h.
(b) For the problem in part (a), use a first-term WKB approximation to show

that for the large eigenvalues λ ∼ λn, where λn = nπ/κ and

κ =

∫ 1

0

√
q(x)

p(x)
dx.

What is the corresponding WKB approximation of the eigenfunctions?
(c) To find the second term in the expansion of the eigenvalue, one starts with

the expansion λ ∼ λn + 1
nλc + · · · . Extending your argument in part (b)

show that

λc =
1

2π

∫ 1

0

[−g(x)g′′(x) + (pq)−1/2f(x)]dx,

where g(x) = (p/q)1/4.
(d) In the case where p = q = 1, explain why λ ∼ λn gives an accurate

approximation to all the eigenvalues so long as rM is small compared to
2π2, where rM = max0≤x≤1 r(x).

(e) To investigate the accuracy of the WKB result consider the eigenvalue
problem

y′′ + λ2q(x)y = 0, for 0 < x < 1,

where y(0) = y(1) = 0 and q(x) = (x + 1)4. Calculate the two-term
expansion for λ derived in parts (b) and (c), and then compare it with
the numerically computed values given in Table 4.1.

4.6. Find a first-term approximation of

ε2y′′ + ε3/2p(x)y′ + q(x)y = 0 for 0 < x < 1,

λ2
1 λ2

2 λ2
3 λ2

4 λ2
5 λ2

6 λ2
7

1.6767 7.0649 16.1056 28.7823 45.0897 65.0254 88.5882

Table 4.1 Eigenvalues for Exercise 4.5(e)
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where q(x) is nonzero. [Hint: Follow the approach that was used to determine
(4.3) using (4.2).]

4.7. The equation for the transverse displacement u(x, t) of an inhomoge-
neous Euler–Bernoulli beam is

ε∂2x[D(x)∂2xu] + μ(x)∂2t u = 0 for 0 < x < 1 and 0 < t,

where u = uxx = 0 at x = 0, 1, u(x, 0) = f(x), and ut(x, 0) = 0. Here D(x)
and μ(x) are smooth, positive functions.
(a) Consider the following eigenvalue problem:

ε
d2

dx2

[
D(x)

d2F

dx2

]
= λ2μ(x)F for 0 < x < 1,

where F = F ′′ = 0 at x = 0, 1. Find a first-term WKB approximation
of the eigenfunction F (x) and associated eigenvalue λ (note that both
depend on ε).

(b) Use the result from part (a) and separation of variables to obtain a first-
term approximation of the solution of the beam problem.

4.8. Bessel’s equation is x2y′′ + xy′ + (x2 − ν2)y = 0.
(a) Find a two-term approximation of the general solution of this equation

for 1 � ν. You can assume here that a ≤ x ≤ b, where a and b are positive
constants.

(b) From your result in (a), the series definition of the Bessel function Jν(x),
and the Stirling series

Γ (ν) ∼
(ν
e

)ν
√

2π

ν

[
1 +

1

12ν
+

1

288ν2
+O(ν−3)

]
for 1 � ν,

find a two-term expansion of Jν(x) for large ν.
(c) Using the formula Γ (ν) = π csc(πν)/Γ (1− ν), find a two-term expansion

of J−ν(x) for 1 � ν (assuming ν is not a positive integer). From this show
that

Yν(x) ∼ −
(
2ν

ex

)ν
√

2π

ν

[
1 +

1

12ν
(1 + 3x2)

]
for 1 � ν.

4.9. Consider the equation

ε2y′′ + P (x, ε)y′ +Q(x, ε)y = 0.

(a) Setting y = we−κ, where κ = 1
2ε

−2
∫ x

P ds, show that

ε2w′′ − g(x, ε)w = 0,
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where g = −Q+ 1
4 (2P

′ + ε−2P 2).
(b) Derive the expansions in Exercises 4.3(a) and 4.3(b) using (4.11) and the

result from part (a).
(c) Use the result from part (a) and Exercise 4.3(a) to find the WKB expan-

sion of the solution of

ε2y′′ + εp(x)y′ + q(x)y = 0.

Assume here that 4q �= p2.

4.10. This problem considers what happens when there is only one solution
of the eikonal equation. The equation to solve is

ε2y′′ + εp(x, ε)y′ + q(x, ε)y = 0,

where p(x, ε) ∼ p0(x) + εp1(x) + · · · and q(x, ε) ∼ q0(x) + εq1(x) + · · · . The
critical assumption made here is that p20 = 4q0.
(a) Show that the WKB expansion in (4.3) yields only one solution to the

problem.
(b) Using a reduction-of-order approach, let y = eθ(x)/ε

α

u, where θ(x) and
α are determined from part (a). Find the resulting equation for u and
then derive a WKB approximation of u. From this, write down a WKB
approximation for the general solution of the equation for y. Assume here
that 2q1 �= p′0 + p0p1.

(c) In part (b), what happens when 2q1 = p′0 + p0p1?

4.11. This problem considers turning points and just how close you can get to
one of them and expect an accurate approximation with the WKB formula.

(a) In (4.1) suppose q(x) = ax, where a > 0 is constant. In this case there
is a simple turning point at x = 0. Find the first two terms in the WKB
approximation, and then show that for the expansion to be well ordered
it must be that ε2/3 � |x|.

(b) In (4.1) suppose that q(x) ∼ q0(x − x0)
α for x close to x0, where α > 0

and q0 �= 0. Show the first-termWKB approximation holds for ε2/(2+α) �
|x− x0|.

4.12. It is possible to use the WKB method on certain types of nonlinear
problems. As an example, consider solving

ε2y ′′ + y + ε|y|2y = 0 for 0 < t <∞,

where y(0) = a and y′(0) = 0. This type of nonlinearity arises in studying
the evolution of wavepackets.
(a) To use (4.3), with x replaced with t, assume that θ(t) is imaginary. With

this, find and then solve the eikonal equation.
(b) Find, and then solve, the transport equation.
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(c) What is the resulting WKB approximation? What, if any, difficulty is
there in satisfying the initial conditions? Also, for a linear problem one
can add solutions, as in (4.11). What about in this problem?

4.13. Consider the initial-value problem

ε2y ′′ + e−2t y = 0 for 0 < t <∞,

where y(0) = 0 and y ′(0) = 1. The exponential approaches zero as t → ∞,
raising the question of whether there is a turning point at infinity. This
problem explores this possibility.
(a) Find a first-term WKB approximation of the solution.
(b) Determine the second term in the WKB expansion and then discuss the

shortcomings of this approximation. Are any of these complications sim-
ilar to what might be expected near a turning point?

(c) Find the exact solution. On the same axes plot the solution and the first-
term expansion from part (a) for 0 ≤ t ≤ 10 (take ε = 10−2). Comment
on the differences between the curves in conjunction with the results from
part (b).

4.14. In the theory of collective ruin (Peters and Mangel, 1990) one comes
across a variable R(x), which is the probability of having resources available
for emergencies (i.e., a risk reserve). It satisfies the integrodifferential equation

εβ(x)R′ −R+ λ

∫ x/ε

0

R(x− εy)e−λydy = 0 for 0 < x <∞,

where R(x) → 1 as x → ∞. Also, λ is a positive constant and β(x) is a
smooth, positive function.
(a) Find the exact solution in the case where β is a positive constant. Explain

why it is necessary to require λβ > 1.
(b) Based on your observations from part (a), find the first-term in a WKB

expansion of the solution when β is not constant. What conditions must
be imposed on λ and β(x)?

4.15. In the theory of multiserver queues with a large number of servers and
short interarrival times, the following problem appears (Knessl, 1991): find
P (x, η) that satisfies the first-order differential equation

∂ηP (x, η) = μ0(x+ ε)P (x + ε, η)− g(x, η)P (x, η) for 0 < η <∞,

where

P (x+ ε, 0) =

∫ ∞

0

λ(s)P (x, s)ds.

In this problem, 0 < x < 1 and g(x, η) = μ0x + λ(η), where μ0 > 0 is
constant and λ(η) > 0 is continuous with λ → ∞ as η → ∞. Find a first-
term approximation of the solution of this problem for small ε.
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Figure 4.3 In the analysis of the turning point, q(x) is assumed to have a simple
zero at x = xt with q ′(xt) > 0. This will enable us to use a linear approximation for
q(x) near the turning point [see (4.30)]

4.3 Turning Points

We will introduce the analysis for turning points using the example from the
previous section. The equation to solve is therefore

ε2y ′′ − q(x)y = 0. (4.25)

As was pointed out in deriving the WKB approximation, we must stay away
from the points where q(x) is zero. To explain how to deal with these points,
we will assume that q(x) is smooth and has a simple zero at x = xt. In
other words, we will assume that q(xt) = 0 and q′(xt) �= 0. To start, we will
consider what happens when there is only one such point.

4.3.1 The Case Where q′(xt) > 0

We are assuming here that there is a simple turning point at xt, with q(x) > 0
if x > xt and q(x) < 0 if x < xt (Fig. 4.3). This means that the solution of
(4.25) will be oscillatory if x < xt and exponential for x > xt. The fact that
the solution is oscillatory for negative q(x) can be understood if one considers
the constant coefficient equation y ′′ + λ2y = 0, where λ > 0. The general
solution in this case is y(x) = A0 cos(λx+ φ0), and this clearly is oscillatory.
A similar explanation can be given for the exponential solutions for a positive
coefficient.

We can use the WKB approximation on either side of the turning point.
This gives the following approximation for the general solution (see Fig 4.6):

y ∼
{
yL(x, xt) if x < xt,
yR(x, xt) if xt < x,

(4.26)
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where

yR(x, xt) =
1

q(x)1/4

[
aR exp

(
−1

ε

∫ x

xt

√
q(s)ds

)
+ bR exp

(
1

ε

∫ x

xt

√
q(s)ds

)]

(4.27)

and

yL(x, xt) =
1

q(x)1/4

[
aL exp

(
−1

ε

∫ xt

x

√
q(s)ds

)
+ bL exp

(
1

ε

∫ xt

x

√
q(s)ds

)]
.

(4.28)

These expressions come directly from (4.11), except that we have now fixed
one of the endpoints in the integrals at the turning point. This particular
choice is not mandatory, but it does simplify the formulas in the calculations
to follow. It is important to recognize that the coefficients in (4.27) and
(4.28) are not independent, and we must find out how they are connected
by investigating what is happening in a transition layer centered at x =
xt. This is very similar to what happened when we were studying interior-
layer problems in Chap. 2. When we finish, the approximation of the general
solution will only contain two arbitrary constants rather than four as in (4.27)
and (4.28).

4.3.1.1 Solution in Transition Layer

To determine the solution near the turning point, we introduce the transition
layer coordinate

x̄ =
x− xt
εβ

(4.29)

or, equivalently,
x = xt + εβx̄.

We know the point xt, but we will have to determine the value for β from
the analysis to follow. Now, to transform the differential equation,we first use

Figure 4.4 Schematic of the case of a simple turning point and the correspond-
ing WKB approximations used on either side of xt. Also shown are the respective
coefficient vectors aL = (aL, bL)T and aR = (aR, bR)T



238 4 The WKB and Related Methods

Taylor’s theorem to conclude

q(xt + εβ x̄) ∼ q(xt) + εβ x̄q′(xt) + · · ·
= εβ x̄q′(xt) + · · · . (4.30)

We will assume q(x) has a simple zero at xt, so q
′(xt) �= 0. With this, and

letting Y ( x̄) denote the solution in this layer, we have that

ε2−2β Y ′′ − (εβ x̄q′t + · · · )Y = 0, (4.31)

where q′t = q′(xt). For balancing we need 2 − 2β = β, and so β = 2
3 . The

appropriate expansion of the solution in this region is

Y ∼ εγ Y0( x̄) + · · · . (4.32)

Introducing this into (4.31), we get the following equation to solve:

Y0
′′ − x̄qt

′Y0 = 0 for −∞ < x̄ <∞. (4.33)

This can be transformed into an equation whose solutions are known. Letting
s = (qt

′ )1/3 x̄, we get Airy’s equation, which is

d2

ds2
Y0 − sY0 = 0, for −∞ < s <∞. (4.34)

Because of its importance in applied mathematics, Airy’s equation has been
studied extensively. It can be solved using power series expansions or the
Laplace transform. One finds that the general solution can be written as

Y0 = aAi(s) + bBi(s),

where Ai(·) and Bi(·) are Airy functions of the first and second kinds, respec-
tively, and a and b are arbitrary constants. The definitions and some of the
properties of these functions are given in Appendix B. We are now able to
write the general solution of the transition layer Eq. (4.33) as

Y0(x̄) = aAi[(q′t)
1/3x̄] + bBi[(q′t)

1/3x̄]. (4.35)

From (4.27), (4.28), and (4.35) we have six undetermined constants. However,
the solution in (4.35) must match with the outer solutions in (4.27) and (4.28).
This will lead to connection formulas between the constants, and these will
result in two arbitrary constants in the general solution.
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4.3.1.2 Matching

The solution in the transition region must match with the outer solutions
given in (4.27) and (4.28). In what follows, keep in mind that qt

′ > 0. To do
the matching, we will use the intermediate variable

xη =
x− xt
εη

, (4.36)

where 0 < η < 2/3. Before matching the solutions, note that the terms in the
two outer solutions contain the following: for x > xt

∫ x

xt

√
q(s)ds =

∫ xt+εηxη

xt

√
q(s)ds

∼
∫ xt+εηxη

xt

√
(s− xt)q′tds

=
2

3
εr3/2 (4.37)

and

q(x)−1/4 ∼ [qt + (x− xt)qt
′ ]−1/4

= ε−1/6(q′t)
−1/6r−1/4, (4.38)

where r = (qt
′ )1/3εη−2/3xη.

4.3.1.3 Matching for x > xt

Using the asymptotic expansions for the Airy functions given in Appendix B,
one finds that

Y ∼ εγ Y0(ε
η−2/3xη) + · · ·

∼ aεγ

2
√
πr1/4

e−
2
3 r

3/2

+
bεγ√
πr1/4

e
2
3 r

3/2

, (4.39)

and for the WKB solution in (4.27)

yR ∼ ε−1/6

(q′t)1/6r1/4

(
aRe

− 2
3 r

3/2

+ bRe
2
3 r

3/2
)
. (4.40)

For these expressions to match, we must have γ = − 1
6 ,

aR =
a

2
√
π
(q′t)

1/6 and bR =
b√
π
(q′t)

1/6. (4.41)
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4.3.1.4 Matching for x < xt

The difference with this case is that xη < 0, which introduces complex num-
bers into (4.28). As before, using the expansions for the Airy functions given
in the Appendix B,

Y ∼ εγ Y0(ε
η−2/3xη)

∼ aεγ√
π|r|1/4 cos

(
2

3
|r|3/2 − π

4

)
+

bεγ√
π|r|1/4 cos

(
2

3
|r|3/2 + π

4

)

=
εγ

2
√
π|r|1/4

[
(ae−iπ/4 + beiπ/4)eiζ + (aeiπ/4 + be−iπ/4)e−iζ

]
, (4.42)

where ζ = 2
3 |r|3/2. In the last step leading to (4.42), the identity cos θ =

1
2 (e

iθ + e−iθ) was used. As for the WKB expansion, from (4.28),

yL ∼ ε−1/6

(q′t)1/6|r|1/4
(
aLe

i(ζ−π
4 ) + bLe

−i(ζ+π
4 )
)
. (4.43)

Matching (4.42) and (4.43) yields

aL =
(q′t)

1/6

2
√
π

(ia+ b) (4.44)

and

bL =
(q′t)

1/6

2
√
π

(a+ ib) = iāL, (4.45)

where āL is the complex conjugate of aL. Equations (4.41), (4.44), and (4.45)
are known as connection formulas, and they constitute a system of equations
that enable us to solve for four of the constants in terms of the remaining
two.

4.3.1.5 Summary

Solving the connection formulas in (4.41), (4.44), and (4.45) we find that

aL = MaR, (4.46)

where

aL =

(
aL

bL

)

, aR =

(
aR

bR

)

, M =

(
i 1

2

1 1
2 i

)

. (4.47)

The resulting WKB approximation in (4.26) can be written as
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y(x) ∼

⎧
⎪⎪⎨

⎪⎪⎩

1

|q(x)|1/4
[
2aR cos

(
1

ε
θ(x)− π

4

)
+ bR cos

(
1

ε
θ(x) +

π

4

)]
if x < xt,

1

q(x)1/4

(
aRe

−κ(x)/ε + bRe
κ(x)/ε

)
if xt < x,

(4.48)

where

θ(x) =

∫ xt

x

√
|q(s)|ds (4.49)

and

κ(x) =

∫ x

xt

√
|q(s)|ds. (4.50)

It should be remembered that this expansion was derived under the assump-
tion that x = xt is a simple turning point with q′(xt) > 0. The accuracy of
this approximation near the turning point depends on the specific problem.
However, one can show that in general one must require ε2/3 � |x − xt|
(Exercise 4.11). Also, as expected, we have ended up with an expansion for
the solution of (4.25) that contains two arbitrary constants (aR, bR) .

Example

As an example of a turning point problem consider

ε2y′′ = x(2 − x)y for − 1 < x < 1, (4.51)

where y(−1) = y(1) = 1. In this case, q(x) = x(2 − x), and so there is a
simple turning point at x = 0 with q ′(0) = 2. The WKB approximation in
(4.48) therefore applies where, from (4.49) and (4.50),

θ(x) =
1

2
(1 − x)

√
x(x − 2)− 1

2
ln[1− x+

√
x(x− 2)]

and

κ(x) =
1

2
(x− 1)

√
x(2 − x)− 1

2
arcsin(x− 1) +

π

4
.

The constants aR and bR are found from the two boundary conditions. For
example, since q(1) = 1 and κ(1) = π/4, the condition y(1) = 1 leads to
the equation aR exp(−π

4 ε) + bR exp(π4 ε) = 1. The resulting approximation
obtained from (4.48) is shown in Fig. 4.5a along with the approximation from
the transition layer. The singularity in yR and yL at x = 0 is evident in this
plot, as is the matching by the Airy functions from the transition layer. To
demonstrate the accuracy of the WKB approximation even when a turning
point is present, in Fig. 4.5b the numerical solution is plotted along with
the left and right WKB approximations. Within their respective domains
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Figure 4.5 (a) Transition layer solution (4.32), and left and right WKB approxi-
mations given in (4.48), for the solution of (4.51). (b) Comparison between left and
right WKB approximations and numerical solution of (4.51). In these calculations,
ε = 1

25

of applicability, the WKB approximations are essentially indistinguishable
from the numerical solution. �

4.3.2 The Case Where q′(xt) < 0

This approximation derived for q′(xt) > 0 can be used when q′(xt) < 0 by
simply making the change of variables z = xt − x (Exercise 4.17). The result
is that

y ∼
{
YL(x, xt) if x < xt,
YR(x, xt) if xt < x,

(4.52)

where

YR(x, xt) =
1

q(x)1/4

[
AR exp

(
1

ε

∫ x

xt

√
q(s)ds

)
+BR exp

(
−1

ε

∫ x

xt

√
q(s)ds

)]

(4.53)

and
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YL(x, xt) =
1

q(x)1/4

[
AL exp

(
1

ε

∫ xt

x

√
q(s)ds

)
+BL exp

(
−1

ε

∫ xt

x

√
q(s)ds

)]
.

(4.54)
The coefficients in these expressions satisfy the connection formula

AR = NAL, (4.55)

where

AL =

(
AL

BL

)

, AR =

(
AR

BR

)

, N =

(
1
2 i 1

1
2 i

)

. (4.56)

Making use of the fact that q′(xt) < 0, one can rewrite the approximation
in this case as

y(x) ∼

⎧
⎪⎪⎨

⎪⎪⎩

1

q(x)1/4

(
ALe

θ(x)/ε +BLe
−θ(x)/ε

)
if x < xt,

1

|q(x)|1/4
[
2BL cos

(
1

ε
κ(x)− π

4

)
+AL cos

(
1

ε
κ(x) +

π

4

)]
if xt < x,

(4.57)

where θ(x) and κ(x) are given in (4.49) and (4.50). Again, we have a solution
that contains two arbitrary constants (AL, BL).

4.3.3 Multiple Turning Points

It is not particularly difficult to combine the preceding approximations to
analyze problems with multiple turning points. To illustrate, suppose xt and
xT, with xt < xT, are turning points with q

′(xt) > 0 and q′(xT) < 0 (Fig. 4.6).
Moreover, these are the only turning points. In this case, (4.26) holds for
x < xT. Similarly, (4.52) applies, with xT replacing xt, and this holds for
x > xt. What this means is that it is required that yR(x, xt) = YL(x, xT) for
xt < x < xT. This holds if

aR = QAL, (4.58)

where

Q =

(
eφ 0

0 e−φ

)

(4.59)

and

φ =
1

ε

∫ xT

xt

√
q(s)ds. (4.60)

Therefore,
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Figure 4.6 Schematic of case of two turning points and corresponding WKB approx-
imations used in various intervals. Also shown are the respective coefficient vectors

y ∼
⎧
⎨

⎩

yL(x, xt) if x < xt,
YL(x, xT) if xt < x < xT,
YR(x, xT) if xT < x,

(4.61)

where AR = NAL and aL = MQAL.
If, instead, q′(xt) < 0 and q′(xT) > 0, then a similar analysis (Exer-

cise 4.17) shows that

y ∼
⎧
⎨

⎩

YL(x, xt) if x < xt,
yL(x, xT) if xt < x < xT,
yR(x, xT) if xT < x,

(4.62)

where aR = M−1aL, AL = N−1Q−1aL, and AR = Q−1aL.

4.3.4 Uniform Approximation

In the case of a single turning point, with q′(xt) > 0, the solution is in
three pieces: the two WKB approximations (yL, yR) on either side of the
turning point and the transition layer solution that is in between. The first-
term approximation of the solution in the transition layer was found to be a
solution of Airy’s equation (4.33), which is the prototype equation for a simple
turning point. In fact, it is possible to find a uniform first-term expansion
of the solution in terms of Airy functions. This was first derived by Langer
(1931), and the result is

y(x) ∼ ε−1/6

(
f(x)

q(x)

)1/4[
a0Ai

(
ε−2/3f(x)

)
+ b0Bi

(
ε−2/3f(x)

)]
, (4.63)

where

f(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[
3

2

∫ x

xt

√
q(s)ds

]2/3
if xt ≤ x

−
[
3

2

∫ xt

x

√
−q(s)ds

]2/3
if x ≤ xt.
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The derivation of (4.63) is outlined in Exercise 4.25. Also, in connection with
the WKB approximations given in (4.48),

aR =
a0
2
√
π

and bR =
b0

2
√
π
.

Because of the value of having a composite expansion, there have been nu-
merous generalizations of Langer’s result. A discussion of some of these can
be found in Nayfeh (1973).

In referring to the turning point as simple, it is meant that q(x) has a
simple zero at x = xt, i.e., q(xt) = 0 but q′(xt) �= 0. Higher-order turning
points do arise, and an example of one of second order, at x = 0, is

ε2y′′ − x2exy = 0. (4.64)

The reason this is second order is simply that q(xt) = q′(xt) = 0 but q′′(xt) �=
0. It is also possible to have one of fractional order (e.g., when q(x) = x1/3ex).
The prototype equations in these cases are discussed in Appendix B. Other
types do occur, such as logarithmic, though they generally are harder to
analyze.

Another complication that can arise is that the position of the turning
point may depend on ε. This can lead to coalescing turning points; an example
of this is found in the equation

ε2y′′ − (x− ε)(x+ ε)y = 0. (4.65)

This has simple turning points at xt = ±ε, but to the first-term approxima-
tion they look like one of second order at x = 0. Situations such as this are
discussed in Steele (1976) and Dunster (1996).

Examples

1. Suppose the problem is

ε2y ′′ + sin(x)y = 0 for 0 < x < 2π,

where y(0) = a and y(2π) = b. This has three turning points: xt = 0, π, 2π.
Because two of these are endpoints, there will be two outer WKB approxi-
mations, one for 0 < x < π and one for π < x < 2π. Since d

dx sin(x) �= 0 at
x = π, the turning point xt = π is simple and is treated in much the same
way as the one analyzed previously. The solution in the transition layer
at xt = 0 will be required to satisfy the boundary condition y(0) = a, and
the solution in the layer at xt = 2π will satisfy y(2π) = b. �
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2. The equation

ε2y ′′ + p(x)y ′ + q(x)y = 0 (4.66)

differs from that considered previously because of the first derivative term.
The WKB approximation of the general solution is given in Exercise 4.3.
In this case, the turning points now occur when p(x) = 0. It is not a
coincidence that these are also the points that can give rise to an interior
layer, and an example of this is given in Sect. 2.5.6. �

Exercises

4.16. Consider the boundary-value problem

ε2y ′′ + x(x+ 3)2y = 0 for a < x < b,

where y(a) = α and y(b) = β. Find a first-term WKB expansion of the
solution in cases where:
(a) a = 0, α = 0, b = 1, β = 1;
(b) a = −1, α = 1, b = 0, β = 0;
(c) a = −1, α = 0, b = 1, β = 1.

4.17. This exercise concerns the derivation of the WKB approximation when
one or more turning points are present.
(a) Making the change of variable z = xt − x in (4.25) derive (4.57) from

(4.48).
(b) Derive (4.62).

4.18. In quantummechanics one must solve the time-independent Schrödinger
equation given as

ε2ψ′′ − [V (x) − E]ψ = 0 for −∞ < x <∞, (4.67)

where the wave function ψ(x) must be bounded. Also, the potential V (x) is
a given, smooth function while the energy E is a nonnegative constant that
must be solved for along with the wave function. Assume here that the situa-
tion is as depicted in Fig. 4.7, with Vm < E, where Vm = min−∞<x<∞ V (x).
Also, V (a) = V (b) = E.
(a) Using (4.48) and (4.57) find a first-term approximation of the solution.

From this conclude that for there to be a nonzero solution it must be that
E satisfies

∫ b

a

√
E − V (x)dx = επ

(
n+

1

2

)
for n = 0, 1, 2, 3, . . . . (4.68)

This is known as the WKB quantization condition.
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Figure 4.7 Potential used in Exercise 4.18

(b) For a harmonic oscillator the potential is V (x) = μx2, where μ > 0
is constant. Solve the quantization condition (4.68) in this case. Also
describe, in terms of nodes and wavelengths, what the integer n signifies
for the solution in the region a < x < b. What does n signify for the
solution outside this region? It is worth pointing out that for this potential
the WKB quantization condition gives the exact values for E.

(c) In deriving the WKB solution in part (a), it was assumed that a, b, and E
were independent of ε. However, the quantization condition (4.68) means
they must depend on ε for there to be a nontrivial solution. How does
this dependence affect the derivation of the WKB approximation? Also,
what affect, if any, does the dependence of E on the integer n (which may
be quite large) do to the accuracy of the approximation?

(d) In the case where V (x) = μxm, where m = 2, 4, 6, . . ., one can show that
Eγ = μεmχ, where γ = 1 + 2/m and χ satisfies the equation

χ1/2
∞∑

k=0

akχ
−k = 2n+ 1, (4.69)

where ak is independent of χ (Dunham, 1932; Bender et al., 1977). For
example,

a0 =
2√
π

Γ (1 + 1/m)

Γ (3/2 + 1/m)
and a1 = −m− 1

6
√
π

cot(π/m)Γ (1/2 + 1/m)

Γ (1/m)
.

Setting N = 2n + 1 and assuming m �= 2, use (4.69) to find a two-term
expansion of E for N � 1. How does the first term compare with your
result from part (a)?

(e) The numerical values of E/εm/γ calculated by Secrest et al. (1962) are
given in Table 4.2 in the case where V (x) = xm. Compare the results
from parts (a) and (d) with these values. Make sure to comment on the
accuracy as a function of n.

4.19. This problem concerns the Schrödinger equation in (4.67) and the po-
tential shown in Fig. 4.8. Because V (x) acts like a barrier, this example is
commonly used to illustrate the phenomenon of tunneling.
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m/n 0 2 4

4 1.0603621 7.4556979 16.261826

8 1.2258201 10.244947 25.809007

Table 4.2 For Exercise 4.18(e)

Figure 4.8 Potential used in Exercise 4.19

(a) Using (4.48) and (4.57) find a first-term approximation of the solution of
(4.67) in the case of the barrier potential shown in Fig. 4.8. Assume E
is given and satisfies 0 < E < VM, where VM = max−∞<x<∞ V (x) and
V (−∞) = V (∞) = 0.

(b) The time-dependent Schrödinger equation has the form

− ε2∂x
2Ψ + V Ψ = i∂tΨ.

In regard to the barrier potential, suppose a wave approaches from the
left. Because of reflection from the barrier, the solution should then consist
of left and right traveling waves in the region x < a. However, part of
the incident wave will be transmitted through the barrier and result in
a right-running wave for x > b (this is the phenomenon of tunneling).
Assuming Ψ = exp(− iEt)ψ(x), use the results from part (a) to find first-
term approximations of the waves in these two regions.

4.20. The motion of planetary rings is described using the theory of self-
gravitating annuli orbiting a central mass. For circular motion in the plane,
with the planet at the origin, one ends up having to find the circumferential
velocity V (r, θ, t) = v(r)ei(ωt+mθ). The function v(r) satisfies (Papaloizou
and Pringle, 1987)

d

dr

(
r
d

dr
(rv)

)
= m2(1− κ2r2)v for 0 < r <∞,

where

κ =
α+ βm

m
.
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Here r is the radial coordinate and α and β are positive constants. The pa-
rameterm is positive and is a mode number. Find a first-term approximation
of the solution for large m.

4.21. Find a first-term approximation of the solution of

ε2y′′ + xy′ − x(1 + x)y = 0 for − 1 < x < 1,

where y(−1) = 1 and y(1) = 3e2. (Hint: For large r,

∫ r

0

e−αs2ds ∼ 1

2

√
π

α
− 1

2αr
e−αr2

)
.

4.22. Find a first-term approximation of the solution of ε2y ′′ − q(x)y = 0
for −∞ < x < ∞, where q(x) is the even function shown in Fig. 4.9. Thus,
q(0) = q′(0) = 0 but q′′(0) �= 0, and q(±a) = 0, with q ′(±a) �= 0.

4.23. Consider the problem

εy ′′ + x2y ′ + y = 0 for − 1 < x < 1,

where y(−1) = 1 and y(1) = −1.
(a) The WKB/transition-layer analysis based on the coordinate transforma-

tion (4.29) does not work on this problem. Explain why. Also, explain
why failure should be expected based on the balancing in the transition
layer and its relationship to the terms responsible for the singularity in
the WKB expansion.

(b) Letting r = (x + εβx0)/ε
α, find the transition regions that are needed

to complete the approximations. Also state the equations to be solved in
each region and the matching conditions to be imposed.

(c) Show that it is possible to resolve the difficulty by making the substitution

y(x) = u(x)e−x2/(6ε).

4.24. For Schrödinger’s equation it has been observed that in certain cases
it is possible to improve on the WKB quantization condition given in (4.68).
In the SWKB method, one introduces what is known as a supersymmetric
potential W (x) ≡ −εψ0

′/ψ0, where ψ0(x) is an eigenfunction corresponding
to the lowest energy E0. Under certain restrictions, it is then possible to
transform (4.68) into the following equation:

∫ b

a

√
E∗ −W 2dx = επn for n = 0, 1, 2, 3, . . . , (4.70)

where E∗ = E−E0. It is significant, and somewhat surprising, that for many
of the cases where the problem can be solved in closed form the condition in
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Figure 4.9 Potential used in Exercise 4.22

(4.70) actually yields the exact value for E (Comtet et al., 1985; Dutt et al.,
1991). In comparison, (4.68) has been found to be exact for very few cases.
(a) Show that W (x) satisfies the equation εW ′−W 2 = −V ∗, where V ∗(x) =

V (x)−E0. From this and the WKB quantization condition (4.68), derive
(4.70). To do this, remember that a and b are turning points and assume
that W (a) = −W (b).

(b) As another approach, introduce the supersymmetric potential into (4.67)
and then derive a first-term approximation of the solution. With this,
obtain the SWKB quantization condition (4.70).

4.25. This problem concerns the derivation of the uniformly valid approxi-
mation in (4.63).
(a) Change variables by letting s = ε−αf(x) and y(x) = Φ(x)Y (s). Show that

by taking Φ = f
−1/2
x , where f satisfies ff2

x = q, (4.1) can be transformed
into an equation of the form Y ′′ = [s+G(ε, s)]Y .

(b) From the result in part (a) derive (4.63).
(c) Show that (4.63) reduces to the approximation in (4.48) when x� xt or

when xt � x. Does it reduce to (4.35) when x ≈ xt?

4.26. In the semiclassical description for what are called shape resonances
(Combes et al., 1984), one finds the eigenvalue problem

ε2ψ′′ − [V (x)− E]ψ = 0 for 0 < x <∞,

where ψ(0) = ψ(∞) = 0. The potential here is V (x) = (x− 1)2 exp(−x2/4).
Find a first-term approximation of the solution, and from this derive the
quantization condition.

4.4 Wave Propagation and Energy Methods

The WKB method is quite useful for finding an asymptotic approximation of
a traveling-wave solution of a linear partial differential equation. To illustrate
this, we consider the problem
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uxx = μ2(x)utt + α(x)ut + β(x)u for

{
0 < x <∞
0 < t,

(4.71)

where

u(0, t) = cos(ωt). (4.72)

This is the equation for the displacement of a string that is damped (αut)
and that has an elastic support (βu). Because the string is being forced
periodically at the left end, the solution will develop into a wave that travels
to the right. To find this solution, we will set u(x, t) = eiωtv(x) and then
require that the function v(x) be consistent with the observation that the
wave moves to the right. Also, for the record, it is assumed that the functions
in (4.71) are smooth with μ(x) > 0, and α(x) and β(x) nonnegative.

The equation is linear, but there is no obvious small parameter ε that can
serve as the basis of the WKB approximation. To motivate what will be done,
suppose α = β = 0 and μ is constant. In this case, the plane wave solutions
of (4.71), (4.72) are

u(x, t) = ei(ωτ−κx),

where k = ±ωμ. This shows that for high frequencies the waves have a
relatively short wavelength (that is, | 2πk | � 1). This observation will serve
as the basis of our approximation, and in such a circumstance the small
parameter is ε = 1

ω . This assumption is what underlies the application of the
WKB method to many problems in optics, electromagnetics, and acoustics.
For example, in the case of ultrasound, the waves can have frequencies on the
order of 106 Hz with wavelengths of approximately 3× 10−2m (in air). Even
more extreme are the waves for visible light, where the frequencies are in the
neighborhood of 1015Hz and the wavelengths are approximately 5× 10−7m.

Based on the preceding discussion, we will construct an asymptotic ap-
proximation of the traveling-wave solution of (4.71) in the case of a high
frequency. This is done by assuming

u(x, t) ∼ ei[ωt−ωγθ(x)]

[
u0(x) +

1

ωγ
u1(x) + · · ·

]
. (4.73)

Substituting this into (4.71) we obtain

−ω2γθ2x(u0+ω
−γu1 + · · · ) + iωγθx(u

′
0 + · · · ) + d

dx
(iωγθxu0 + · · · )

= −μ2ω2(u0 + ω−γu1 + · · · )− iωα(u0 + · · · ) + β(u0 + · · · ).

In writing down the preceding equation, only those terms that might con-
tribute to the first term in the expansion are written out explicitly. Balancing
the first terms on each side of this equation yields γ = 1. Thus, we have the
following problems:
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O(1) (θx)
2 = μ2(x).

The solutions of this eikonal equation are θ = ± ∫ x

0 μ(s)ds. Because
we are investigating waves that are moving to the right, we will only
consider the + sign in what follows.

O( 1
ω ) θ

′′u0 + 2θ′∂xu0 = −αu0.
The solution of this transport equation, for θx = μ(x), is

u0(x) =
a0√
μ
exp

(
−1

2

∫ x

0

α(s)

μ(s)
ds

)
.

Putting the results together and imposing boundary condition (4.72), we have
that the wave, which propagates to the right, has the expansion

u(x, t) ∼
√
μ(0)

μ(x)
exp

(
−1

2

∫ x

0

α(s)

μ(s)
ds

)
cos

(
ωt− ω

∫ x

0

μ(s)ds

)
. (4.74)

Our solution is a traveling wave with an amplitude and phase that depend
on x. The damping, as might be expected, causes the wave to be attenuated,
while the coefficient μ(x) contributes both to the phase and amplitude. Inter-
estingly, the approximation is independent of the coefficient β(x) in (4.71).

4.4.1 Energy Methods

To connect what we have done with the energy methods that are also used
to study wave problems, we first need to determine an energy equation asso-
ciated with (4.71). One way to do this is to multiply (4.71) by the velocity
ut (also see Exercise 4.31). Doing this and collecting terms, one obtains an
equation of the form

∂tE + ∂xS = −Φ, (4.75)

where E(x, t) = 1
2μ

2(∂tu)
2 + 1

2 (∂xu)
2 + 1

2βu
2, S(x, t) = −∂tu∂xu, and

Φ(x, t) = α(∂tu)
2. As is always the case, the problem we are considering

has been nondimensionalized. However, if we were to convert back to di-
mensional coordinates, we would find that E corresponds to the sum of the
kinetic and potential energy densities, S is the energy flux, and Φ is the rate
of energy dissipation (or, simply, the dissipation function). We will refer to
E, S, and Φ in these physical terms, although it is understood that they are
actually nondimensional.

We will be interested in the energy over spatial intervals of the form
[x1(t), x2(t)], where the endpoints xi(t) depend on time with x1 < x2.
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Integrating (4.75) over this interval, and then using Leibniz’s rule for
differentiation under the integral sign, yields

d

dt

∫ x2

x1

Edx = E2x
′
2 − S2 − E1x

′
1 + S1 −

∫ x2

x1

Φdx, (4.76)

where Ei = E(xi, t) and Si = S(xi, t) for i = 1, 2. The right-hand side is
the time rate of change of the total energy in the interval. On the right-hand
side, Eix

′
i is the change of energy due to the motion of the endpoint, Si is

the flux of energy across the endpoint due to wave motion, and − ∫ Φdx is
the energy loss over the interval due to dissipation.

Because wave problems are of particular importance in most areas of ap-
plication, numerous methods have been devised to find approximations of
the solution. Of interest here are those based on using averages of the energy.
The assumption made is that for a high frequency

u(x, t) ∼ A(x)F [ωt− ϕ(x)], (4.77)

where the amplitude A is slowly varying in comparison to the change in the
phase ϕ (i.e., the wave is slowly modulated). It should be noted that the
phase velocity vph for this wave is

vph ≡ ω

ϕx
. (4.78)

With this, curves x = x̄(t) in the x,t-plane that satisfy x̄ ′ = vph are called
phase lines. To help in understanding the next result, recall that, from the
WKB expansion, the wavelength of the fast variation is O(ω−1).

Claim 1. From the eikonal equation for (4.71) it follows that the total energy
remains constant (to the first term) between any two phase lines that are
O(ω−1) apart.

The total energy Etot(t) between two phase lines is

Etot =

∫ x̄2(t)

x̄1(t)

E(x, t)dx, (4.79)

where x̄′i = vph(x̄i) with x̄1 < x̄2. With the assumption in (4.77), we have

E ∼ 1

2
A2(μ2ω2 + ϕ2

x) sin
2(ωt− ϕ), (4.80)

S ∼ ωϕxA
2 sin2(ωt− ϕ), (4.81)

Φ ∼ αω2A2 sin2(ωt− ϕ). (4.82)

Now, from (4.79), the energy Eq. (4.75), and the fact that x̄2−x̄1 = O(ω−1)
we have that
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d

dt
Etot = E2x̄

′
2 − E1x̄1

′ +
∫ x̄2(t)

x̄1(t)

∂tE(x, t)dx

= E2x̄2
′ − S2 − E1x̄1

′ + S1 −
∫ x̄2(t)

x̄1(t)

Φdx,

where Ei = E(x̄i, t) and Si = S(x̄i, t) for i = 1, 2. Using the expansions in
(4.80) and (4.81) yields

Ex̄′ − S ∼ ωA2

2ϕx
(ω2μ2 − ϕ2

x) sin
2(ωt− ϕ).

Recall that the eikonal equation for this problem is ω2μ2 = ϕ2
x. From this

it follows that to the first term, d
dtEtot = 0.

Claim 2. The transport equation corresponds to the balance of energy over
a period.

Given a function g(t), the average to be used is

gavg =
ω

2π

∫ 2π/ω

0

g(t)dt.

Averaging the energy Eq. (4.75) and using (4.80) one obtains

∂xSavg = −Φavg. (4.83)

Using (4.81) and (4.82) yields

∂x(ϕxA
2) = −αA2.

The solution of this is the same as the solution of the transport equation.

The preceding results are interesting because they give a physical interpre-
tation of the WKB approximation. However, these claims are not necessarily
true for other problems, and so one must use caution in trying to use them to
construct the WKB approximation. It is much better to rely on the original
expansion. Also, the preceding discussion involved the phase velocity, but the
group velocity plays an even more fundamental role in energy propagation.
The interested reader may consult Whitham (1974) and Lighthill (1965), as
well as Exercises 4.32 and 4.33.

Exercises

4.27. For flow of a gas in a long, thin duct, the equation for the velocity
potential φ(x, t) is



Exercises 255

∂2xφ+ ∂x(lnA)∂xφ = ∂2t φ,

where A(x) is the cross-sectional area of the duct. This is known as the
Webster horn equation (Webster, 1919). Find a first-term approximation of
the high-frequency waves. If there are turning points, make sure to identify
where they are located.

4.28. In the kinetic theory of waves in plasmas, one comes across having to
solve the Fokker–Planck equation,

∂tu = ∂x(α(x)u) + ∂2x(β(x)u) for 0 < x <∞,

where u(0, t) = cos(ωt) and u→ 0 as x→ ∞. Here α(x) and β(x) are positive
functions known as the friction and diffusion coefficients, respectively. Find
a first-term WKB approximation of the time-periodic solution in the case
where ω is large.

4.29. In modeling the transduction of sound by the human ear, one finds the
following equation for the pressure (Holmes, 1982):

∂x[H(x)∂xp] = K(x)∂2t p for 0 < x < 1,

where p(0, t) = cos(ωt) and p(1, t) = 0. Here H(x) = A(x) − δP (x)/
√
iω,

where A(x), P (x), and K(x) are smooth, positive functions. Also, δ > 0
is constant and ω is the frequency of the sound signal. Find a first-term
approximation of the time-periodic solution in the case where ω is large.

4.30. The equation for the vertical displacement u(x, t) of an inhomogeneous
Euler–Bernoulli beam is

∂2x[D(x)∂2xu] + μ(x)∂2t u = 0,

where D(x) is the bending rigidity and μ(x) the mass density. Both of these
functions are smooth and positive.
(a) Find a first-term approximation of the high-frequency traveling waves. If

there are turning points, make sure to identify where they are located.
(b) Find E, S, and Φ in the energy Eq. (4.75).
(c) Do claims (1) and (2) hold for this equation?
(d) For a cantilevered beam, the boundary conditions are u = ux = 0 at x = 0

and uxx = ∂x(Duxx) = 0 at x = 1. Show that a first-term approximation
of the high-frequency modes is

ω ∼ k2n

(∫ 1

0

(μ/D)1/4dx

)−1

,

where the kn are solutions of the equation cos(kn) cosh(kn) = −1.
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4.31. Derive the energy Eq. (4.75) by multiplying (4.71) by ut and then
integrating the result over x0 ≤ x ≤ x1. Using integration by parts, and the
fact that x0 and x1 are arbitrary, obtain (4.75).

4.32. The group velocity is defined as vg ≡ ( d
dωϕx)

−1. Is Claim 1 true if
“phase lines” is replaced with “group lines”?

4.33. The Lagrangian L is the difference between the kinetic and potential
energy, and so, from (4.71), L = 1

2μ
2(ut)

2 − 1
2 (ux)

2 − 1
2βu

2. The averaged
Lagrangian L is obtained from this by assuming (4.77) and then averaging
L over a period. This exercise introduces some of the ideas underlying the
method of averaged Lagrangians developed in Whitham (1974).
(a) Show that L ∼ 1

4A
2(μ2ω2 − ϕ2

x).
(b) In the case where α = 0, show that the eikonal and transport equations

correspond to (i) ∂AL = 0 and (ii) ∂t(∂ωL)− ∂x(∂ϕxL) = 0.

4.34. The wave equation in three spatial dimensions is ∇2u = μ2∂2t u, where
μ = μ(x) is smooth and positive.
(a) Show that the energy equation has the form ∂tE +∇ · S = 0.
(b) Assume u(x, t) ∼ A(x) cos[ωt− ϕ(x)], and introduce the average

〈f〉 = 1

2T

∫ T

−T

f(x, t)dt.

In this case show that, for T � 2π/ω,

〈E〉 ∼ 1

4

[
ω2μ2A2 +∇(Ae−iϕ) · ∇(Aeiϕ)

]

and

〈S〉 ∼ − iω

4

[
Ae−iϕ∇(Aeiϕ)−Aeiϕ∇(Ae−iϕ)

]
.

4.5 Wave Propagation and Slender-Body
Approximations

Another important situation where the WKB approximation can be used to
obtain an asymptotic approximation of traveling-wave solutions arises when
the geometry is long and thin. This sort of situation is referred to as slender-
body theory. To understand this, consider the following problem:

ε2uxx + uyy = μ2(x)utt for

{
0 < x <∞,
−G(x) < y < G(x),

(4.84)
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where

u(x, y, t) = 0 for y = ±G(x) (4.85)

and

u(0, y, t) = f(y) cos(ωt). (4.86)

This problem corresponds to finding the vertical displacement u(x, y, t) of an
elastic membrane that is much longer than it is wide. The membrane is fixed
along its lateral sides (y = ±G) and is forced periodically at the left end
(x = 0). In effect, what this forcing is doing is generating waves at x = 0 that
propagate down the membrane. We are interested in finding these waves and
determining their basic properties. For example, once a wave is sent down
the membrane, do we ever see it again? You might expect that because the
membrane is infinitely long it just keeps traveling out away from the end at
x = 0. However, as will be seen below, it is actually possible for the wave
to travel a certain distance along the membrane and then turn around and
come back to x = 0. It is not obvious why this should happen without help
from the analysis to follow. In this example, the forcing frequency ω is not
restricted, other than being positive.

To find the traveling-wave solutions for small ε, we use the WKB approx-
imation

u(x, y, t) ∼ ei[ωt−θ(x)/εα][u0(x, y) + εαu1(x, y) + · · · ]. (4.87)

Substituting this into (4.84) yields

ε2−2α[−θ2xu0 − iεα(θxxu0+2θx∂xu0 + θ2xu1) + · · · ] + ∂2yu0 + εα∂2yu1 + · · ·
= −ω2μ2(u0 + εαu1 + · · · ). (4.88)

Balancing the terms in this equation, it follows that α = 1. This leads to the
following problems:

O(1) ∂y
2u0 + (ω2μ2 − θx

2)u0 = 0,
u0 = 0 for y = ±G(x).
This is the eikonal problem. It is actually an eigenvalue problem
where θ2x is the eigenvalue and u0 is an eigenfunction. Setting
λ =

√
ω2μ2 − θ2x, the solution can be written as

u0(x, y) = A(x) sin[λ(y +G)], (4.89)

where to satisfy the boundary condition (4.85) we must have
2λG = nπ. Therefore,

θx = ±
√
ω2μ2 − λ2n for n = 1, 2, 3, . . . , (4.90)
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where λn(x) = nπ/(2G). This means that the function θx depends on
the mode number (n) as well as on the position (x). Also, as long as
θx is real and nonzero, the wave propagates along the x-axis.
However, the higher modes (where n is large enough that λn > ωμ) do
not propagate since the wavenumber is imaginary.

O(1) ∂y
2u1 + λn

2u1 = i(θxxu0 + 2θx∂xu0),
u1 = 0 for y = ±G(x).
This is the transport problem, and we will use it to complete the
determination of u0. Because it is an inhomogeneous version of the
eikonal problem, we will have to impose a condition on the right-hand
side of the transport equation to guarantee a solution. This situation
is covered by the Fredholm alternative theorem. To obtain the
condition, we multiply the equation by u0 and then integrate with
respect to y. Doing this one obtains

∫ G

−G

u0(∂y
2u1 + λ2nu1)dy = i

∫ G

−G

u0(θxxu0 + 2θx∂xu0)dy.

Integrating by parts twice with the left integral and using the eikonal
problem shows that the left-hand side is zero. Thus,

0 =

∫ G

−G

∂x(θxu
2
0)dy. (4.91)

This equation for u0 is known as a solvability condition, and it must
be satisfied for the transport problem to have a solution. To solve it,
we use Leibniz’s rule to rewrite the equation as

0 =
d

dx

∫ G

−G

(θxu
2
0)dy − θxu

2
0(x,G)G

′ − θxu
2
0(x,−G)G′.

Since u0 = 0 for y = ±G, we have that

θx

∫ G

−G

u20dy = a,

where a is a constant. Thus, from (4.89),

A =
a

√
θxG(x)

.

Putting the results together, we have found that the WKB approximation
for the modes has the form

u(x, y, t) ∼ a
√
θxG(x)

ei[ωt±θ(x)/ε] sin[λn(y +G)], (4.92)
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where

θ(x) =

∫ x√
ω2μ2 − λn2dx (4.93)

and

λn =
nπ

2G(x)
for n = 1, 2, 3, . . . . (4.94)

The solution of the original problem is obtained by adding the modes together
and then imposing the boundary condition at x = 0. However, before getting
to that step, note that the preceding approximation breaks down at points
where θx = 0. These are the turning points for this problem, and they need
to be investigated to complete the solution.

Before starting the analysis for the transition-layer region it is worth mak-
ing a few observations. First, the eikonal problem differs significantly from
that obtained in Sect. 4.4. However, even though it is a linear boundary-value
problem, the equation that determines θx is nonlinear. In other words, it is
still true that the equation that determines θ(x) is a nonlinear, first-order dif-
ferential equation. Second, even though the next order problem differs from
what we saw earlier, it is still true that the transport equation, which we
referred to as a solvability condition for this problem, is a first-order linear
differential equation.

4.5.1 Solution in Transition Region

The turning points in the WKB approximation (4.92) occur when θx = 0.
Using (4.90), these points satisfy

μ(xt) =
nπ

2ωG(xt)
. (4.95)

We will consider the case when there is a single turning point 0 < xt < ∞.
To guarantee that there is only one, it is assumed that d

dx(θx
2) < 0 (i.e., θx

2

is a decreasing function of x, so if it does go through zero it does not do so
again).

The first step in the procedure to find the solution in the transition region
is to introduce the transition-layer coordinate

x̄ =
x− xt
εβ

. (4.96)

Letting U( x̄, y, t) denote the solution in this region, we assume that

U(x̄, y, t) ∼ εγeiωt {U0( x̄) sin[λn(y +Gt)] + · · · } , (4.97)
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where Gt = G(xt). Substituting (4.96) and (4.97) into the differential
Eq. (4.84) produces the following result:

ε2−2βU0
′′ + θx

2(xt + εβx̄)U0 + · · · = 0, (4.98)

where

θ2x(xt + εβ x̄) ∼ θ2x(xt) + εβx̄
d

dx
θ2x(xt) + · · ·

∼ εβ x̄
d

dx
θ2x(xt) + · · · .

For the terms to balance in (4.98), we need 2− 2β = β, and so β = 2/3. The
equation to be solved is thus

U ′′
0 = κx̄U0 for −∞ < x̄ <∞, (4.99)

where

κ = − d

dx
θ2x(xt) = −2ω2μ2

t

(
μ′
t

μt
+
G′

t

Gt

)
> 0. (4.100)

This is an Airy equation, and the general solution is (Appendix B)

U0 = aAi(κ1/3x̄) + bBi(κ1/3 x̄). (4.101)

4.5.2 Matching

What remains is the matching. We can use the WKB approximation of the
nth mode on either side of the turning point. Thus,

u(x, y, t) ∼
{
uL(x, y, t) if 0 ≤ x < xt,
uR(x, y, t) if xt < x <∞,

(4.102)

where

uL =
1

√
θxG(x)

[
aLe

i[ωt−θ(x)/ε] + bLe
i[ωt+θ(x)/ε]

]
sin[λn(y +G)] (4.103)

and

uR =
1

√|θx|G(x)
aRe

iωt−ϕ/ε sin[λn(y +G)]. (4.104)

Also,

θ =

∫ xt

x

√
ω2μ2 − λ2nds and ϕ =

∫ x

xt

√
λ2n − ω2μ2ds. (4.105)
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Figure 4.10 Tapered membrane that leads to the WKB approximation given in
(4.110). It is assumed that for the nth mode there is a turning point at x = xt

Before discussing the matching, note that for the transition-layer solution
to be bounded we must have b = 0 in (4.101). It is for this same reason that
the bR term is not included in (4.104). Now, the matching is very similar
to what was done in Sect. 4.3 to derive (4.44) and (4.45). One finds that in
(4.97), γ = −1/6. Using the asymptotic properties of the Airy functions given
in Appendix B, the connection formulas are found to be

a =
2
√
π

κ1/6G
1/2
t

e−iπ/4aL, (4.106)

bL = −iaL (4.107)

and

aR =
κ1/6G

1/2
t

2
√
π

a = e−iπ/4aL. (4.108)

With this, (4.103) takes the form

uL =
2aL√
θxG(x)

cos

[
1

ε
θ(x) +

π

4

]
sin[λn(y +G)]ei(ωt−π/4). (4.109)

Example

To see more clearly what we have derived, suppose the membrane is tapered
and has a uniform density (Fig. 4.10). In particular, assume that G = e−x, μ
is constant, and in (4.86), f(y) = sin[λn(y+G)]. Solving (4.95) we have that

xt = ln

(
2ωμ

nπ

)
.

It is assumed that the frequency is high enough that 0 < xt <∞. With this,
the WKB approximation of the solution is
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u(x, y, t) ∼ αn√
θxG(x)

Vn(x) sin[λn(y +G)] cos(ωt), (4.110)

where

Vn(x) =

{
cos
[
1
εθ(x) +

π
4

]
, if 0 ≤ x < xt,

e−ϕ(x)/ε if xt < x <∞.
(4.111)

The constant αn in (4.110) is determined from boundary condition (4.86),
and the functions θ and ϕ are given in (4.105). �

We are now in a position to summarize the situation. From (4.103) it
is seen that in the region 0 ≤ x < xt the solution for the mode consists
of the superposition of left and right traveling waves. As the right-running
wave moves toward x = xt, its amplitude grows since both G and θx are
decreasing. Similarly, the wave that is reflected from the transition region
decreases in amplitude as it travels away from the turning point. Together
they result in a standing wave as described in (4.110) and (4.111). The portion
of the disturbance that gets through the transition region ends up decaying
exponentially, as shown in (4.111). This is known as the evanescent region.

There are several interesting observations that can be made using our
solution. First, if the frequency is decreased, then the position of the turning
point, which is a solution of the equation

ωμ =
nπ

2G(xt)
,

moves to the left. This brings up the interesting possibility of being able to
lower the frequency so the turning point moves to the boundary. To investi-
gate this situation, suppose that there is a frequency ω = ωc for which the
turning point is at xt = 0. In this case, ωc corresponds to a frequency below
which waves do not propagate on the membrane without decaying exponen-
tially. This is called a cutoff frequency. In this example, it is referred to as a
low-frequency cutoff because frequencies below this value do not propagate.
The second observation to be made here is that as the mode number (n)
increases, the position of xt moves to the left. Once n is large enough that
this point moves off the membrane (i.e., xt ≤ 0), the wave for that mode will
not propagate. In other words, the higher modes do not result in propagating
waves, and these are known as evanescent modes.

The conclusions stated here clearly depend on the problem that was solved.
For example, if the membrane widens instead of tapers, then a completely
different response is obtained. Also, in the preceding example, for each mode
there is a possibility of resonance. This occurs when cos[θ(0)/ε + π/4] = 0,
but the analysis of this situation will not be considered.
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Exercises

4.35. The equation for a slender membrane with small damping is

ε2uxx + uyy = μ2(x)utt + εα(x)ut for

{
0 < x <∞
0 < y < 1,

where u(x, 0, t) = u(x, 1, t) = 0, u(0, y, t) = f(y) cos(ωt) and u(x, y, t) is
bounded as x→ ∞. Assume μ(x) and α(x) are positive and μ ′ < 0.
(a) Use the WKB method to find an approximation of the long-time solution

outside of the transition region. You only need to find the general solution
for each mode.

(b) Assuming the turning point xt > 0, find a first-term approximation in
the transition layer and match it to the solutions from part (a). Assume
it is a simple turning point.

4.36. How does the WKB approximation of the mode given in (4.103) change
if μ also depends on y?

4.37.(a) Use the results of this section to design a method to determine the
width 2G(x) of the membrane using information from the point x = 0.
Assume here that μ is constant.

(b) Does your method work to also determine μ if it depends on x?

4.38. Consider the equation for an elastic string

∂2yu = μ2∂2t u for −G < y < G,

where u = 0 for y = ±G(x). This problem is obtained when setting ε = 0
in (4.84). Find the natural frequencies of the string and connect them to the
cutoff frequency described previously.

4.39. The equation for the velocity potential φ(r, θ, z, t) of a gas in a long
narrow tube is

(∂2r +
1

r
∂r +

1

r2
∂2θ + ε2∂2z )φ = ∂2t φ for

{
0 ≤ r ≤ r̄
0 ≤ θ ≤ 2π.

Suppose the tube is axisymmetric and the cross-sectional radius r = r̄(z) of
the tube depends on the longitudinal coordinate z. In this case, the boundary
condition along the lateral wall of the tube is

(∂R − ε2r̄z∂z)φ = 0 for r = r̄(z).

The parameter ε is the ratio of the characteristic radius of the tube to the
tube’s length, and it is assumed that ε is small.
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(a) Use the WKB method to show that the waves propagating down the tube
are linear combinations of the modes (Rabbitt and Holmes, 1988)

Gnm(r, θ, z, t) = Jm[γnm(z)r]ei[ωt−ϕ(z)/ε] cos(mθ)

and

Hnm(r, θ, z, t) = Jm[γnm(z)r]ei[ωt−ϕ(z)/ε] sin(mθ),

where γnm is determined from the boundary condition in the eikonal
problem. (Hint: Leibniz’s rule states

d

dz

∫

Ω(z)

f(r, θ, z)dAr,θ =

∫

∂Ω(z)

r̄zfds+

∫

Ω(z)

∂f

dz
dAr,θ.

)

(b) Assuming r̄z �= 0, find the turning points of the preceding modes and
the transition-layer equation. Under what conditions will a mode be a
propagating wave to the left of the turning point and evanescent to the
right? Is this a situation of a low- or high-frequency cutoff?

4.6 Ray Methods

The extension of the WKB method to multidimensional problems is straight-
forward, although the equations are somewhat harder to solve. To understand
what is involved, consider the wave equation

∇2u = μ2(x)∂2t u, (4.112)

where ∇2 is the Laplacian and x ∈ R
n. We are interested in the time-periodic

response, and so let

u(x, t) = e−iωtv(x). (4.113)

With this, (4.112) yields what is known as the reduced wave, or Helmholtz,
equation, given as

∇2v + ω2μ2(x)v = 0. (4.114)

It is possible to derive the WKB approximation without having the slight-
est idea of what the solution looks like. However, it is more instructive to
have some understanding of what properties the solution has and how the
WKB approximation takes advantage of them. It is for this reason that we
first consider an example where the solution is known.
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Example: Constant µ

Suppose, for x ∈ R
2 and μ constant, the problem is to solve (4.114) in the

region exterior to the circle ||x|| = a. Given the geometry, it is convenient to
switch to polar coordinates x = ρ cosϕ, y = ρ sinϕ. The boundary conditions
to be used are

v = f(ϕ) for ρ = a (4.115)

and √
ρ(∂ρv − iωμv) = 0 for ρ→ ∞. (4.116)

This last condition needs some explanation. The assumption is that nothing
is coming in from infinity. In other words, the solution is determined from the
information supplied at ρ = a, and this produces waves propagating outward
from the circle. The condition in (4.116) guarantees that this happens and is
known as the Sommerfeld radiation condition. Using separation of variables
to solve (4.114) it is found that the solution is

v(ρ, ϕ) =
∞∑

n=−∞
αnH

(1)
n (ωμρ)e−inϕ/H(1)

n (ωμa), (4.117)

where H
(1)
n is the Hankel function of the first kind and the αn are determined

from (4.115) and are independent of ω. It is known that for large values of z
(Abramowitz and Stegun, 1972)

H(1)
n (z) ∼

√
2

πz
ei(z−nπ/2−π/4).

From this it follows that for large ω (4.117) reduces to

v(ρ, ϕ) ∼ f(ϕ)

√
a

ρ
eiωμ(ρ−a). (4.118)

This is the WKB approximation for this example, and it is certainly more
tractable than the exact solution given in (4.117). Our goal is to be able to
derive it without having to first derive (4.117). Using the terminology that
is introduced in the derivation of the WKB approximation, radial lines in
this example are called rays. What we see from (4.118) is that along a ray,
so ϕ is fixed, the solution consists of a highly oscillatory component that is
multiplied by an amplitude v0 = f(ϕ)

√
a/ρ that decays as ρ increases. As

will be shown subsequently, the amplitude is determined using the transport
equation, while the phase θ = μ(ρ− a) is determined from the eikonal equa-
tion. �

To complete the formulation of the problem, the domain and bound-
ary conditions that will be used when solving (4.114) need to be specified.
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To keep things simple, we will use a generalization of the previous example.
Specifically, (4.114) is to be solved in the region exterior to a smooth sur-
face S, where S encloses a bounded convex domain. This means that given a
point x0 ∈ S, there is a well-defined unit outward normal n0. The boundary
condition used is

v(x0) = f(x0) for x0 ∈ S. (4.119)

We will also concentrate on the outward propagating waves.

4.6.1 WKB Expansion

In a similar manner as was done in Sect. 4.4, for a high frequency, the WKB
expansion for the solution of (4.114) is

v(x) ∼ eiωθ(x)

[
v0(x) +

1

ω
v1(x) + · · ·

]
. (4.120)

The expansions for the derivatives of this function can be obtained directly
from the one-dimensional formulas in (4.4) and (4.5). The result is that
(4.114) reduces to

(∇θ · ∇θ − μ2)v0 +
1

ω

[
(∇θ · ∇θ − μ2)v1 − i(∇2θ)v0 − 2i∇θ · ∇v0

]

+O

(
1

ω2

)
= 0. (4.121)

The eikonal equation, which comes from the O(1) term in (4.121), is

∇θ · ∇θ = μ2. (4.122)

Similarly, the transport equation comes from the O(1/ω) term, and it is

2∇θ · ∇v0 + (∇2θ)v0 = 0. (4.123)

Note that, as usual, the nonlinearity of the eikonal equation means that the
solution is not unique. Specifically, if θ is a solution of (4.122), then −θ is
also a solution. In what follows, we will concentrate on outward propagating
waves, so we will only consider the positive solutions of (4.122).

Everything is working out nicely, but we are about to run into a complica-
tion, namely, the eikonal equation is a nonlinear partial differential equation
for θ, and this requires some effort to solve. The usual approach is to intro-
duce characteristic coordinates. This means using curves that are orthogonal
to the level surfaces of θ(x) (Fig. 4.9). Because of this, it is best to briefly re-
view some of the salient features of the mathematical description of surfaces.
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4.6.2 Surfaces and Wave Fronts

The level surfaces determined by θ(x) are called wave fronts or phase fronts.
To explain why these play an important role in the solution, note that our
WKB approximation of the solution of the wave Eq. (4.112) has the form

u(x, t) ∼ ei(ωθ−ωt)v0(x).

With this, we introduce the phase function Θ(x, t) = ωθ(x) − ωt. Suppose
we start (at t = 0) with the surface Sc over which Θ is constant, namely,
Θ(x, 0) = ωc. As time increases, the points where Θ = ωc change, and
therefore the points forming Sc, move and form a new surface Sc+ t. Because
this new surface is where Θ(x, t) = ωc, it is determined by the equation
θ(x) = c+ t (Fig. 4.11). The path each point takes to get from Sc to Sc+ t is
obtained from the eikonal equation. One such path, a straight line, is shown
in Fig. 4.11. In the WKB method these paths are called rays.

The evolution of the phase front gives us a natural coordinate system
for this problem. This consists of the two coordinates α and β, which come
from the parameterization of the phase front, and a coordinate s associated
with the parameterization of the rays. Determining these coordinates turns
out to be one of the critical steps in the derivation of the WKB approximation.
The following example illustrates some of the issues that will arise in the
derivation.

Example

Suppose that θ(x) ≡ x · x. In this case, the surface Sc+ t is the sphere x · x =
c + t. It is assumed that the rays are radial lines, so the points forming

(x)=c+t

(x)=c

Figure 4.11 Schematic drawing illustrating the wave fronts (defined as the set of
points where θ = c+ t) and the path followed by one of the points in the wave front
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the original surface Sc move along radial lines to produce Sc+ t. Because
of the geometry and motion of these surfaces, spherical coordinates are a
natural choice. However, it is more informative to consider a variation of
spherical coordinates. In particular, we switch from (x, y, z) to (s, α, β) using
the formula

(x, y, z) = ρ(s)(sinα cosβ, sinα sinβ, cosα),

where 0 ≤ α ≤ π, 0 ≤ β < 2π, and 0 ≤ s. The function ρ(s) is required to
be smooth and strictly increasing, and examples are ρ = s, ρ = ln(1 + s),
and ρ = es − 1. This freedom in choosing the parameterization for the rays
will be taken advantage of in the WKB approximation and is the reason for
the arbitrary function λ in (4.124). A particularly important property of the
preceding change of variables is that (s, α, β) forms an orthogonal coordinate
system. Specifically, writing the change of variables as x = X(s, α, β), the
preceding formula produces a vector ∂sX tangent to the ray that is normal
to the phase front Sc+ t. �

In the preceding example we were given θ(x) and from this determined
the appropriate change of variables x = X(s, α, β). The reverse occurs in
the derivation of the WKB approximation, where conditions on X(s, α, β)
are specified so it is easy to find θ(x). In the construction process it is as-
sumed that (s, α, β) forms an orthogonal coordinate system. This requires a
result from multivariable calculus, which states that the gradient vector ∇θ
is normal to the level surface θ(x) = c + t. In what follows, whenever using
this result, it is assumed that the gradient is nonzero. As will be seen sub-
sequently, this assumption is equivalent to assuming the problem does not
have a turning point.

4.6.3 Solution of Eikonal Equation

By following the paths, or rays, we can construct the wave at any point in time
(this is the Huygens construction procedure). This requires the introduction
of a change of coordinates x = X(s, α, β) that fits with the geometry and
motion of the phase fronts. The requirement is that a ray’s tangent vector
∂sX points in the same direction as ∇θ when x = X(s, α, β). Therefore, we
will require

∂X

∂s
= λ∇θ, (4.124)

where λ is a smooth, positive function that is specified below. It is assumed,
without loss of generality, that the rays are parameterized so that 0 ≤ s.
It should also be pointed out that s does not necessarily correspond to arc
length.
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On a ray, ∂sθ(X) = ∇θ · ∂sX. With this, we can rewrite the eikonal
Eq. (4.122) as

∂θ

∂s
= λμ2. (4.125)

This last equation can be integrated to yield

θ = θ(0, α, β) +

∫ s

0

λμ2dσ. (4.126)

The hitch here is that we have not yet completely determined the coordinates
that lead to (4.125). To do so requires the solution of (4.124). This system
of n equations is generally nonlinear and solved more often than not using
numerical methods. However, we still have the freedom of choosing λ, and
this will be discussed below.

4.6.4 Solution of Transport Equation

We have not completed the analysis for determining the first term of the
WKB approximation. It remains to solve the transport Eq. (4.123). Since
∂sv0 = ∇v0 · ∂sX, then using (4.124) we can rewrite (4.123) as

2
∂

∂s
v0 + λ(∇2θ)v0 = 0. (4.127)

To express the second term of this equation in terms of the ray coordinates,
we use the equation (Exercise 4.43)

∂

∂s

(
1

λ
J

)
= J∇2θ,

where J is the Jacobian of the transformation x = X(s, α, β). With this,
(4.127) can be written as

∂

∂s

(
1

λ
Jv20

)
= 0.

Therefore,

v0(x) = f(x0)

√
λ(x)J(x0)

λ(x0)J(x)
. (4.128)

In deriving the preceding formula, to satisfy (4.119), it is required that
θ(0, α, β) = 0 in (4.126).
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4.6.5 Ray Equations

The entire problem reduces to solving (4.124). To rewrite this equation so
that it is independent of θ, let X = (X1, X2, X3). Dividing (4.124) by λ, and
then differentiating the result, yields

∂

∂s

(
1

λ

∂

∂s
Xi

)
=

∂

∂s

∂θ

∂xi

=

(
∂

∂x1

∂θ

∂xi

)
∂ X1

∂s
+

(
∂

∂x2

∂θ

∂xi

)
∂ X2

∂s
+

(
∂

∂x3

∂θ

∂xi

)
∂ X3

∂s

=

(
∂

∂xi
∇θ
)
· (λ∇θ) = 1

2
λ
∂

∂xi
(∇θ · ∇θ)

=
1

2
λ
∂

∂xi
μ2 .

Expressing this in vector form, we have that

∂

∂s

(
1

λ

∂

∂s
X

)
= λμ∇μ. (4.129)

These are the ray equations, and together they form a second-order system
of equations that is nonlinear except for special choices for μ.

To complete the formulation of the ray equation problem, we must specify,
or determine, what happens at s = 0. Each ray starts on the boundary surface
S. Therefore, given any point x0 ∈ S, its ray satisfies

X |s=0 = x0. (4.130)

The ray Eq. (4.129) is second order, and so we need a second boundary
condition. The one used is (Exercise 4.44)

∂X

∂s

∣∣
∣
∣
s=0

= λ0μ0n0, (4.131)

where n0 is the unit outward normal at x0, and λ0 and μ0 are the values of
the respective quantities at x0.

Another useful equation coming directly from (4.124) is

∂X

∂s
· ∂X
∂s

= λ2μ2. (4.132)

For example, if � is arc length measured along the ray, then
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� =

∫ s

0

||Xs||ds

=

∫ s

0

λμds. (4.133)

To go any further, we need to select λ, and the two most common choices
are λ = 1/μ and λ = 1. The former is used in the remainder of this section,
and the latter is considered in Exercise 4.41.

4.6.6 Summary

Letting λ = 1/μ, (4.133) shows that the parameter s corresponds to arc length
along the path. Also, from (4.129), the ray equations reduce to solving

∂

∂s

(
μ
∂

∂s
X

)
= ∇μ(X), (4.134)

where X |s=0 = x0 and ∂sX |s=0 = n0. Once this is solved, the phase function
(4.126) reduces to

θ =

∫ s

0

μ(X)dσ, (4.135)

and the amplitude is

v0(x) = f(x0)

√
μ(x0)J(x0)

μ(x)J(x)
, (4.136)

where J(x) is the Jacobian of the transformation x = X(s, α, β). The result-
ing WKB approximation for the outward propagating wave is therefore

u(x, t) ∼ f(x0)

√
μ(x0)J(x0)

μ(x)J(x)
exp

[
iω

(
−t+

∫ s

0

μ(X(σ)) dσ

)]
, (4.137)

where s is the value for which the solution of (4.134) satisfies X(s) = x.

Example: Constant µ

When μ is constant, the solution of (4.134) that satisfies the stated initial
conditions is X = x0 + sn0, and (4.135) becomes θ = μs. Given a point x on
the ray, s = n0 · (x− x0). Therefore, (4.137) reduces to
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Figure 4.12 Schematic illustrating the wave along the surface of an obstacle and its
subsequent path to a point in the shadow

u(x, t) ∼ f(x0)

√
J(x0)

J(x)
exp[i (k · (x− x0)− ωt)] , (4.138)

where
k = μωn0 (4.139)

is the wave vector for the ray. In R
2, when the boundary surface is the circle

||x|| = a, n0 is the outward normal to the circle and s is the distance from
the circle. Switching to polar coordinates, so that x = ρ cosϕ and y = ρ sinϕ,
the Jacobian of the transformation from Cartesian to polar coordinates is ρ.
With this, (4.138) becomes

u ∼ f(x0)

√
a

ρ
eiω[μ(ρ−a)−t] .

This is exactly the same result as given in (4.118). �

It is important to consider what can go wrong with the solution given in
(4.137). For example, it does not hold at any point where μ(x) = 0. These
correspond to turning points and can be handled using a method similar to
what was used in Sect. 4.3. However, for most application μ is positive. A more
likely complication arises when J = 0, and the points where this occurs are
called caustics. These arise when two or more rays intersect, which results
in the breakdown of the characteristic coordinate system. If a ray passes
through a caustic, then the approximation in (4.137) must be multiplied by
exp(imπ/2), where the integerm is determined from the rank of the Jacobian
matrix at the caustic. These phase shifts give rise to what is known as the
Keller–Maslov index, and this is addressed in Ludwig (1966), Lewis (1966),
Bremmer and Lee (1984), and Fedoryuk (1999).

A less obvious complication with (4.137) arises with the requirement that
s must be the value for which the solution of (4.134) satisfies X(s) = x.
The fact is that it is possible that there is no such value of s. This happens
with shadow regions, and an illustration is shown in Fig 4.12. Assuming μ is



4.6 Ray Methods 273

constant, so that the rays are straight lines, it is impossible to connect a point
on the boundary surface S with xd. This is resolved by introducing the idea
of a surface, or creeping, wave. Figure 4.12 shows a ray from S that is tangent
to the given obstacle boundary. At the point of tangency, T0, two rays are
generated. One is simply the linear continuation of the original ray, but the
other propagates along the boundary surface of the obstacle. This surface ray
continues to Td, at which point it splits, with one branch continuing along
the boundary (not shown) and another that follows a straight line path to
xd. The latter line is the one that is tangent to the obstacle surface at Td.
The derivation of the theory and approximations for surface waves can be
found in Keller and Lewis (1995).

Example: Interface Conditions

Consider an incident wave of the form

uI ∼ ei(ωθI−ωt)u0(x)

that strikes an interface across which μ(x) is discontinuous (Fig. 4.13). This
happens, for example, when sunlight strikes the surface of a lake. The wave is
partly reflected, producing a wave uR, and partly transmitted (or refracted),
producing a wave uT. The latter two waves are determined from what hap-
pens when uI strikes the interface, and our objective is to find the correspond-
ing boundary conditions on uR and uT. Letting Q designate the interface,
u(x, t) and its normal derivative are assumed to be continuous across Q. So
the following conditions are imposed on Q:

uI(x, t) + uR(x, t) = uT(x, t) (4.140)

and
∂n[uI(x, t) + uR(x, t)] = ∂nuT(x, t). (4.141)

Figure 4.13 Schematic illustrating the reflection and transmission of an incident
wave at an interface S across which the function μ(x) is discontinuous
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As usual, the expansions for the reflected and transmitted waves are

uR ∼ ei(ωRθR−ωRt)v0(x)

and
uT ∼ ei(ωTθT−ωTt)w0(x).

Given that the amplitude and phase are independent of frequency, and (4.140)
and (4.141) hold for any value of t and ω, it must be that ω = ωR = ωT and
θI(x) = θR(x) = θT(x) for x ∈ Q. The interface conditions then give us that
u0(x) + v0(x) = w0(x) and u0(x)∂nθI + v0(x)∂nθR = w0(x)∂nθT for x ∈ Q.
Thus, for x ∈ Q, v0 = Ru0 and w0 = Tu0, where the reflection (R) and
transmission (T ) coefficients are

R(x) =
∂nθI − ∂nθT
∂nθT − ∂nθR

and T (x) =
∂nθI − ∂nθR
∂nθT − ∂nθR

.

These expressions can be written in terms of the incoming phase θI using
the eikonal equation. To do this, let μ+ be the limiting value of μ when
approaching Q from the incident side and μ− the limiting value coming from
the transmitted side. From the continuity of the phase functions across the
interface and the eikonal equation, it follows that ∂nθR = −∂nθI. For the
same reasons,

∂nθT = ±
√
μ2− − μ2

+ + (∂nθI)2 ,

where the plus sign is used if ∂nθI > 0 and the minus sign is used if ∂nθI < 0.
With this, R and T are determined entirely in terms of the incident wave.
Note, however, that for larger values of μ+, ∂nθT is not real-valued. This
situation is explored in Exercise 4.52. �

Ray methods have been used to find approximate solutions to some very
challenging problems in, for example, electromagnetics, acoustics, geophysics,
and solid mechanics. Interested readers may consult Keller and Lewis (1995),
Born and Wolf (1999), Cerveny (2001), Broutman et al. (2004), and Kravtsov
(2005). In many of these real-world applications it is not possible to solve
(4.129) in closed form, and it is necessary to find the solution numerically.
There are different ways to do this. The most direct route for solving the
ray tracing problem is to use finite differences, as discussed in Pereyra et al.
(1980). Another approach is to rewrite it as a minimization problem; this has
been pursued by Um and Thurber (1987) and Moser et al. (1992). Recently
there has been interest in using a more direct approach to solving the eikonal
equation using either a fast marching or a fast sweeping method (Sethian
and Vladimirsky, 2000; Zhao, 2005; Gremaud and Kuster, 2006). Finally, it
is possible to consider weakly inhomogeneous materials, which is explored in
Exercise 4.51.
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Exercises

4.40. Assuming a high frequency, find a first-term approximation of the time-
periodic response of
(a) ∇2u = ∂2t u+ β(x)∂tu where β(x) is smooth and positive, and
(b) ∇2u+ a·∇u = ∂2t u where a = a(x) is smooth.

4.41. In this problem, the consequences of letting λ = 1 in (4.124) are ex-
plored.
(a) Show that, instead of (4.134), one solves

∂2X

∂s2
=

1

2
∇(μ2).

(b) Explain why (4.132) shows that s does not correspond to arc length. If �
is arc length, then show that d� = μds.

(c) Show that (4.135) changes, but (4.137) still applies.
(d) Even though there are various ways to select λ, they all produce the same

answer. Demonstrate this by working out the constant μ example when
λ = 1.

4.42. Many textbooks on partial differential equations consider the problem
of solving the nonlinear first-order equation F (x, y, u, p, q) = 0 for u(x, y),
where u = u0 on a prescribed boundary curve. In this equation, p = ∂xu and
q = ∂yu. Using the method of characteristics, the conventional method is to
rewrite the problem as (Debnath, 2012; Guenther and Lee, 1996)

∂sx = ∂pF,

∂sy = ∂qF,

∂su = p∂pF + q∂qF,

∂sp = −∂xF − p∂uF,

∂sq = −∂yF − q∂uF.

Assuming the boundary curve can be parameterized as (x, y) = (x0(τ), y0(τ)),
at s = 0 the solution of the preceding system satisfies (x, y, u, p, q) =
(x0(τ), y0(τ), u0(τ), p0(τ), q0(τ)), where p0 and q0 are determined by solving
F (x0, y0, u0, p0, q0) = 0 and p0x

′
0 + q0y

′
0 = u′0.

(a) Assuming x ∈ R
2, what is u and what is F for the eikonal Eq. (4.122)?

(b) Show that the preceding system reduces to (4.129) with λ = 2.
(c) Show that the preceding initial conditions reduce to (4.130) and (4.131).

4.43. In the case where x ∈ R
2, the ray coordinates are given as x = X(s, α).

If J is the Jacobian of the transformation, then

J =

∣
∣
∣
∣
∂(x, y)

∂(s, α)

∣
∣
∣
∣ .
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Note that the formulas derived in this exercise also hold when x ∈ R
3.

(a) Show that
∂sJ = J ∇ ·(λ∇θ) .

(b) Given a smooth function q(x), show that

∂s(qJ) = J ∇ ·(qλ∇θ) .

4.44. The objective of this exercise is to derive (4.131). It is assumed that the
boundary surface S is parameterized as x = X(0, α, β), where the tangent
vectors tα = ∂αX(0, α, β) and tβ = ∂βX(0, α, β) are orthonormal. Also,
n is the unit outward normal to S. You can assume that S, f , and λ are
independent of ω.
(a) Given that ∇v = (∇v · n)n+ (∇v · tα)tα + (∇v · tβ)tβ , show that

(∇v · n)n+ (∇f · tα)tα + (∇f · tβ)tβ ∼ iω

λ
f(x)∂sX|s=0 + · · · .

Explain why this means that ∂sX|s=0 is a scalar multiple of n.
(b) Given that ∂sX|s=0 = κn, show that κ = λμ.

4.45. This problem examines the situation where there is spherical symmetry,
in which case μ = μ(r), where r = ||x|| is the radial distance from the origin
for x ∈ R

3. This is a common assumption when studying optics of lenses or
wave propagation through the Earth’s atmosphere.
(a) Use the ray equation in (4.134) to show that the vector p = X× (∂sX/λ)

is independent of s.
(b) Taking λ = 1, explain why the result from part (a) shows that each ray

lies in a plane that contains the origin. Moreover, show that μ||X|| sin(χ)
is constant along a ray, where χ is the angle between X and ∂sX.

(c) Let ρ, ϕ be polar coordinates in the plane of the ray. In calculus, it is
shown that for a polar curve ρ = ρ(ϕ) the angle χ between the position
and tangent vectors satisfies

sin(χ) =
ρ

√
ρ2 + (∂ϕρ)2

.

Assuming ∂ϕρ�= 0, use the preceding result and part (b) to show that

ϕ = ϕ0 + κ

∫ ρ

ρ0

dr

r
√
μ2r2 − κ2

,

where ρ0, ϕ0, and κ are constants. What happens if ∂ϕρ = 0?

(d) Using (4.133), show that for a polar curve μds =
√
ρ2 + (∂ϕρ)2dϕ. With

this and the result from part (c), show that

θ =
1

κ

∫ ϕ

ϕ0

μ2ρ2dϕ .
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4.46. For Maxwell’s fish-eye lens it is assumed that

μ(r) =
1

1 + r2
,

where r is the radial distance from the origin. In this problem x, y designate
Cartesian coordinates in the plane of the ray (Exercise 4.45). It is of interest
to note that this lens was thought, perhaps mistakenly, to provide a solution
of the “perfect lens problem,” which means one that is capable of infinite
resolution (Leonhardt and Philbin, 2010; Merlin, 2011).
(a) Using Exercise 4.45(c), show that each ray lies on a circle and its equation

has the form
(x− x0)

2 + (y − y0)
2 = 1 + x20 + y20 .

[Hint: Find
d

dr
arcsin

(
r2 − 1

2αr

)
.

]

(b) Show that the solution of the eikonal equation has the form

θ = θ0 +
1

2
arccos

(
2x

x2 + y2 + z2 + 1

)
.

(c) Find the solution of the transport equation for this problem.

4.47. This problem examines the situation where μ = μ(z) for x ∈ R
3. This is

a common assumption in seismology and oceanography, where the medium is
vertically stratified and μ depends on the depth coordinate z. In this problem
the waves will be assumed to be propagating upward.
(a) Show that p = ez × (∂sX/λ) is independent of s, where ez is the unit

vector pointing in the z-direction. What does this mean for the value of
μ sin(χ), where χ is the angle between X and the z-axis?

(b) Taking λ = 1/μ show that on a ray, given a value of s, the z-coordinate
is found by solving

s =

∫ z

z0

μ
√
μ2 − γ2

dz,

where γ2 = μ2
0(1 − n2

z), x0 = (x0, y0, z0), and n0 = (nx, ny, nz). It is
assumed here that μ > γ. What happens when μ = γ is considered in
Ahluwalia and Keller (1977), Stickler et al. (1984). [Hint: (4.132) is useful
here.]

(c) Show that the other two coordinates of the ray are given as

x = x0 +

∫ z

z0

α
√
μ2 − γ2

dz

and

y = y0 +

∫ z

z0

β
√
μ2 − γ2

dz,
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where α = μ0nx and β = μ0ny.
(d) Using the separation-of-variables assumption that θ = F (x)+G(y)+H(z),

show

θ = α(x − x0) + β(y − y0) +

∫ z

z0

√
μ2 − γ2dz.

(e) After solving the transport equation, show that the WKB approximation
takes the form

v(x) ∼ f(x0)

(
μ2
0 − γ2

μ2 − γ2

)1/4

e−iωθ,

where θ is given in part (c). Given x, explain how the solution is calculated
using the preceding formula.

4.48. The equation for the vertical displacement u(x, y, t) of an Euler–
Bernoulli plate is

∂2xMx + 2∂x∂yMxy + ∂2yMy + μ(x, y)∂2t u = 0,

where Mx = D(∂2xu + ν∂2yu), Mxy = (1 − ν)D∂x∂yu, My = D(∂2yu + ν∂2xu).
Also, D is a positive constant, and μ(x, y) is a smooth, positive function.
Further, ν is constant and satisfies 0 < ν < 1

2 .
(a) For the time-periodic response, in the case of a high frequency, show that

the eikonal equation is

D
[
(∂xθ)

2 + (∂yθ)
2
]2

= μ.

What is the transport equation?
(b) Explain why if there is one solution of the eikonal equation then there

can be, in fact, four solutions.

4.49. In the study of acoustic wave propagation in an ocean with a slowly
varying bottom, one comes across the following problem (Burridge and Wein-
berg, 1977):

ε2φxx + ε2φyy + φzz + k2φ = 0 for 0 < z < y,

where φ = 0 on z = 0 and ∂zφ = ∂yφ on z = y. Also, k = ωμ is a positive
(fixed) constant. It is assumed that a sound source is located at x = 0,
y = 1. In this problem, we are interested in constructing a first-term WKB
approximation of the solution for small ε.
(a) Assuming the phase is independent of z, show that the eikonal equation

is
θ2x + θ2y = κ2n,

where κ2n = k2 − (nπ/y)2 and n is a positive integer.
(b) SettingX = (X,Y ), show, using (4.124) with λ = 1/κn, thatX

2
s+Y

2
s = 1.

Thus, we can take Xs = cos(ξ), where ξ is the angle between the ray and
the x-axis.
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(c) From the ray equations, show that κnXs = α, where α =
√
k2 − (nπ)2 cos(ξ0)

and ξ0 is the angle ξ at the source. Also, show that

X =

∫ Y

1

α
√
κ2n − α2

dy and θ =

∫ Y

1

κ2n√
κ2n − α2

dy.

(d) Find, and solve, the transport equation.

4.50. One can show that the solution of the transport Eq. (4.123), when
λ = 1/μ, can be written as (Kline, 1961; Bremmer and Lee, 1984)

v0 = f(x0) exp

(
−1

2

∫ s

0

(
1

R1
+

1

R2

)
ds

)√
μ(x0)

μ(x)
,

where R1(s) and R2(s) are the principal radii of curvature of the wave front
at s. Here Ri is taken to be positive if the corresponding normal section
bends away from the direction of propagation. Note that focal points, which
are where either R1 or R2 goes through zero, require special consideration
and are discussed in Bremmer and Lee (1984).
(a) In the case where μ is constant, show that

v0 = f(x0)

√
ρ1ρ2

(ρ1 + s)(ρ2 + s)
,

where ρ1 and ρ2 are the principal radii of curvature of the wave front at
s = 0. What does this formula reduce to in R

2?
(b) Show that the result in part (a) can be written as

v0 = f(x0)

√
G(s)

G(0)
,

where G(s) is the Gaussian curvature of the wave front.

4.51. More often than not, for an inhomogeneous material it is necessary to
solve the ray equations numerically. One alternative to this is to consider the
medium to be weakly inhomogeneous, that is, to assume μ(x) = 1 + εμ1(x).
This problem explores some of the consequences of this assumption.
(a) Find the first two terms in the expansion of X for small ε. To do this

assume that the initial values X(0) and X ′(0) are independent of ε.
(b) Suppose μ1(x) = sin(k · x), where k is a constant vector. Are there lim-

itations on s for the expansion to be valid? Would multiple scales help
here to extend the range of the expansion of x?

(c) Light rays are bent as they pass through the atmosphere, and this makes
determining the exact location of a star difficult. One approach that has
been taken to account for the variation of the index of refraction in the
atmosphere is to let μ(r) = 1 + εe−κr, where r is the (nondimensional)
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r
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t

Figure 4.14 Reflection and transmission of an incident wave at an interface Q as
assumed in Exercise 4.52

radial distance measured from the surface of the Earth (Park, 1990). One
finds that ε is small and, in fact, ε ≈ 0.032 (Green, 1985). On the basis
of this index of refraction, what are the first two terms in the expansion
of X for small ε?

4.52. This problem examines what happens when μ is discontinuous across
a smooth interface Q. As shown in Fig. 4.14, the incident wave makes an
angle ϕi with n, where n is the unit normal to Q pointing to the incident
side. It is assumed that 0 < ϕi <

π
2 , and the resulting plane formed by n

and the ray for uI determine what is called the plane of incidence. Also note
that each wave has its own set of ray coordinates, which will be designated as
XI(s), XR(s), and XT(s). Assuming that the incident ray strikes Q at s = s1,
then XI(s1) = XR(s1) = XT(s1). Moreover, the tangent vectors ∂sXI(s1),
∂sXR(s1), and ∂sXT(s1), which are assumed to be nonzero, determine the
angle of the respective wave with the normal to the surface. Finally, assume
that Q can be parameterized as x = r(α, β), where the tangent vectors tα =
∂αr and tβ = ∂βr are orthonormal and n = tα × tβ .
(a) Use the fact that θI(r) = θR(r) to show that ∇θI − (∂nθI)n = ∇θR −

(∂nθR)n. With this and the eikonal equation show that ∂nθR = −∂nθI.
(b) The vector n × ∂sXI(s1) is normal to the plane of incidence. Use this

and the fact that θI(r) = θR(r) to show that ∂sXR(s1) is in the plane of
incidence. Moreover, show that cosϕi = cosϕr , and therefore ϕi = ϕr.

(c) Using an argument similar to that used in part (b), show that the ray for
uT is in the plane of incidence and μ+ sinϕi = μ− sinϕt. This is known
as Snell’s law of refraction. Also, μ+ is the limiting value of μ when
approaching S from the incident side and μ− the limiting value coming
from the transmitted side.

(d) As shown in part (c), the transmitted angle is determined from the equa-
tion sinϕt = (μ+/μ−) sinϕi. If μ+ > μ−, then there are incident angles
such that (μ+/μ−) sinϕi > 1, and this means there is no real-valued so-
lution for the transmitted angle. In this case, show that R = e−iδ, where
0 < δ < π. This produces a phase shift in the reflected wave that is associ-
ated with what is known as the Goos–Hänchen effect (Goos and Hanchen,
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1947; de Micheli and Viano, 2006). Also show that the transmitted wave
decays exponentially with distance from the interface; for this reason it
it is called an evanescent wave.

(e) If μ is constant, then the WKB approximation for the incident wave is
given in (4.138). It is possible to write the reflected and transmitted waves
in a similar form. Determine the reflected and transmitted wave vectors
kR and kT in terms of the incident wave.

4.7 Parabolic Approximations

In using the WKB method to solve wave propagation problems, one assumes
there is a relatively high frequency. This applies to many problems, but there
are situations where this assumption is not applicable or where the procedure
involved in ray tracing is too prohibitive to be of practical use. An interesting
example of the latter situation arises in the use of sound waves in the ocean
to measure the effects of global warming (or cooling). This operation gives
rise to what is known as an acoustic thermometer. It uses the fact that
a 1◦C increase in the ocean temperature increases the speed of sound by
approximately 4.6m/s. The change in ocean temperature due to climatic
changes is small, and to measure it, one must have the sound signal propagate
over a long distance. An experiment used to test the feasibility of this idea was
undertaken by placing underwater sound sources near Heard Island, located
in the southern Indian Ocean (Baggeroer and Munk, 1992; Munk et al., 1992).
Measuring devices to detect the signals were placed off the coasts of Seattle
and Cape Cod, which means the waves traveled up to 18,000km through
the ocean! To achieve such long-range sound propagation in seawater, it is
necessary to employ a low-frequency signal, and in this experiment tones
centered at 57Hz were used. What we would like to do here is develop an
approximation method that will work for such situations, and the one to
be considered is known as the parabolic wave approximation. This appears
to have been first used by Leontovich and Fock (1946) to study long-wave
radio-wave propagation in the troposphere. The popularity of the method,
however, is due to Tappert (1977). The ideas developed below are based on
his paper as well as the paper of Siegmann et al. (1985). Readers interested
in whether the ideas underlying the Heard Island experiment actually work,
and how the test might affect marine mammals, should consult Frisk et al.
(2003) and Dushaw et al. (2009).

To explain how this method works, consider the wave equation

∇2u = μ2(x)∂2t u, (4.142)

where x ∈ R
3. We are interested in the time-periodic response, and so let

u(x, t) = e−iωtv(x). With this, (4.142) yields the reduced wave, or Helmholtz,
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equation
∇2v + ω2μ2v = 0. (4.143)

To simplify the situation further, we assume the problem is cylindrically
symmetric. In this case, using cylindrical coordinates, (4.143) takes the form

vrr +
1

r
vr + vzz + ω2μ2(r, z)v = 0. (4.144)

As stated earlier, the parabolic approximation is widely used on acoustic
wave propagation problems. With this in mind, we assume there is a sound
source located at r = r0, so the domain we consider is r0 < r < ∞ and
0 < z < 1. The boundary conditions are that ∂zv = 0 for z = 0, v = 0 for
z = 1 and v = f(z) at r = r0. Also, because the stimulus generates waves that
propagate away from the source, we also impose the Sommerfeld radiation
condition

lim
r→∞(vr − iωv) = 0. (4.145)

This condition means there is no energy coming in from infinity. In other
words, the waves propagate out from r = r0 and not toward r = r0.

To gain some insight into the behavior of the solutions of (4.144), suppose
for the moment that μ = μ0 is constant and v is independent of z. In this
case, the solution of (4.144) that satisfies (4.145) is

v = α0H
(1)
0 (kr), (4.146)

where H
(1)
0 is the zeroth order Hankel function of the first kind and k = ωμ0.

For large r this function is oscillatory. In fact, one can show that the solution
in (4.146) has the form (Abramowitz and Stegun, 1972)

v ∼ α0

√
2

πkr
ei(kr−π/4) for kr � 1. (4.147)

This result is similar to the approximation given in (4.118). In this sense, the
WKB approximation is based on the observation that (4.118) and (4.147)
hold for any nonzero r (or ρ) so long as k (or ω) is large. In contrast, the
parabolic approximation is based on the observation that (4.118) and (4.147)
hold for any nonzero k (or ω) so long as r (or ρ) is large enough. Consequently,
the parabolic approximation method works for any frequency, small or large,
but assumes that the distance from the source is large.

4.7.1 Heuristic Derivation

Before deriving the parabolic approximation using multiple scales, we outline
the argument that was used in the original derivation of the method. The
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fundamental assumption made is that the solution of (4.144) can be written
as

v(r, z) = w(r, z)h(r), (4.148)

where h(r) represents a rapidly varying portion of the solution and w(r, z) is
its modulation. This is similar to the assumption made for the WKB method,
although we are not assuming that h is an exponential function. If we sub-
stitute this into (4.144), then we find that

[
wrr +

(
1

r
+

2

h
hr

)
wr + wzz + ω2μ2w

]
h+

(
hrr +

1

r
hr

)
w = 0. (4.149)

The choice for the function h(r) is based on the solution of (4.144) when
μ = μ0. In this approximation, we are primarily interested in the far field,
that is, the behavior of the solution for large r. Therefore, we will use the
first-term expansion in (4.147) as our choice for h(r). Dropping terms of order
O(1r ) and smaller, we obtain

wrr + 2ikwr + wzz + (ω2μ2 − k2)w = 0. (4.150)

The last step in the reduction is based on the assumption that w(r, z) is sup-
posed to describe the slow modulation of the wave. It seems plausible in this
case that the wrr term in the preceding equation is negligible compared to
the others and can therefore be omitted. This is called the paraxial approx-
imation, and the result is the standard two-dimensional parabolic equation
(PE) given as

wr =
i

2k
(ω2μ2 − k2)w +

i

2k
wzz . (4.151)

There is no doubt that the derivation of this parabolic equation leaves much
to be desired, and this issue will be addressed subsequently. However, before
doing so, note that the value of k has not been specified. This is known as
the separation constant, and it is reasonable to assume that it is a reference
or characteristic value of ωμ.

4.7.2 Multiple-Scale Derivation

The PE in (4.151) can be obtained directly using multiple scales; the first step
is to reconsider the scaling of the physical problem. If one nondimensionalizes
the radial coordinate using a length scale associated with a typical wavelength
of the wave, then (4.144) takes the form (Exercise 4.53)

vrr +
1

r
vr + εvzz + μ2v = 0 for

{
0 < r <∞,
0 < z < 1,

(4.152)
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where
μ = 1 + εμ1(εr, z). (4.153)

The boundary conditions we will use for this problem are the radiation con-
dition (4.145) along with

v(0, z) = f(z) for 0 < z < 1 (4.154)

and
v(r, 1) = 0, vz(r, 0) = 0 for 0 < r <∞. (4.155)

Here f(z) is a given function. In (4.153) we have made an important assump-
tion about how μ depends on the spatial variables. It is assumed that μ is a
small perturbation from a constant and the perturbation is a slowly varying
function of r. This leads to the PE in (4.151), but other variations are of
interest; one is examined in Exercise 4.55.

To find a first-term approximation of the solution of (4.152)–(4.155), we
use multiple scales and introduce the slowly varying radial coordinate R = εr.
In this case the radial derivative transforms as ∂r → ∂r+ ε∂R, and so (4.152)
becomes

(
∂2r +

1

r
∂r + 1 + 2εμ1 + 2ε∂r∂R +

ε

r
∂R + ε∂2z + · · ·

)
v = 0. (4.156)

The appropriate expansion of the solution in this case is

v ∼ v0(r, R, z) + εv1(r, R, z) + · · · . (4.157)

Introducing this into (4.156), one finds that the O(1) equation is

(∂2r +
1

r
∂r + 1)v0 = 0.

The general solution of this is v0 = V (R, z)H
(1)
0 (r). With this, the O(ε)

equation obtained from (4.156) is
(
∂2r +

1

r
∂r + 1

)
v1 = −2VR∂rH

(1)
0 − 1

r
VRH

(1)
0 − VzzH

(1)
0 − 2μ1V H

(1)
0 .

(4.158)

Using variation of parameters, one finds that the general solution of this
equation is

v1 = aH
(1)
0 (r) + bH

(2)
0 (r)

+ α

∫ r

0

[
H

(1)
0 (s)H

(2)
0 (r) −H

(1)
0 (r)H

(2)
0 (s)

]
sF (s,R, z)ds, (4.159)
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where F designates the right-hand side of (4.158), H
(2)
0 is the zeroth-order

Hankel function of the second kind, and α is a constant. The Hankel functions
in (4.159) generate secular terms (this is shown in Exercise 4.54a). To prevent
them from appearing, we require that V (r, z) satisfies (Exercise 4.54b)

∂RV =
i

2
∂2zV + iμ1V for 0 < R <∞ and 0 < z < 1. (4.160)

This is, in effect, the PE given in (4.151) in the case where k = 1. The bound-
ary conditions that go along with this equation are given in (4.154), (4.155).
After solving this problem the first-order approximation of the solution of
(4.152) is

v ∼ V (εr, z)H
(1)
0 (r), (4.161)

which is valid for 0 ≤ z ≤ 1 and 0 ≤ r ≤ O(ε−1).
The PE we have derived here is sometimes referred to as the standard

small-angle PE. Other PEs are applicable in other situations. The reader
is referred to the papers of Siegmann et al. (1985) and Tappert (1977) for
discussions of these.

Exercises

4.53. In dimensional variables, (4.144) takes the form

∂2

∂(r∗)2
v∗ +

1

r∗
∂

∂(r∗)
v∗ +

∂2

∂(z∗)2
v∗ + (ω∗)2(μ∗)2v∗ = 0.

Assume that μ∗ = μ∗
0(1 + εμ1), where μ

∗
0 is a positive constant and μ1 =

μ1(
√
εr∗/h, z∗/h). Also, the region in which this equation holds is 0 < r∗ <∞

and 0 < z∗ < h. The asterisks indicate dimensional variables.
(a) Find the scaling that leads to (4.152)–(4.155).
(b) It was stated that (4.152)–(4.155) are obtained if one nondimensionalizes

the radial coordinate using a length scale rc associated with a typical
wavelength of the wave. Comment on this. Also comment on what as-
sumption is made on the height of the channel compared to rc.

4.54. For large r the Hankel functions have the expansions (Abramowitz and
Stegun, 1972)

H(1)
ν (r) ∼

√
2

πr
ei(r−π/4−πν/2) and H(2)

ν (r) ∼
√

2

πr
e−i(r−π/4−πν/2).

(a) Use these expansions to show that, for 1 � r,
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∫ r

0

sH
(1)
0 (s)H

(2)
0 (s)ds ∼ 2r

π
and

∫ r

0

sH
(1)
1 (s)H

(2)
0 (s)ds ∼ −2ir

π
.

(b) Using the ideas developed in part (a) and the fact that d
dsH

(j)
0 =

−H(j)
1 (s), show that to prevent secular terms from appearing in the ex-

pansion for v, it is necessary that (4.160) holds.

4.55. The assumption made on the function μ in Exercise 4.53 is fairly re-
strictive. Instead, suppose it is assumed that μ∗ = μ∗

0(εr, z).
(a) Find the equation satisfied by v(r, z) and explain the differences between

the assumption made here and that used in Exercise 4.53.
(b) Using the ideas developed in Sect. 3.6 find a first-term approximation for

v that is valid for large r.

4.56. Suppose (4.152) is rewritten as

vrr +
ε

R
vr + εvzz + [1 + εμ1(εr, z)]

2v = 0.

(a) Find a first-term approximation for v that is valid for large r.
(b) How does the approximation you found in part (a) differ from that given

in (4.161)? In answering this, include a comment or two on which approx-
imation should be more accurate.

4.8 Discrete WKB Method

The ideas underlying the WKB method can be extended to difference equa-
tions without much difficulty. To show how, and in view of the first example
considered in Sect. 4.2, our starting point is the second-order difference equa-
tion

yn+1 − 2yn + yn−1 = qnyn for n = 0,±1,±2, . . . , (4.162)

where qn = q(εn). This equation arises, for example, from a finite-difference
approximation of (4.1). It also comes from the equation for an elastic string
on which point masses are placed at uniform intervals.

The form of the discrete WKB approximation we will use here is

yn ∼ eθ(εn)/ε
α[
ȳ0(εn) + εβ ȳ1(εn) + · · · ] . (4.163)

The functions θ(ν), ȳ0(ν), ȳ1(ν), . . . are assumed smooth. In preparation for
substituting this expansion into (4.162), we first apply Taylor’s theorem to
obtain

θ(ε(n± 1)) ∼ θ(εn)± εθ′(εn) +
1

2
ε2θ′′(εn)± · · · .

Doing the same for ȳ0 and ȳ1 we have, from (4.163), that
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yn±1 ∼ exp

[
ε−α

(
θn ± εθ′n +

1

2
ε2θ′′n

)]
[
ȳ0n ± εȳ′0n + εβ ȳ1n + · · · ] . (4.164)

In this equation, θn = θ(εn), ȳ0n = ȳ0(εn), etc.
For the terms in (4.162) to balance, we need to take α = β = 1. In this

case, (4.162) takes the form

eθ
′
n

(
1 +

1

2
εθ′′n + · · ·

)
[
ȳ0n + εȳ′0n + εȳ1n + · · · ]

+ e−θ′
n

(
1 +

1

2
εθ′′n + · · ·

)[
ȳ0n − εȳ′0n + εȳ1n + · · · ]

= (2 + qn)[ȳ0n + εȳ1n + · · · ] . (4.165)

This leads to

O(1) eθ
′
n + e−θ′

n = 2 + qn.

This is the eikonal equation. Multiplying by eθ
′
n and then solving the

resulting quadratic yields

θ′n = ln

[
1

2

(
2 + qn ±

√
qn(qn + 4)

)]
. (4.166)

It is a simple matter to integrate this last equation to obtain θn(x),
and so our next task is to find the equation for ȳ0n .

O(ε)
(
eθ

′
n − e−θ′

n

)
ȳ′0n + 1

2θ
′′
n ȳ0n

(
eθ

′
n + e−θ′

n

)
= 0.

This is the transport equation, and it can be solved by noting that it
can be rewritten as

ȳ′0n +
1

2

[
ln
(
eθ

′
n − e−θ′

n

)]′
ȳ0n = 0.

Integrating this yields

ȳ0n

√
eθ

′
n − e−θ′

n = A0, (4.167)

where A0 is a constant. Thus, from (4.166) we have

ȳ0n =
A

[qn(qn + 4)]
1/4

, (4.168)

where A is constant.

Adding the two solutions together, a first-term discrete WKB approxima-
tion of the general solution of (4.162) in the case of small ε is



288 4 The WKB and Related Methods

ȳn ∼ 1

[qn(qn + 4)]1/4

(
a0e

θ+/ε + b0e
θ−/ε

)
, (4.169)

where

θ±(εn) =
∫ εn

ln

[
1

2

(
2 + q(ν)±

√
q(ν)(q(ν) + 4)

)]
dν. (4.170)

Using the properties of inverse functions, the preceding expression for θ±(x)
can be simplified to

θ±(εn) =

⎧
⎨

⎩

±i ∫ εn
cos−1

[
1 + 1

2q(ν)
]
dν if − 4 < q < 0,

± ∫ εn
cosh−1

[
1 + 1

2q(ν)
]
dν if 0 < q,

iπεn± ∫ εn
cosh−1

∣
∣1 + 1

2q(ν)
∣
∣ dν if q < −4.

(4.171)

The similarities between this result and the WKB approximation given in
(4.11) are evident. However, there are differences, and perhaps one of the
more important differences concerns the turning points. From (4.11) these
occur when q(x) = 0. For the discrete WKB formula in (4.169), these include
the values of n, where qn = 0,−4. However, there is also a problem with
(4.169) if q(ν), or q(ν) + 4, changes sign between ν = εn and ν = ε(n + 1).
This will be referred to as a turning-point interval. The resolution of the
solution near a turning point is carried out in a manner similar to what was
done for differential equations, and this is demonstrated below for a simple
turning point.

Example

To illustrate the behavior of the solution when a turning point is present,
consider the difference equation

yn+1 − 2yn + yn−1 =
2n−N

2N
yn for n = −N + 1, . . . , N − 1, (4.172)

where y−N = yN = 1. In this problem, ε = 1/N and q(ν) = (2ν − 1)/2.
Also, note that if N is even, then there is a turning point at n = N/2
and there is a turning-point interval when N is odd. We will assume N is
even and the solution in the case where N = 100 is shown in Fig. 4.15. The
oscillatory nature of the solution for n < 50 and the exponential character of
the solution for n > 50 are evident in this figure. These are contained in our
WKB approximation (4.170), which, for this problem, reduces to

yn ∼
{
dn
(
aLe

−iNθn + bLe
iNθn

)
if −N ≤ n < N/2,

dn
(
aRe

Nκn + bRe
−Nκn

)
if N/2 < n ≤ N,

(4.173)
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Figure 4.15 Solution of difference Eq. (4.172) in the case where N = 100. To draw
this graph, the individual points were connected by a smooth curve. This was done,
as opposed to showing the individual data points, because of the large number of
points included in the plot

where dn = [( n
N − 1

2 )(
n
N + 7

2 )]
−1/4. From (4.171) one finds that

κn = 2
√
1− η2 − 2η cos−1(η) (4.174)

and
θn = 2η cosh−1(η)− 2

√
η2 − 1 , (4.175)

where η = 1
4 (3+2n/N). The solution in (4.173) must satisfy the conditions at

n = ±N . That still leaves two undetermined constants, and these are found
by matching (4.173) with the solution from the turning-point region.

4.8.1 Turning Points

We will now investigate the behavior of the solution of (4.162) for n near n0,
where ν0 = εn0 is a simple turning point. In what follows, it is assumed that
q(ν0) = 0 with q′(ν0) > 0. It is also assumed that q(ν) + 4 > 0. In this case
the WKB approximation in (4.169) can be written as

yn ∼
{
αn

(
aLe

−iθn/ε + bLe
iθn/ε

)
if n < n0,

αn

(
aRe

κn/ε + bRe
−κn/ε

)
if n0 < n,

(4.176)

where

αn =
1

[qn(qn + 4)]1/4
,

θn =

∫ εn0

εn

cos−1

[
1 +

1

2
q(ν)

]
dν, (4.177)

and

κn =

∫ εn

εn0

cosh−1

∣∣
∣
∣1 +

1

2
q(ν)

∣∣
∣
∣ dν. (4.178)
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To obtain an approximation of the solution near the turning point, we
take εn0 to be fixed and change indices from n to k in such a manner that
n = n0 + k. Assuming ε|k| � 1, then from Taylor’s theorem,

qn = q(ε(n0 + k)) ∼ εkq′(εn0).

The solution in this transition region will be designated as Yk, and so Yk =
yn0+k. Now, the appropriate expansion near the turning point is

Yk ∼ εγY k + · · · . (4.179)

Substituting this into (4.162) one finds that

Y k+1 − 2Y k + Y k−1 = εkQ′
0Y k, (4.180)

where Q′
0 = q′(εn0). The general solution of this second-order difference

equation involves Bessel functions (Exercise 4.67). However, we will approach
the problem directly, and a standard method for solving difference equations
like this one is to introduce the transformation (Carrier et al., 1966)

Y k =

∫

C

eikzf(z)dz, (4.181)

where the contour C is in the complex plane. Both C and the function f(z)
are determined from (4.180). Substituting this into (4.180) yields

2

∫

C

eikz[cos(z)− 1]f(z)dz = μ

∫

C

keikzf(z)dz, (4.182)

where μ = εQ′
0. The next step is to use integration by parts on the integral

on the right-hand side of (4.182) to obtain

∫

C

eikz {2[cos(z)− 1]f(z)− iμf ′(z)}dz = 0. (4.183)

In this step, it was assumed that the contour was chosen such that the con-
tribution from the endpoints is zero. Later, once C has been determined, we
will have to come back to check that this does indeed hold. What we have
accomplished by integrating by parts is to get the terms in the braces { }
in (4.183) to be independent of k. So for (4.183) to be satisfied for all k we
require that

2[cos(z)− 1]f(z)− iμf ′(z) = 0. (4.184)

Solving this equation yields

f(z) = B0 exp

[
−2i

μ
(sin(z)− z)

]
, (4.185)



4.8 Discrete WKB Method 291

Figure 4.16 Three possible contours that can be used in the WKB approxima-
tion (4.186). Note that C1 has vertical asymptotes Re(z) = −π, 0, while C2 has
asymptotes Re(z) = ±π, and C3 has asymptotes Re(z) = 0, π

where B0 is a constant. With this, and the original transformation given in
(4.181), we have that

Y k = B0

∫

C

eikz−2i(sin(z)−z)/μdz. (4.186)

We must now specify the contour C so all this makes sense. Actually, we
are looking for two contours because the general solution of (4.180) consists
of the superposition of two independent solutions. The requirements on these
contours are that they produce a convergent integral in (4.186), that (4.186) is
obtained after integration by parts, and the solution from this region matches
with the outer solutions. The first two requirements are easily satisfied if
we make use of the exponential decay of the integrand. There are many
possibilities, three of which are shown in Fig. 4.16. From this and (4.186) we
have that the WKB approximation of the general solution of (4.177) can be
written as

Y k = α0

∫

C1

eikz−2i(sin(z)−z)/μdz + β0

∫

C3

eikz−2i(sin(z)−z)/μdz, (4.187)

where α0 and β0 are arbitrary constants.
It remains to match (4.187) with the outer solutions given in (4.176). De-

termining the behavior of the functions in (4.176) near the turning point is
relatively easy and follows the steps used in Sect. 4.3. Finding out how Y k

behaves as k → ±∞, however, requires extensive use of the method of steep-
est descents (Murray, 1984). The details of the calculations are outlined in
Exercise 4.66. One finds that the connection formulas relating the coefficients
in the three regions are

bL = bR +
1

2
iaR, aL =

1

2
aR + ibR (4.188)

and
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Figure 4.17 Plot of WKB approximation (4.190) for solution of difference
Eq. (4.172) in the case where N = 100. For comparison the numerical solution is
also shown. The lower plot shows the solution in the region near n = 50

α0 =
bL√
2πQ′

0

, β0 =
−iaL√
2πQ′

0

, (4.189)

where γ = −1/2.
Putting our results together, we have from (4.176) and (4.188) that the

WKB approximation of the solution of (4.162) is

yn ∼
{
An

(
aR cos

(
1
εθn + π

4

)
+ 2bR cos

(
1
εθn − π

4

))
if n < n0,

An

(
aRe

κn/ε + bRe
−κn/ε

)
if n0 < n,

(4.190)

where An = [|qn|(qn + 4)]−1/4, θn is given in (4.177), and κn is given in
(4.178).

To illustrate the accuracy of this approximation, we return to the example
in (4.172). The coefficients aR and bR in (4.190) are determined from the
boundary conditions y−N = yN = 1. The resulting approximation is shown
in Fig. 4.17 along with the numerical solution. It is seen that in their respec-
tive regions of applicability the discrete WKB approximations are almost
indistinguishable from the numerical solution.

The discrete WKB approximation developed here is based, in part, on the
ideas introduced by Dingle and Morgan (1967a,b) and Wilmott (1985). A
somewhat different approach can be found in Braun (1979) and Geronimo
and Smith (1992). Those interested in a more theoretical analysis of the
discrete WKB method may consult Costin and Costin (1996).
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Exercises

4.57. This problem concerns the equation

pn+1yn+1 + qnyn + pnyn−1 = 0 for n = 0, 1, 2, . . . ,

where qn = q(εn) and pn = p(εn). It is assumed here that p(ν) and q(ν) are
smooth functions of ν, and p(ν) > 0.
(a) Find a first-term approximation of the solution of this equation.
(b) Identify the turning points, and simplify your answer from part (a) if a

turning point is not present [as is done in (4.171) and (4.173)].
(c) A nonzero solution is said to be oscillatory if, given any n, there is a k ≥ n

such that ykyk+1 ≤ 0. In Patula (1979) it is proved that if q(ν) ≥ 0, then
all nontrival solutions of the preceding difference equation are oscillatory.
Is your approximation consistent with this result? In the case of q(ν) < 0,
Hooker and Patula (1981) show that all nontrival solutions are oscillatory
if (4 − δ)p2n ≥ qnqn+1 for some δ > 0. Is your approximation consistent
with this result?

4.58. Find the general solution of the turning point equation when:
(a) εn0 is a simple turning point where qn = 0 and μ < 0,
(b) εn0 is a simple turning point where qn = −4 and μ > 0,
(c) εn0 is a simple turning point where qn = −4 and μ < 0.

4.59. The development of the discrete WKB method assumed that the vari-
able coefficient in (4.162) could be described with a continuous function q(ν).
When starting out with a difference equation, there will inevitably be numer-
ous choices that can be made for q(ν). It is therefore a natural question to ask
what effect, if any, this choice will have on the approximation. To investigate
this, suppose the difference equation is

yn+1 − 2yn + yn−1 = 2yn for n = 0,±1,±2, . . . .

(a) Assuming yn = rn, find the general solution of this equation.
(b) Now the question is, what should we choose for q(ν)? For example, we

can take (i) q(ν) = 2, (ii) q(ν) = 2+sin(νπ), or (iii) q(ν) = 2+sin(20νπ).
Discuss the effect of these choices on the accuracy of the WKB approxi-
mation. You might do this by either investigating the second term in the
expansion or else examining the effects on the value of the function θ± as
given in (4.170).

(c) Based on your findings in part (b), discuss the case where q(ν) = 2 +
4 sin(νπ).

4.60. Find a discrete WKB approximation of the solution of the following
problem. If turning points, or turning-point intervals, are present, then iden-
tify where they are located.
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(a) yn+2 − 4yn+1 + 6yn − 4yn−1 + yn−2 = qnyn,

(b)
(
1 + 1

2pn
)
yn+1 + (qn − 2)yn +

(
1− 1

2pn
)
yn−1 = 0,

(c)
(
1 + 1

2

√
εpn
)
yn+1 + (qn − 2)yn +

(
1− 1

2

√
εpn
)
yn−1 = 0. [Hint: Assume

yn ∼ exp(ε−αθ0 + ε−βθ1)(y0 + εγy1 + · · · ).]
4.61. Consider the eigenvalue problem

yn+1 − 2yn + yn−1 + λ2ε−2qnyn = 0 for n = 1, 2, . . . , N,

where y0 = yN+1 = 0. Also, qn = q(εn), where ε = 1/(N + 1), and q(ν) is a
smooth, positive function for 0 ≤ ν ≤ 1.
(a) Assuming λ ∼ εγ(λ0 + εαλ1 + · · · ), use the discrete WKB approximation

to determine the first term in the expansion for the eigenvalue λ (i.e., find
λ0).

(b) In the case where q(ν) = κ2, where κ is a positive constant, the eigenvalues
for the problem are λ = 2

κ (N + 1) sin( jπ
2(N+1) ) for j = 1, 2, . . . , N . How

does the WKB approximation of the eigenvalues compare with this exact
result?

(c) The eigenvalue problem comes from a finite-difference approximation of
the differential equation

y′′ + λ2q(x)y = 0 for 0 < x < 1,

where y(0) = y(1) = 0. In this case, yn is the approximation of y(xn),
where xn = nh and h = 1/(N +1). In (4.18), the WKB approximation of
the large eigenvalues for this problem is given in the case where q(x) = e2x.
Compare this result with the values obtained from the discrete WKB
approximation obtained in part (a) in the case where q(ν) = e2ν .

4.62. Consider the second-order difference equation

yn+1 + yn−1 = qnyn for n = 0,±1,±2, . . . , (4.191)

where qn = q(εn).
(a) Find a WKB approximation of the general solution of this equation for

small ε.
(b) Setting zn = αnyn, show how the equation

an+1zn+1 + bnzn + cn−1zn−1 = 0 for n = 0,±1,±2, . . .

can be transformed into the one in (4.191). It is assumed here that an =
a(εn) and cn = c(εn) are nonzero. From this and the result from part
(a), write down a WKB approximation of the general solution of this
equation.
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4.63. The Bessel function Jn(x) satisfies the second-order difference equation

yn+1 + yn−1 =
2n

x
yn, for n = 1, 2, 3, . . . .

(a) For large x find a WKB approximation of the general solution of this
equation.

(b) Your solution in part (a) should contain two arbitrary constants. If, for
large x,

y0 ∼
√

2

πx
cos
(
x− π

4

)
and y1 ∼

√
2

πx
cos

(
x− 3π

4

)
,

then find the resulting expansion for yn.
(c) For large x, one can show that

Jn(x) ∼
√

2

πx
cos
(
x− nπ

2
− π

4

)
.

How does this compare with your result in part (b)?

4.64. Consider the difference equation

qnzn+1 − (1 + 2qn − εβ)zn + (qn − εβ)zn−1 = 0 for n = 1, 2, 3, . . . ,

where q(ν) = ν and β is a positive constant.
(a) For small ε find a WKB approximation of the general solution of this

equation.
(b) If z1 ∼ Γ (β)εβ−1e1/ε and z2 ∼ z1/ε, then find the resulting expansion for

zn.
(c) Compare the result from part (b) with the expansion of Kummer’s

function M(n, β, x) for large x. What difference equation does Zn =
M(n, β, x) satisfy?

4.65. In combinatorics, it is often of interest to find the asymptotic behavior
of a sequence that is defined by a recursion equation. An example of this arises
with Stirling numbers of the second kind, S(n, k). Given a set of n elements,
S(n, k) is the number of ways to partition it into k nonempty subsets. From
this definition one finds that these numbers satisfy the recursion equation

S(n+ 1, k) = S(n, k − 1) + kS(n, k) for k = 1, 2, . . . , n,

where S(n, 0) = 0, S(n, n) = 1, and S(n, k) = 0 for k > n. One can show
that the solution of this can be written in series form as

S(n, k) =
1

k!

k∑

j=0

(−1)k−j

(
k

j

)
jn.

This exercise derives an approximation of S(n, k) for n large and is based on
the paper of Knessl and Keller (1991b).
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(a) For large n and fixed k show that S(n + 1, k) ∼ kS(n, k). From this
conclude S(n, k) ∼ kn/k!.

(b) To find an approximation for 1 � k < n, let k = κ/ε, where ε = 1/n.
Letting S(n, k) = εγR(n, κ), show

R(n+ 1, κ) = R(n, κ− ε) + κR(n, κ).

Using a WKB expansion, find a first-term expansion of the solution of this
equation for small ε. To determine the solution uniquely, it is necessary
to match with the expansion in part (a). You do not need to do this, but
the steps involved can be found in Knessl and Keller (1991b).

4.66. This exercise concerns the transition-layer solution (4.187) and its
matching with the WKB approximation in (4.176).
(a) In regard to the two contour integrals in (4.187), use Cauchy’s theorem

to relate them to the integral over C2 (Fig. 4.16).
(b) Consider the limit k → ∞. Setting g(z) = 2i

μk (sin(z) − (1 + 1
2μk)z), find

the stationary points for g(z) and the paths of steepest descent for the
contour integrals over C2 and C3. Assuming k → ∞, with εk � 1, use
the method of steepest descents to show that

Y k ∼
(
π2μ

k

)1/4 [
i(α0 + β0)Λ+

1

2
(β0 − α0)Λ

−1

]
,

where Λ = exp(23μ
1/2k3/2).

(c) Suppose k → −∞, with |εk| � 1. Setting h(z) = 2i
μλ(sin(z)− (1− 1

2μλ)z),
where λ = −k, use the method of steepest descents to show that

Y k ∼
(
π2μ

λ

)1/4(−α0Θ + β0Θ
−1
)
,

where Θ = exp[i(23μ
1/2λ3/2 − π/4)].

(d) Find first-term approximations of the WKB approximations in (4.176)
for n near n0.

(e) Matching the results from parts (b)–(d), derive the connection formulas
in (4.188) and (4.189).

4.67. This problem develops another approach to matching the transition-
layer solution with the WKB expansion in (4.176).
(a) Show that the general solution of (4.180) is

Y k = AJk+2/μ

(
2

μ

)
+BYk+2/μ

(
2

μ

)
,

where μ = εQ′
0.

(b) Using the general solution in part (a), derive the corresponding connection
formulas. What assumptions do you need to make approximately εk?



Chapter 5

The Method of Homogenization

5.1 Introduction

It is common in engineering and scientific problems to have to deal with
materials that are formed from multiple constituents. Some examples are
shown in Fig. 5.1 and include laminated wood, a fluid-filled porous solid, an
emulsion, and a fiber-reinforced composite. Solving a mathematical prob-
lem that includes such variations in the structure can be very difficult. It is
therefore natural to try to find simpler equations that effectively smooth out
whatever substructure variations there may be. An example of this situation
occurs when describing the motion of a fluid or solid. One usually does not
consider them as composites of discrete interacting molecules. Instead, one
uses a continuum approximation that assumes the material to be continu-
ously distributed. Using this approximation, material parameters, such as
the mass density, are assumed to represent an average.

In this chapter, we investigate one approach that can be used to smooth
out substructure variations that arise with spatially heterogeneous materials.
In this sense, our objective differs from what we have done in the other chap-
ters. Usually we have been interested in deriving an approximate solution,
but in this chapter our primary goal is to derive an approximate problem.
The substructural geometric and material variations will not be present in
the reduced problem, but they will be used to determine the coefficients of the
problem. The procedure we will be developing is called homogenization. It
goes by other names, including effective media theory, bulk property theory,
and the two-space scale method.

5.2 Introductory Example

To introduce the method of homogenization, we will examine the boundary-
value problem

M.H. Holmes, Introduction to Perturbation Methods, Texts in Applied
Mathematics 20, DOI 10.1007/978-1-4614-5477-9 5,
© Springer Science+Business Media New York 2013
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Figure 5.1 Examples of composite systems. This includes plywood, a 400-μm view
of quartz grains with water-filled pores (Haszeldine, 2010), an 80-μm view of an oil
and water emulsion (Akay, 2010), and a 20-μm view of a fiber-reinforced ceramic
composite (MEIAF, 2010)

d

dx

(
D
du

dx

)
= f(x) for 0 < x < 1, (5.1)

where

u(0) = a and u(1) = b. (5.2)

Of interest here is when the function D includes a relatively slow variation in
x as well as a faster variation over a length scale that is O(ε). Two examples
of this are illustrated in Fig. 5.2. The function in Fig. 5.2a is an example of
the type of variation that might be found in a laminated structure such as
plywood since D has jump discontinuities but is constant over intervals that
are O(ε). The function in Fig. 5.2b has a similar variation to that in Fig. 5.2a,
but it is continuous. We will concentrate on examples of the latter type, but
the discontinuous problem is not that much harder (Exercise 5.9). It is worth
pointing out that a problem with rapidly varying coefficients, as in (5.1),
is not easy to solve, even numerically. This makes the smoothing process
underlying homogenization quite valuable when dealing with such situations.

We need to express the sort of variation seen in Fig. 5.2b mathematically,
and the way this assumption is incorporated into the problem is to assume
D = D(x, x/ε). As an example, setting y = x/ε we could have
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Figure 5.2 Examples illustrating the coefficient D in (5.1) and how it can vary over
a length scale that is small in comparison to the length of the interval. In (a) the
function is a piecewise constant function, and in (b) the dependence is continuous

D(x, y) =
1

1 + αx+ βg(x) cos(y)
. (5.3)

This function happens to be periodic in the fast variable (y), but this is not
required for the derivation that follows. It is of interest to note that this
function is plotted in Fig. 5.2b for the case of α = −0.1, β = 0.1, g(x) =
e4x(x−1), and ε = 0.01.

The question we are going to ask is whether or not it is possible to smooth
out D(x, x/ε) and replace it with an averaged value that is independent of ε.
One might try to argue that this is possible because the variations of D are
over such a small length scale that a first-term approximation that uses an
averaged D is reasonable. If so, then the question arises as to what average
should be used. One possibility is to simply average over the fast variable.
Doing this and using a first-term approximation we get

〈D〉∞ = lim
y→∞

1

y

∫ y

0

D(x, r)dr. (5.4)

For example, if D(x, y) is given in (5.3), then one finds that

〈D〉∞ =
1√

(1 + αx)2 − [βg(x)]2
. (5.5)

As we will see below, it is possible to approximate D with an average, but
〈D〉∞ is not the one that should be used. Any ideas what it might be?
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A special terminology has developed in homogenization that needs to
be explained before getting any deeper into the subject. The fast length
scale, which is y = x/ε in the preceding example, is sometimes referred to as
the microscale or the scale of the substructure. Similarly, the variable x is the
slow scale or the macroscale. This terminology is used because homogeniza-
tion has its roots in the theory of composite materials. However, one should
not automatically associate the procedure with microscopic vs. macroscopic
variations. What is needed, among other things, are variations over dispro-
portionate length scales. This may mean atomic vs. molecular length scales
or even planetary vs. galactic scales.

It is also important to clearly state what assumptions are made on the
coefficient D(x, y). For 0 ≤ x ≤ 1 and 0 < y < ∞ this function is assumed to
be smooth and satisfies

0 < Dm(x) ≤ D(x, y) ≤ DM (x), (5.6)

where Dm(x) and DM (x) are continuous for 0 ≤ x ≤ 1. The forcing function
f(x) in (5.1) is also taken to be continuous. In this case, the solution of (5.1),
(5.2) is well defined.

Given the disparity of the two length scales in this problem, it is natural
to use multiple scales to find an approximation of the solution. Normally we
would introduce the scales x1 = x/ε and x2 = x. However, with the objective
of keeping the notation relatively simple, we will only introduce new notation
for the scale y = x/ε and designate the slow scale simply as x. In this case,
the derivative transforms into

d

dx
→ 1

ε
∂y + ∂x.

The differential Eq. (5.1) now takes the form

(∂y + ε∂x)[D(x, y)(∂y + ε∂x)u] = ε2f(x). (5.7)

A regular multiple-scale expansion is appropriate for this problem, and so
we take

u ∼ u0(x, y) + εu1(x, y) + ε2u2(x, y) + · · · . (5.8)

Because the solution of the problem is well behaved, we will assume that
each term in the expansion is smooth and a bounded function of y. Now,
substituting our expansion in (5.8) into (5.7) leads to the following equations:

O(1) ∂y[D(x, y)∂yu0] = 0.

The general solution of this equation is

u0(x, y) = c1(x) + c0(x)

∫ y

y0

ds

D(x, s)
, (5.9)
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where y0 is any given fixed value of y. It turns out that c0 = 0, and
the reason for this is that the preceding integral is not a bounded
function of y. This can be shown using the upper bound in (5.6). If
y > y0, then ∫ y

y0

ds

DM (x)
≤

∫ y

y0

ds

D(x, s)
,

and so

y − y0
DM (x)

≤
∫ y

y0

ds

D(x, s)
. (5.10)

The left-hand side of this last inequality becomes infinite as y → ∞.
Therefore, if u0 is to be bounded, it must be that c0 = 0. In what
follows, we will write this dependence simply as u0 = u0(x) and forgo
the use of c1.

Before proceeding to the O(ε) equation, we need to make another obser-
vation about the integral in (5.9). Using the inequality Dm(x) ≤ D(x, y), we
can extend the result in (5.10) to

y − y0
DM (x)

≤
∫ y

y0

ds

D(x, s)
≤ y − y0

Dm(x)
. (5.11)

Therefore, the integral is unbounded, but its growth is confined by linear
functions in y as y → ∞. This information will be needed subsequently when
dealing with the secular terms that appear in the expansion of the solution.
We are now ready to go on to the next order equation.

O(ε) ∂y[D(x, y)∂yu1] = − ∂xu0 ∂yD.

The general solution of this equation is

u1(x, y) = b1(x) + b0(x)

∫ y

y0

ds

D(x, s)
− y∂xu0. (5.12)

Again, the integral becomes unbounded as y increases, but so does the
last term. Moreover, from (5.11), they are both O(y). To prevent this
from occurring, we will require that these two terms cancel each other
as y increases. This is done by imposing the condition

lim
y→∞

1

y

[
b0(x)

∫ y

y0

ds

D(x, s)
− y∂xu0

]
= 0.

This can be rewritten as

∂xu0(x) = 〈D−1〉∞b0(x), (5.13)
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where

〈D−1〉∞ ≡ lim
y→∞

1

y

∫ y

y0

ds

D(x, s)
. (5.14)

There are several mathematical questions that need to be considered
in connection with this average, but we will continue the derivation of
the asymptotic approximation and return to these questions later.
Our immediate objective is to find u0(x), and this takes us to the
next, and final, equation.

O(ε2) ∂y[D(x, y)∂yu2] = f(x)− b′0 − ∂y(D∂xu1).

The general solution of this is

u2 = d1(x)+d0(x)

∫ y

y0

ds

D(x, s)
−
∫ y

y0

∂xu1(x, s)ds+(f−b′0)
∫ y

y0

sds

D(x, s)
.

The last integral is O(y2) for large y. There are no other terms in the
expression that can cancel this growth, and it is therefore necessary
to require

b′0(x) = f(x). (5.15)

This is the equation we have been looking for.

After all the preceding work, we are now in a position to state how to deter-
mine the first-term approximation of the solution of (5.1), (5.2). From (5.13)
and (5.15) we have that the approximation is the solution of the boundary-
value problem

d

dx

(
D

d

dx
u0

)
= f(x) for 0 < x < 1, (5.16)

where

u0(0) = a and u0(1) = b. (5.17)

The coefficient here is

D(x) ≡ lim
y→∞

y∫ y

y0

ds
D(x,s)

(5.18)

or, equivalently, D(x) = 〈D−1〉−1∞ .
It may seem like we have accomplished very little since (5.16) is so sim-

ilar to the original equation given in (5.1). However, what is significant is
that the equation no longer explicitly contains the fast scale. The result is a
homogenized differential equation with what is called a homogenized, or effec-
tive, coefficient. The fast variation still contributes, albeit indirectly, through
this averaged coefficient. The average that appears in (5.18) is the harmonic
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mean of D (this average was first introduced by Archytas, circa 400BC, who
was one of the last warrior mathematicians). The relationship of D(x) to the
arithmetic, and geometric, mean is given in Exercise 5.8.

Examples

1. If D(x, y) is given in (5.3), then from (5.18),

〈D−1〉∞ = lim
y→∞

1

y

∫ y

y0

(1 + αx + βg(x) cos(s))ds = 1 + αx. (5.19)

Taking α = 0, the homogenized coefficient is D = 1. Also, letting f(x) = 0,
a = 0, and b = 1, the solution of the homogenized problem in (5.16) is

u0(x) = x. (5.20)

The problem, using the D(x, y) given in (5.3), can be solved exactly, and
the solution is

u(x) =
x+ βε sin(x/ε)

1 + βε sin(1/ε)
. (5.21)

A comparison between these two functions is given in Fig. 5.3. The exact
solution does contain a O(ε) variation in x, but the amplitude of the
variation is also O(ε). Consequently, as ε decreases, the exact solution is a
rapidly oscillatory function, but the amplitude of the oscillations goes to
zero with ε. In contrast, the coefficient D has a O(ε) variation in x, but
the amplitude of the variation is O(1) (Fig. 5.4). �
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Figure 5.3 Comparison between first-term homogenization approximation given in
(5.20) and the exact solution, (5.21), for two values of ε. For ε = 10−2 the asymp-
totic approximation is essentially indistinguishable from the exact solution. In these
calculations α = 0, β = 0.83, and g(x) = e4x(x−1)
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2. Earlier the question was asked if a good approximation to the problem
would result if the arithmetic average given in (5.4) was used. In the case
where D is given in (5.3), the arithmetic average is

〈D〉∞ =
1√

(1 + αx)2 − [βg(x)]2
. (5.22)

This shows just how bad our first guess was since D(x) = (1 + αx)−1,
which clearly is independent of β or the function g(x). An illustration of
how these functions can differ is given in Fig. 5.4. �

3. As another example, suppose

D(x, y) =

√
1 + y

1 +
√
1 + y

. (5.23)

In this case, ∫ y

0

ds

D(x, s)
= y + 2

√
1 + y − 2, (5.24)

and so 〈D−1〉∞ = 1. The first term from the homogenization procedure is
just fine. However, note that the approximation for u1 is

u1 = b1(x) + 2b0(x)
(√

1 + y − 1
)
. (5.25)

It is clear that this function is not bounded. The problem here is that our
assumption of a regular power series, as given in (5.8), is incorrect in this
case. For this problem we should use an expansion in powers of ε1/2. As it
turns out, this modification does not affect the first-term approximation
(Exercise 5.4). �
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Figure 5.4 Shown are the values of (1) D obtained from (5.3), (2) the averaged
values Da = 〈D〉∞ as given in (5.22), and (3) the harmonic average as given in
(5.14). In these calculations α = 0, β = 0.83, g(x) = e4x(x−1), and ε = 10−2
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5.2.1 Properties of the Averaging Procedure

Because of the central role the harmonic mean plays in the homogenization
procedure, it is worth spending some time going over its properties. As stated
earlier, it is assumed that D(x, y) is smooth and satisfies

0 < Dm(x) ≤ D(x, y) ≤ DM (x). (5.26)

In this case, it is not hard to show that D(x) is a smooth, positive func-
tion that is independent of the lower endpoint y0. One can also show that
(Exercise 5.5)

0 < Dm(x) ≤ D(x) ≤ DM (x). (5.27)

The connection of the harmonic mean with the arithmetic and geometric
means is given in Exercise 5.8.

Of particular interest for us is how to determine D(x). Besides using the
definition given in (5.14) and (5.18), there are also the following two special
cases:

1. If limy→∞ D(x, y) = D∞(x), then from l’Hospital’s rule applied to (5.14)
it follows that

D(x) = D∞(x). (5.28)

As an example, if D(x, y) = (3 + y2)/(1 + y2), then D(x) = 3.
2. If D(x, y) is periodic in y, then there is a positive yp such that D(x, y +

yp) = D(x, y) for all x and y that are under consideration. In this case,
D(x) = 1/d(x), where

d(x) =
1

yp

∫ yp

0

ds

D(x, y0 + s)
. (5.29)

This can be applied to (5.3), where yp = 2π, and the result is that d(x) =
1 + αx and D(x) = 1/(1 + αx). Note that y0 in (5.29) is arbitrary, except
that it must be a point within the domain for y. From this result, we see
that D is directly related to the average of D over a period in y. This sort
of averaging will play a prominent role in the multidimensional problems
examined in later sections.

5.2.2 Summary

The method of homogenization is in many ways simply an extension of mul-
tiple scales. One difference is that it appears to be necessary to consider the
equation for the third term in the expansion even though two scales are used.
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In our example, this was not a problem, but in multidimensional situations
it can be very difficult to find the correct secularity condition. This is the
primary reason why many who use the method assume that the substruc-
ture is periodic. Another characteristic of homogenization is that it generally
produces a problem in the slow variable where the coefficients are deter-
mined from averages over the fast scale. This situation is discussed in detail
in Sect. 5.4.

The procedure can be applied without a great deal of modification to more
complicated problems. For example, if we had started with the heat equation

∂x(D∂xu) = ∂tu+ f(x), (5.30)

then we would have ended up with the homogenized equation

∂x(D∂xu0) = ∂tu0 + f(x). (5.31)

It is assumed here that, as before, D = D(x, y). The complication in this
case is that the time scale τ = t/ε2 appears, and this represents the diffusion
time associated with the microscale.

As stated earlier, the homogenization procedure works just as well on prob-
lems where the coefficients are discontinuous. An example of this is given in
Exercise 5.9. A more interesting situation arises when the equations change
from layer to layer (rather than just the coefficients). This occurs, for exam-
ple, for materials made up of a fluid and solid (like a fluid-saturated sponge)
or a bubbly fluid. Problems like these are investigated in Sect. 5.4.

Where the method runs into difficulty is with nonlinear equations. For
example, if D = D(x, y, u) in (5.1) or in (5.30), then it is not at all clear
how useful the method is because the effective coefficient now depends on
the unknown u0. However, not all nonlinear equations cause complications,
as demonstrated in Exercises 5.3, 5.19, and 5.20.

The theory underlying homogenization is extensive. Little has been said
about the theory in our development, but a good introduction can be found
in Pavliotis and Stuart (2008) and Tartar (2009). The theoretical aspects
are also important when incorporating the ideas of homogenization into a
numerical algorithm. A discussion of numerical methods for homogenization
can be found in Allaire and Brizzi (2005) and Engquist and Souganidis (2008).

Exercises

5.1. For each of the following modifications of (5.1), (5.2) determine the
homogenized problem:
(a) f = f(x, ε), where f has a regular expansion in ε.
(b) D = D(x, y, ε), where D has a regular expansion in ε.
(c) D = D(x, g(x)/ε), where g(x) is smooth and g′ > 0.
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5.2. This exercise considers homogenization applied to

d

dx

(
D
du

dx

)
+ p

du

dx
+ qu = f for 0 < x < 1,

where
u(0) = a and u(1) = b.

In this problem, D = D(x, x/ε), p = p(x, x/ε), q = q(x, x/ε) are smooth
bounded functions, with D positive.
(a) Assuming f = f(x, x/ε), determine the resulting homogenized problem.
(b) How does the homogenized problem change if f = g(x, x/ε)un?
(c) Explain why homogenization does not work so well in the case where

f = g(x, x/ε, u).

5.3. Consider the problem

∂x(D∂xu) + g(u) = ∂tu+ f(x, x/ε) for 0 < x < 1,

where u = 0 when x = 0, 1 or t = 0. Assume D = D(x, x/ε).
(a) Find the homogenized problem for the steady state. Make sure to point

out what assumptions you need to impose on f so the procedure can be
used.

(b) Find the homogenized problem for the time-dependent problem.

5.4. Find the exact solution when D is given in (5.23). Also, derive the
homogenized problem and find its solution.

5.5. Assume D(x, y) is continuous.
(a) Show D(x) is independent of y0.
(b) If D(x, y) satisfies (5.26), then show that D(x) satisfies (5.27).

5.6. What differences, if any, are there betweenD(x) and Davg for the special
cases in (5.28) and (5.29)?

5.7. Suppose D(x, y) is periodic in y. Assuming the terms in the expan-
sion (5.8) are periodic in y (with the same period as D), derive the homoge-
nized problem. Note the O(ε2) equation does not have to be solved in this case
as the homogenized equation can be obtained from a solvability condition.

5.8. The arithmetic mean of D(x, y), with respect to y, is A(D) = 〈D〉∞,
and the geometric mean is

G(D) ≡ lim
y→∞ exp

[
1

y

∫ y

y0

ln(D(x, s))ds

]
.

Show that D(x) ≤ G(D) ≤ A(D). (Hint: Jensen’s inequality is useful here.)
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5.9. Consider a layered material where the equation for the ith layer is

d

dx

(
Di

du

dx

)
= f(x) for xi−1 < x < xi.

The layers are such that 0 = x0 < x1 < x2 < · · · < xn < xn+1 = 1, where
xi+1 − xi = O(ε) and ε = 1/n. Each layer has its own coefficient Di(x), as
illustrated in Fig. 5.2a (in the figure the Di are constants, but this is not
assumed in this problem). At the interface between layers, it is required that

u(x−
i ) = u(x+

i ) and lim
x↑xi

(Diux) = lim
x↓xi

(Di+1ux).

Also, each Di(x) satisfies 0 < Dm(x) ≤ Di(x) ≤ DM (x).
(a) Let y = (x − x̄)/ε, where x̄ is any fixed point satisfying 0 < x̄ < 1.

Assuming x̄ is in the i0th layer, so xi0−1 ≤ x̄ ≤ xi0 , then the neighboring
layer interfaces are located at yi0 , yi0±1, yi0±2, . . .. Setting

Sj(x) =

j∑
k=1

yi0+k − yi0+k−1

Di0+k
,

explain why

yi0+j − yi0
DM (x)

≤ Sj(x) ≤ yi0+j − yi0
Dm(x)

.

This inequality is the discrete version of (5.11).
(b) Using multiple scales, show that in the (i0+j)th layer the first term in the

expansion is u0 = aj(x)+ybj(x). Use the interface conditions to conclude
that aj is independent of j and bj = 0. Thus, we can write u0 = u0(x).

(c) Show that in the (i0 + j)th layer the second term in the expansion is
u1 = cj(x) + ydj(x). Use the interface conditions to conclude that

∂xu0 = 〈〈D−1〉〉∞Di0+1[d1(x) + ∂xu0],

where

〈〈D−1〉〉∞ ≡ lim
j→∞

1

yi0+j
Sj(x).

Comment on what needs to be assumed for the limit of j → −∞.
(d) From the third term, show that (5.16), (5.17) still holds but the averaging

is as defined in part (c).
(e) Suppose the system is biphasic. In particular, for i even the layers have

width α and Di = Dα, while if i is odd the layers have width β and
Di = Dβ (where Dα and Dβ are constants). Explain why φα = α/(α+β)
might be called the volume fraction for the α material and φβ = β/(α+β)
the volume fraction for the β material. Express the effective coefficient
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for D in terms of these volume fractions. When is the effective coefficient
the harmonic mean of Dα and Dβ?

(f) In materials engineering of composites, a rule of mixtures is used, and,
applied to the biphasic system in part (e), it states that the effective
coefficient is D = φαDα + φβDβ (Kollar and Springer, 2003). How well
does this compare with your answer in (e)?

5.3 Multidimensional Problem: Periodic Substructure

The method of homogenization produces some interesting results in multidi-
mensional problems. To illustrate the ideas involved with using the procedure,
consider the inhomogeneous Dirichlet problem

∇ · (D∇u) = f(x) for x ∈ Ω, (5.32)

where

u = g(x), for x ∈ ∂Ω. (5.33)

As before, the coefficient D = D(x,x/ε) is assumed to be positive and
smooth. What is different is that we also assume that it is periodic in the
fast coordinate. Specifically, there is a vector yp with positive entries so that
D(x,y + yp) = D(x,y) for all x and y under consideration. The conse-
quences of this periodicity will be discussed below. It is also necessary to say
something about the domain Ω. In what follows it is assumed to be an open
connected set with a smooth enough boundary ∂Ω so that the solution of the
preceding problem is well defined.

5.3.1 Implications of Periodicity

The assumption of periodicity plays a pivotal role in the homogenization
procedure that is developed subsequently. It is therefore worthwhile to spend
a moment or two to consider some of its consequences. In this discussion, we
will consider the problem to be in R

2.
An example of the function D that appears in (5.32) is

D = 6 + cos(2y1 − 3y2).

In this case, the period vector is yp = (π, 2π/3). The periodicity of this
function means that if we know its values in the rectangle α0 ≤ y1 ≤ α0 + π,
β0 ≤ y2 ≤ β0 + 2π/3, where α0 and β0 are arbitrary, then we can determine
it anywhere (Fig. 5.5). This observation motivates our introduction of a cell.
This is denoted by Ωp, and it is a rectangle consisting of the points that
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satisfy α0 ≤ y1 ≤ α0 + p1 and β0 ≤ y2 ≤ β0 + p2, where yp = (p1, p2) is a
period vector. In this definition the numbers α0 and β0 are arbitrary, but they
are assumed to be given and they must be consistent with Ω. For example,
if Ω is the square 0 < x1 < 1 and 0 < x2 < 1, then we must have α0, β0 ≥ 0.
Also note that in R

3 a cell Ωp will have the form of a parallelepiped.
It is possible for the period yp to depend on the slow variable x. For

example, if D = 6 + cos(y1e
x2 + 4y2), then yp = (2πe−x2 , π/2). However, in

the derivation of the homogenization problem that follows, it is assumed that
yp is independent of x.

An important consequence of periodicity arises when determining what
values a function can take on the boundary of a cell. To explain, consider
opposing boundary points y� and yr, as illustrated in Fig. 5.5b. A one-
dimensional version of this situation is shown in Fig. 5.6. If a function, say
w = w(y), is to be periodic, then it is necessary that w(yr) = w(y�). More-
over, if it is to be smooth, then it must also be that ∇yw(yr) = ∇yw(y�).
In fact, if it is to be C2, then we must have ∂yi∂yjw(yr) = ∂yi∂yjw(y�)∀i, j.
These conditions must hold at all opposing boundary points of a cell.

y Ωo yr

a b

1

p
1

p
2

2

Figure 5.5 (a) Cells in a plane. They are rectangular regions with sides of length
p1 and p2. (b) A single cell illustrating opposing boundary points y� and yr
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Figure 5.6 Graphs of two functions that are periodic with period yp = 1. In the
top curve the periodic extension, from 0 ≤ y ≤ 1 to 1 ≤ y ≤ 2, results in a function
that is not differentiable at y = 1. In contrast, the extension for the bottom curve is
differentiable. Thus, for opposing boundary points we require ∂yw(y�) = ∂yw(yr)
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The primary reason for assuming the problem is periodic can be
demonstrated with the simple equation w′′(y) = κ. The general solution
of this is w(y) = 1

2κy
2 + c0y + c1. If w(y) is periodic, it must be that κ = 0.

This conclusion can be obtained without solving the differential equation.
All we have to do is to integrate the differential equation over a period
(0 ≤ y ≤ yp) and use the periodicity to conclude that κ = 0. This labor-
saving observation is used in the homogenization procedure to avoid having
to solve the O(ε2) problem.

It is also worth pointing out that periodicity is a modeling assumption
that is often used in applications. For example, the four composite systems
shown in Fig. 5.1 are not exactly periodic, but, given the complexity of the
substructure, assuming periodicity provides a reasonable approximation.

5.3.2 Homogenization Procedure

The procedure to be used is essentially the same as in the previous section.
Thus, letting y = x/ε, the derivatives transform as ∇ → ∇x + ε−1∇y, where
the subscript indicates the variables involved in the differentiation. In this
case, (5.32) takes the form

(∇y + ε∇x) · [D(∇y + ε∇x)u] = ε2f(x). (5.34)

A regular multiple-scale expansion is appropriate here, and so

u ∼ u0(x,y) + εu1(x,y) + ε2u2(x,y) + · · · . (5.35)

Because of the assumption on D, we will assume that the terms in this ex-
pansion are periodic in y with period yp.

With the expansion given in (5.35), the following equations are obtained:

O(1) ∇y · (D∇yu0) = 0.

The general solution of this equation, which is bounded, is u0 = u0(x).
Readers interested in a plausible explanation of why this holds may
recall Liouville’s theorem from complex variables. It states that the
only bounded solutions of Laplace’s equation, over R2, are constants.
The proof for the case where D is not constant, or when considering
R

3, requires more function theory (Pavliotis and Stuart, 2008).

O(ε) ∇y · (D∇yu1) = −∇yD · ∇xu0.

Because u1 is periodic in y, it suffices to solve this equation in a cell
Ωp and then simply extend the solution using periodicity. Two other
important observations are that u0 does not depend on y and the
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problem for u1 is linear. Therefore, the general solution can be
written as

u1(x,y) = a · ∇xu0 + c(x), (5.36)

where the components ai(x,y) of the vector a(x,y) are periodic
functions in y that satisfy the equation

∇y · (D∇yai) = −∂yiD for y ∈ Ωp.

It is not possible to determine the ai until the coefficient function D is
specified. Also, the function c(x) in (5.36) is arbitrary except for
being independent of y.

O(ε2) ∇y · [D(∇yu2 +∇xu1)] +∇x · [D(∇yu1 +∇xu0)] = f(x).

The periodicity assumption will be used to derive the homogenized
equation for u0. To do this, we introduce the average of a function
v(x,y) over a cell Ωp. This is defined as

〈v〉p ≡ 1

|Ωp|
∫
Ωp

v(x,y)dVy , (5.37)

where |Ωp| is the volume (or the area if in R
2) of the cell. We will

average the O(ε2) equation. First note that, using the divergence
theorem,

〈∇y · [D(∇yu2 +∇xu1)]〉p =
1

|Ωp|
∫
∂Ωp

D n · (∇yu2 +∇xu1) dSy

= 0.

The fact that the preceding integral around the boundary is zero
comes from the periodicity. Also, from (5.36),

〈D∂yiu1〉p = 〈D∂yi(a · ∇xu0)〉p
= 〈D∂yia〉p · ∇xu0. (5.38)

The other terms in the O(ε2) equation average to produce 〈f〉p = f
and 〈∇x · (D∇xu0)〉p = ∇x · (〈D〉p∇xu0).

The resulting homogenized problem therefore has the form

∇x · (D∇xu0) = f(x) for x ∈ Ω, (5.39)

where

u0 = g(x), for x ∈ ∂Ω. (5.40)
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In R
2 the homogenized coefficients are

D =

( 〈D〉p + 〈D∂y1a1〉p 〈D∂y1a2〉p
〈D∂y2a1〉p 〈D〉p + 〈D∂y2a2〉p

)
. (5.41)

The functions aj are smooth periodic solutions of the cell problem

∇y · (D∇yaj) = −∂yjD for y ∈ Ωp. (5.42)

At this point, there are two options. We can take the point of view that
(5.39), (5.40) is the problem to solve and essentially ignore where it comes
from. In this case, the coefficients Dij are assumed to be given. This can
be described as a macro viewpoint and is typically the approach used in
elementary mathematical physics textbooks.

Another option open to us is to determine exactly how the homogenized
coefficients depend on the substructure. This means the Dij are not given,
and to find them it is necessary to solve the cell problems in (5.42). The most
common way to do this is numerically, but it is also possible to find examples
where analytical solutions can be obtained.

Example

Suppose, in R
2, the cell Ωp is the rectangular region 0 ≤ y1 ≤ a, 0 ≤ y2 ≤ b.

To determine the homogenized coefficients in (5.41), it is necessary to solve
the cell problem. In this example, we will take

D(x1, x2, y1, y2) = D0(x1, x2)e
α(y1)+β(y2), (5.43)

where α(y1) and β(y2) are periodic. For example, one might have α(y1) =
5 sin(2πy1/a) and β(y2) = cos(6πy2/b). The form of the coefficient given in
(5.43) results in a cell problem that is solvable in closed form because D is
separable in terms of its dependence on the components of y. With (5.43),
the solution for u1 given in (5.36) is

u1(x,y) = c(x) + a · ∇xu0,

where

a1 = −y1 + κ1

∫ y1

0

e−α(s)ds and a2 = −y2 + κ2

∫ y2

0

e−β(s)ds.

The constants κ1 and κ2 are determined from the requirement that u1 must
be periodic. To have a1(0) = a1(a) and a2(0) = a2(b), one finds that

κ1 = a

(∫ a

0

e−α(s)ds

)−1

and κ2 = b

(∫ b

0

e−β(s)ds

)−1

.
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With this it follows that ∂y1a2 = ∂y2a1 = 0, and so, from (5.41), we have
that D12 = D21 = 0. Also,

〈D∂y1a1〉p =
1

ab

∫ a

0

∫ b

0

(−1 + κ1e
−α)D0e

α+βdy1dy2

= −〈D〉p +D0

(
1

b

∫ b

0

eβ(s)ds

)(
1

a

∫ a

0

e−α(s)ds

)−1

and

〈D∂y2a2〉p = −〈D〉p +D0

(
1

a

∫ a

0

eα(s)ds

)(
1

b

∫ b

0

e−β(s)ds

)−1

.

Therefore, the homogenized differential Eq. (5.39) is

∂x1(D1∂x1u0) + ∂x2(D2∂x2u0) = f(x), (5.44)

where Di(x) = λiD0(x) for

λ1 =

(
1

b

∫ b

0

eβ(s)ds

)(
1

a

∫ a

0

e−α(s)ds

)−1

(5.45)

and

λ2 =

(
1

a

∫ a

0

eα(s)ds

)(
1

b

∫ b

0

e−β(s)ds

)−1

. (5.46)

Interestingly, in this multidimensional example we do not get the harmonic
mean. Rather, for each Di we get the harmonic mean of one of the subscale
components of D multiplied by the arithmetic mean in the other subscale
component. �

Several observations should be made at this point. First, if we consider
(5.32) as a steady-state heat equation, then we have started out with a
material that is inhomogeneous and isotropic. What comes out of the ho-
mogenization procedure is a steady-state heat equation for an inhomogeneous
and anisotropic material. This means that a material that is isotropic on the
microscale can be anisotropic on the macroscale. The degree of anisotropy
depends on the coefficient D. Also, note that the contribution of the sub-
structure is entirely through the homogenized coefficients Dij . To find these
terms, it is necessary to determine the solution of the cell equation given
in (5.42). This cell problem needs to be solved only once, as it does not
depend on the boundary conditions on ∂Ω or the forcing function. This sit-
uation, that the cell problem is not explicit in the homogenized equation,
makes it similar to what are called hidden variables in thermoviscoelasticity
(Fung, 1965). Numerous mathematical questions are also associated with the
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foregoing analysis. For one thing, it is not obvious that the homogenized
problem is well posed. Related to this is the question of whether or not the
coefficients Dij are positive. The reader is referred to Pavliotis and Stuart
(2008) and Tartar (2009), where some of these questions are addressed.

Exercises

5.10. In the study of the diffusion of a disease through a population one finds
the following problem:

∇ · (D∇S)− βSI = 0,

∇ · (D∇I) + βSI − λI = 0,

where β and λ are positive constants. The variables S and I are the densi-
ties of susceptible and infected populations, respectively. Also, the function
D = D(x,x/ε) is assumed to be positive, smooth, and periodic in the fast
coordinate. Find the homogenized version of this problem. Note that a some-
what different version of this problem is analyzed in Garlick et al. (2011).

5.11. The homogenized Eq. (5.39) should equal the original (5.32) if D is
independent of y. For example, this happens in (5.44)–(5.46) if α = β = 0.
Is this true in general?

5.12. This exercise examines some of the properties of the homogenized
coefficients.
(a) Suppose D is independent of y2, that is, D = D(x1, x2, y1). What does

(5.39)–(5.41) reduce to in this case?
(b) The Voigt–Reuss bound states that the eigenvalues λ of D satisfy

〈D−1〉−1
p ≤ λ ≤ 〈D〉p (i.e., the eigenvalues are bounded by the harmonic

and arithmetic averages of D). Does your matrix in part (a) satisfy this
bound?

(c) Does the D in (5.44) satisfy the Voigt–Reuss bound?

5.13. In R
2 supposeD(x1, x2, y1, y2) = D(x2, x1, y2, y1). Because of this sym-

metry, you might expect that D11 = D22 and D12 = D21. Is this the case?

5.14. Find the homogenized equation in the case where the period yp depends
on x. You can assume that the problem is in R

2.

5.15. Suppose Green’s function can be found for the cell problem. Explain
why the solution of (5.42) can, in this case, be written as ai = G[∂siD]. Also,
show that the homogenized coefficients can now be written as

Dij = 〈D〉pδij + 〈(∂yiD)G[∂sjD]〉p.
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5.16. Consider the wave equation

∂x(D∂xu) = ∂2
t u for −∞ < x < ∞ and 0 < t,

where u(x, 0) = f(x) and ∂tu(x, 0) = 0. In this problem, assumeD = D(x/ε),
where D(y) is smooth, positive, and periodic.
(a) Introducing the scales x, y = x/ε, t1 = t/ε, and t2 = εt, show that the

first term in the expansion has the form

u0(x, y, t1, t2) =
∑

An(x, t2)Fn(y) sin(λnt1).

The substructure modes Fn can be determined once the coefficient D has
been specified. This form of the solution is known as a Bloch expansion
(Santosa and Symes, 1991; Conca and Vanninathan, 1997).

(b) Use a similar modal expansion to determine u1. Is it necessary to restrict
D to guarantee that secular terms will not be present in u1?

(c) Using a modal expansion, find u0 from the O(ε2) problem.
(d) The first-term approximation for the solution of the original problem

depends on the substructure scale. Suppose we decide that it is sufficient
to have an approximation obtained by averaging the solution over a spatial
interval that is between the microscale O(ε) and the macroscale O(1).
Explain why this leads to the following approximation:

u(x, t) ∼ 1

yp

∫ yp

0

u0(x, y, t/ε, εt)dy.

Carry out this average using your result from part (c) to obtain an
approximation of the solution.

5.4 Porous Flow

One of the more interesting applications of homogenization is in the study of
materials made up of multiple constituents. To illustrate the ideas, we will
consider the flow of a viscous fluid through a porous solid. This particular
problem is important in a wide variety of disciplines, such as in geophysics
when studying the motion of a fluid, like water or oil, through sand. An
example of the substructure geometry that is being considered is given in
Fig. 5.7. The essential assumption concerning the geometry is that the length
scale 
 for the pores and other substructure components is small compared
to the macroscopic length scale L. This disparity in length scales is what
provides us with our expansion parameter ε = 
/L.

The solid region is taken to be rigid, and the fluid is assumed to be in-
compressible and viscous. Letting Rf designate the fluid region, in Rf the
following equations hold:
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Figure 5.7 Magnified view of substructure of porous medium. It is assumed that the
substructure length scales for the fluid (Rf ) and solid (Rs) regions are much smaller
than the macroscale. This is an idealistic version of the quartz/water configuration
shown in Fig. 5.1

ε∇2v = ∇p, (5.47)

∇ · v = 0, (5.48)

where v(x, t) is the fluid velocity vector and p(x, t) the fluid pressure. At
the fluid–solid interface, ∂Rfs, the no-slip condition applies. Thus, at this
interface

v = 0 for x ∈ ∂Rfs. (5.49)

What makes the problem difficult is the complexity of the region Rf . A
closed-form solution is essentially unachievable, and even a numerical solution
would be nearly impossible to calculate except for the simplest substructure
geometries. Therefore, a procedure like homogenization is a particularly valu-
able tool for such a problem. It should be kept in mind that our objective is
not to solve the problem. Rather, we will derive a set of equations that hold
over a much simpler domain. The contributions of the substructure will come
through the coefficients of the homogenized equation.

5.4.1 Reduction Using Homogenization

To describe the substructure near x0, we use the variable y = (x − x0)/ε.
With this, (5.47) and (5.48) take the form

ε(∇y + ε∇x)
2v = (∇y + ε∇x)p, (5.50)

(∇y + ε∇x) · v = 0. (5.51)

For small ε the appropriate expansion of the fluid velocity is

v ∼ v0(x,y) + εv1(x,y) + · · · , (5.52)
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and for the pressure

p ∼ p0(x,y) + εp1(x,y) + · · · . (5.53)

Substituting these expansions into (5.50) and (5.51) one obtains the following
problems:

O(1) ∇yp0 = 0, (5.54)

∇y · v0 = 0. (5.55)

From (5.49), the interfacial boundary condition is

v0 = 0 for x ∈ ∂Rfs. (5.56)

It follows from (5.54) that

p0 = p0(x). (5.57)

It remains to solve (5.55), and this will be done in conjunction with
solving the O(ε) equation for the pressure.

O(ε) ∇yp1 +∇xp0 = ∇2
yv0, (5.58)

∇y · v1 +∇x · v0 = 0. (5.59)

Unlike the other examples we have examined in this chapter, the first term
in the expansion for the velocity depends on the substructure variable y. This
dependence is determined by solving (5.55), (5.56), and (5.58) for p1 and v0

in terms of p0. This is no small task, as these equations constitute a forced
Stokes problem that must be solved in the substructure regions occupied by
the fluid. What helps us significantly is that ∇xp0 is independent of y. With
this, and the linearity of the problem, we can write p1 and each component of
v0 as linear combinations of the components of∇xp0. Therefore, we have that

v0 = B∇xp0 (5.60)

and

p1 = g · ∇xp0, (5.61)

where the matrix B(x,y) and vector g(x,y) are determined by substitut-
ing (5.60) and (5.61) into (5.54) and (5.59). Their exact forms are not needed
to complete the homogenization procedure, and a discussion of their proper-
ties can be found in Exercise 5.18.
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5.4.2 Averaging

The next, and final, step in the homogenization process is to average the
velocity over a length scale that is between the microscopic and macroscopic
scales. This step was not used in the problems considered earlier in this
chapter because the first terms in the expansions were always independent of
the substructure variable y. This is not the case for the porous flow problem.

To simplify the averaging, we will now assume the substructure is periodic
with period cell Ωp. In conjunction with this, we also assume the terms of
the expansions in (5.52) and (5.53) are periodic with period cell Ωp. In this
case, the average of a dependent variable ζ(x) at x0 is defined as

〈ζ〉 ≡ 1

|Bε|
∫
Bε

ζ(s)dVs, (5.62)

where Bε = {s : |s−x0| < √
ε} and |Bε| is the volume of Bε. Letting ζ0(x0,y)

be a first-term, multiple-scale approximation of ζ for small ε,

〈ζ〉 ∼ (number of cells in Bε)

|Bε|
∫
Bε∩Ωp

ζ0

(
x0,

s− x0

ε

)
dVs

=
(number of cells in Bε)ε

3

|Bε|
∫
Ωf

ζ0(x0,y)dVy

∼ 1

|Ωp|
∫
Ωf

ζ0(x0,y)dVy , (5.63)

where |Ωp| is the volume of Ωp and Ωf is the region occupied by the fluid in
Ωp. A variable of particular importance associated with this average is the
volume fraction φf of the fluid. This comes from the average of the charac-
teristic function of the fluid, that is,

ζ =

{
1 if x ∈ Rf ,
0 otherwise.

In this case, 〈ζ〉 ∼ φf , where

φf(x0) =
|Ωf |
|Ωp| (5.64)

and |Ωf | is the volume of Ωf . In what follows, it is assumed that Ωp is con-
stant, but Ωf may depend on x.

Before going any further, it is necessary to state some of the properties
of the boundary of the fluid domain Ωf in a period cell. In particular, ∂Ωf

consists of two parts. One is the fluid–solid interface within Ωp, which is
denoted by ∂Ωfs, and the other is the portion that lies on ∂Ωp (Fig. 5.7). It is
assumed that these surfaces are smooth enough that the divergence theorem
can be used.
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To carry out the averaging, we will use Reynold’s transport theorem, which
states (Holmes, 2009)

∂xi

∫
Ωf

ζ(x,y)dVy =

∫
Ωf

∂xiζ(x,y)dVy +

∫
∂Ωf

ζ

(
∂r

∂xi

)
· ndSy , (5.65)

where r = r(x,y) describes ∂Ωfs and n is the unit outward normal to ∂Ωf .
Note that the surface integral in (5.65) does not contain any points on ∂Ωp

since this surface has been assumed to be independent of x. It follows from
(5.65) and (5.64) that

∂xiφf =
1

|Ωp|
∫
∂Ωfs

(
∂r

∂xi

)
· ndSy. (5.66)

Because p0 is independent of y, the easiest equation to average is (5.60).
One finds that

〈v0〉 = −L∇xp0, (5.67)

where

L(x) = − 1

|Ωp|
∫
Ωf

BdVy. (5.68)

The homogenized equation for the velocity comes from (5.55). Using the
divergence theorem, Reynold’s transport theorem (5.65), and the interfacial
condition (5.56), the following is obtained:

0 =

∫
Ωf

(∇y · v1 +∇x · v0)dVy

= −
∫
∂Ωf

v1 · ndSy +∇x ·
∫
Ωf

v0dVy −
3∑

i=1

∫
∂Ωf

v0i

(
∂r

∂xi

)
· ndSy

= ∇x ·
∫
Ωf

v0dVy. (5.69)

The first-term approximation of the averaged velocity therefore satisfies the
equation

∇x · 〈v0〉 = 0. (5.70)

5.4.3 Homogenized Problem

Suppose the porous material occupies a (macroscopic) domain Ω made up
of the solid (Rs) and fluid (Rf) regions. From the homogenization procedure
we have derived a fluid velocity vh(x) and pressure ph(x) that are defined
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throughout Ω. From (5.67) and (5.70), these variables satisfy the homoge-
nized equations

vh = −L∇xph (5.71)

and

∇x · vh = 0. (5.72)

Note that (5.72) is the standard continuity equation for an incompressible
fluid. The relationship in (5.71) is known as Darcy’s law, and the matrix L is
called the permeability tensor (Scheidegger, 1974; Mei and Vernescu, 2010).
It is this homogenized coefficient tensor that contains the contributions of
the substructure.

The ideas developed for the porous flow problem can also be used to ana-
lyze other composite materials. Examples can be found in the exercises as well
as in Sanchez-Palencia (1980). His approach, like ours, assumes periodicity of
the substructure. However, it is not necessary to make such an assumption,
and examples of this are given in Sect. 5.4. An extension to multidimensional
problems can be found in Burridge and Keller (1981).

Exercises

5.17. There are ways to smooth out the substructure to describe the flow
in a porous solid that do not use homogenization. One of these is mixture
theory, and for the case of a rigid solid the mixture equations are (Holmes,
1985)

∇xσM = −πM

and

∇x · (φfvM ) = 0.

Here σM is the stress in the fluid, vM is the fluid velocity, and the vector
πM is assumed to have the form πM = pM∇xφf −KvM .
(a) Determine the mixture quantities (σM , vM , pM , and K) in terms of the

entries that make up the homogenized Eqs. (5.71) and (5.72).
(b) The averaging used in (5.63) is known as a phase average since it is

based on the total volume of the cell. An alternative is the intrinsic phase
average, which uses the true volume occupied by the constituent [i.e.,
|Ωf | is used in (5.63) rather than |Ωp|]. Based on the results of part (a),
comment on these averages and the mixture formulation.

5.18. This problem examines some of the properties of the elements of the
matrix B in (5.60) and the matrix L in (5.68). It is assumed here that the
substructure is periodic.
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(a) Let qj(x,y) be the jth column vector from the matrix B. Show that

∇2
yqj = ∇ygj − ej

and

∇y · qj = 0

for y ∈ Ωf . What are the boundary conditions? Here g(x,y) is the vector
in (5.61) and ej is the jth unit coordinate vector.

(b) Let qj = (αj , βj , γj) and note, from part (a), that ej = ∇ygj − ∇2
yqj .

For j = 2, take the dot product of this equation with (0, β1, 0) and then
integrate over Ωf to find a formula for L21. Similarly, using (α2, 0, 0) and
j = 1, find L12. With these formulas, and using the continuity equation,
show L12 = L21. This argument is easily extended to prove that L is
symmetric.

(c) Darcy’s law is usually applied to macroscopically isotropic porous materi-
als. In such situations, the matrix L is replaced with a scalar. Under what
conditions is L, as defined in (5.68), a scalar multiple of the identity?

5.19. This exercise investigates a problem that arises in the study of the
diffusion of gases in polymers. In what is known as a dual-mode sorption
model, the polymer is a composite with a substructure much like the one
shown in Fig. 5.7, except now the fluid regions are called microvoids. The
concentration of gas in the two regions is governed by the following equations
(Sangani, 1986):

∂tCs = Ds∇2Cs in Rs and ∂tCf = Df∇2Cf in Rf ,

where Cs and Cf are the concentrations in the respective regions. At the
interface ∂Rs (or, equivalently, at ∂Rf) it is required that

(Ds∇Cs −Df∇Cf) · n = 0 and Cf =
αCs

1 + ε2βCs
.

Here n is a normal to the interface andDs,Df , α, and β are positive constants
(that are independent of ε). It is assumed that the substructure is periodic
and does not vary with x.
(a) Assuming that Cs ∼ Cs0(x,y, t)+εCs1 (x,y, t)+· · · and Cf ∼ Cf0(x,y, t)+

εCf1(x,y, t) + · · · , show that Cs0 and Cf0 are independent of y.
(b) Show that the solution of the O(ε2) problem can be written as

Cs1(x,y, t) = As(x, t)−ws · ∇xCs0 ,

where ws(x,y) and As(x, t) are independent of the concentrations. You
should also find a similar expression for Cf1(x,y, t).
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(c) From the O(ε3) problem, show that ∂tCs0 = ∇x · (Ds∇xCs0), where the
diffusivity tensor Ds is given as

Ds =
1

|Ωs|+ α|Ωf |
[
χI−Ds

∫
Ωs

(∇yws)
TdVy −Df

∫
Ωf

(∇ywf)
TdVy

]

for χ = Ds|Ωs|+ αDf |Ωf |.
(d) What do the results from parts (a)–(c) reduce to in the one-dimensional

case? Assume that the period cell is 0 < y < 1, where the “solid” occupies
the interval 0 < y < r and the“fluid” region is r < y < 1.

5.20. An interesting problem in electrochemistry concerns the diffusion of
ions through a solution containing charged molecules. In reference to Fig. 5.7,
the molecules form the solid region, and the solution makes up the fluid
region. In Rf , (Holmes, 1990)

ε2∇2φ = zαSezφ(x,t)

and

∂tS + zS∂tφ = ∇2S + z∇S · ∇φ

hold, where ε∂nφ = σ and ∂nS = 0 on ∂Rf . Here φ(x, t) is the electrostatic
potential in the solution and S(x, t) is related to the concentration C(x, t)
of diffusing ions through the relation S(x, t) = C(x, t) exp(−zφ(x, t)). This
problem arises in the study of the physiology of tissue and in the conforma-
tional properties of polynucleotides like DNA. One of the questions of interest
is how the geometry and charge density of the charged molecules affect the
diffusion of ions.
(a) Using the multiple-scale expansions φ(x, t) ∼ φ0(x,y, t)+εφ1(x,y, t)+· · ·

and S(x, t) ∼ 1+εS1(x,y, t)+ · · · , show that S1 is independent of y, and
find the problem satisfied by φ0.

(b) Show that the solution of the O(ε2) problem can be written as
S2(x,y, t) = R2(x, t) − w · ∇xS1 and φ1(x,y, t) = S1(x, t)f(y), where
R2(x, t), w(y), and f(y) are independent of S1.

(c) From the O(ε3) problem, and assuming the substructure is periodic,
show that

∂tS1

∫
Ωf

ezφ0dVy = ∇x ·
[
∇xS1

∫
Ωf

(I−∇yw)ezφ0)dVy

]
.

(d) Of particular interest is the concentration C = S(x, t)e−zφ(x,t). Using
the results from parts (a)–(c), show 〈C〉 ∼ 〈C〉0 + ε〈C〉1, where 〈C〉0 is
independent of x0 and t, and

〈C〉1 = S1(x0, t)
φf

|Ωf |
∫
Ωf

[1 + f(y)]ezφ0(y)dVy .
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(e) Using the two-term expansion in part (d), show that the average concen-
tration satisfies the linear diffusion equation ∂tC = ∇x · (D∇xC), where
the diffusivity tensor D is given as

D = I− αz

σ|∂Ωf |
∫
Ωf

ezφ(∇yw)TdVy.

Also, state what problem the potential φ(y) satisfies.



Chapter 6

Introduction to Bifurcation and Stability

6.1 Introduction

On several occasions when working out examples in the earlier chapters, we
came across problems that had more than one solution. Such situations are
not uncommon when studying nonlinear problems, and we are now going to
examine them in detail. The first step is to determine when multiple solutions
appear. Once the solutions are found, the next step is to determine if they
are stable. Thus, we will focus our attention on what is known as linear sta-
bility theory. In terms of perturbation methods, almost all the tools we need
were developed in earlier chapters. For example, the analysis of steady-state
bifurcation uses only regular expansions (Chap. 1), and the stability argu-
ments will use regular and multiple-scale expansions (Chap. 3). On certain
examples, such as when studying relaxation dynamics, we will use matched
asymptotic expansions (Chap. 2).

It is worth making a comment or two about the approach used in this
chapter compared to most other textbooks on this subject. The conventional
method is to first express the problem as a dynamical system and then prove
results related to stability using the eigenvalues of a Jacobian matrix. The
approach here concentrates more on the construction of an approximation of
the solution, and stability considerations are a consequence of this analysis.
Also, the objective is to develop methods that are applicable to a wide variety
of problems, including nonlinear partial differential equations and integral
equations. This does not mean that tidy little formulas related to the stability
of particular problems are avoided, but they will not play a prominent role
in the presentation.

M.H. Holmes, Introduction to Perturbation Methods, Texts in Applied
Mathematics 20, DOI 10.1007/978-1-4614-5477-9 6,
© Springer Science+Business Media New York 2013
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6.2 Introductory Example

Before presenting the general formulation, it is worth while to briefly examine
a relatively simple example. One that has a number of interesting character-
istics is the nonlinear oscillator equation

y′′ + 2βy′ − λy + y3 = 0 for < t. (6.1)

This is a Duffing-type equation, and we have come across these cubically
nonlinear oscillators before. We begin by investigating the steady states. From
(6.1) we see that they satisfy

λy − y3 = 0. (6.2)

The number of solutions of this equation depends on the parameter λ. That
is, y = 0 is a solution for all values of λ, and y = ±√

λ are solutions if λ ≥ 0.
These steady states are shown in Fig. 6.1.

Given the existence of multiple steady states, it is natural to ask if any of
them are achievable. In other words, will the solution of (6.1) approach one
of the three steady states as t → ∞? A partial answer to this question can
be inferred from Fig. 6.2, where the numerical solution of (6.1) is shown for
different initial values. When starting at (y, y′) = (0, 1), the solution spirals
into the steady state ys = 1, while the initial point (y, y′) = (0, 2) results in
the solution spiraling into the steady state ys = −1. In fact, one finds that
when λ > 0, it is easy to find nonzero initial conditions that produce ys = 1 or
ys = 1 but none that produces ys = 0. For λ < 0 just the opposite occurs. The
implication from these numerical experiments is that the stability of ys = 0
changes at λ = 0. How to determine analytically the stability, or instability,
of a steady state will be explained in the next section.

It is convenient to introduce some terminology that will be used through-
out this chapter. The point (λb, yb) = (0, 0) where the solutions intersect is
called a bifurcation point, and λ is the bifurcation parameter. Also, because
of the way the solution curves come together, this is known as a pitchfork
bifurcation (presumably, the possibility of calling it a trident bifurcation was
also considered but it lost out to pitchfork). In any case, we will say that the

 = 1/2

 = 0

 = 1/2

Figure 6.1 Bifurcation diagram for steady-state solutions of (6.1)
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Figure 6.2 Numerical solution of (6.1) using the initial conditions (1) y(0) = 0,
y′(0) = 1 and (2) y(0) = 2, y′(0) = 0. In these calculations, β = 1/4 and λ = 1. The
possible steady states in this case are 0,±1

solutions y = ±√
λ bifurcate from the solution y = 0, and we will refer to

each of these curves as a branch of the solution. It is also important to point
out that inherent in identifying (λb, yb) = (0, 0) as a bifurcation point is the
observation that the stability of one of the solutions changes at this point.

6.3 Analysis of a Bifurcation Point

The steady-state Eq. (6.2) for the oscillator equation in (6.1) is simple enough
that all the solutions can be found in closed form. However, this is not possible
for an equation such as

y′′ + 2βy′ + λy + sin2(y) = 0 for 0 < t. (6.3)

For situations like this, we will employ asymptotic approximations for finding
the steady states and determining their stability.

To describe our method, suppose we want to find the solutions of the
equation

F (λ, y) = 0, (6.4)

where F is a smooth function of λ and y. To start, we are interested in the
situation where we know one solution and are interested if there is a second
solution that intersects it. This is shown in Fig. 6.3, where ys(λ) is taken as
the known solution. The conditions needed to prevent such an intersection
are contained in the implicit function theorem. This result, which is given
below, determines what happens in a neighborhood of a point (λ0, y0) that
satisfies (6.4).

Theorem 6.1. Given a function F ∈ C1, assume that F (λ0, y0) = 0 and
∂yF (λ0, y0) �= 0. In this case, for λ near λ0,
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Figure 6.3 Schematic illustrating ideas underlying a steady-state bifurcation point

1. There is a unique solution y = ys(λ) of (6.4) that satisfies ys(λ0) = y0;
2. If F ∈ Ck, where k is a positive integer, then ys ∈ Ck.

This means that at a bifurcation point (λb, yb) as shown in Fig. 6.3, the
following two equations must hold:

F (λb, yb) = 0, (6.5)

∂yF (λb, yb) = 0. (6.6)

Examples

1. For the steady states of (6.3), F (λ, y) = λy+ sin2(y). One solution of this
is ys = 0, and in this case ∂yF (λ, 0) = λ. This means that the only possible
bifurcation point associated with this solution occurs when λ = 0. �

2. As another example, suppose F = y2. Taking the known solution to be
ys = 0, then ∂yF (λ, 0) = 0. However, even though (6.5) and (6.5) are sat-
isfied, there is no bifurcation point anywhere along the known solution. �

As the preceding examples illustrate, (6.5) and (6.6) are, by themselves,
not enough to determine a bifurcation point. Even more importantly, even
in the cases where they are sufficient, they provide no indication about what
the bifurcating solutions look like. Nevertheless, the implicit function theorem
has played an important role in the more theoretical aspects of bifurcation
problems, and those interested in this may consult Crandall and Rabinowitz
(1980).

There are two steps in analyzing a bifurcation point as shown in Fig. 6.3.
First, given ys(λ), one must determine the intersection point and then find
the solutions that branch from it. We will do this using what is known as
the Lyapunov–Schmidt method. Once this is done, it is then necessary to
determine the stability properties of the various solutions, and for this we
will use a linearized stability analysis.
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6.3.1 Lyapunov–Schmidt Method

We start out with the situation shown in Fig. 6.3. In particular, it is assumed
we know ys, and we will use this to determine the possible bifurcation points
and the solutions that intersect ys. The approach we will be using is known
as the Lyapunov–Schmidt method, and it constructs the solution(s) near a
bifurcation value λ = λb. This means we are going to look at what happens
to the solution when ε = λ− λb is small. Also, the derivation for the case of
a general F is not pretty, and so we will assume that

F (λ, y) ≡ λy + f(y), (6.7)

where f(y) is smooth, f(0) = 0, and f ′(0) = 0. For example, we could have
f(y) = y2 or f(y) = y3. This means that ys = 0 is a solution of F (λ, y) = 0.
Moreover, since ∂yF (0, 0) = 0, then (λb, yb) = (0, 0) is a possible bifurcation
point.

The first step is to expand F (λ, y) in a Taylor series about the point
(λb, yb) = (0, 0). To do this, let n be an integer where f(0) = f ′(0) =
f ′′(0) = · · · = f (n−1)(0) = 0 but f (n)(0) �= 0. With this,

F (λ, y) = λy + f(0) + yf ′(0) +
1

2
y2f ′′(0) +

1

3!
y3f ′′′(0) + · · ·

= λy +
1

n!
ynf (n)(0) + · · · .

We are looking for the nonzero solutions of F (λ, y) = 0, and so we require that

λ+
1

n!
yn−1f (n)(0) + · · · = 0. (6.8)

Setting

ε = λ− λb (6.9)

and assuming that

y ∼ yb + εαy1, (6.10)

where α > 0 and y1 �= 0, (6.8) reduces to

ε+
1

n!
yn−1
1 ε(n−1)αf (n)(0) + · · · = 0. (6.11)

Balancing the terms, we get (n− 1)α = 1. Thus,

α =
1

n− 1
and yn−1

1 =
−n!

f (n)(0)
. (6.12)
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Table 6.1 Schematic of structure of bifurcating solutions as determined from (6.13)
and (6.14)

In writing down the answer it should be remembered that the solution is
real-valued, and ε can be positive or negative. With this, the conclusions are
as follows:

1. For n even,

y ∼ yb +

( −n!

f (n)(0)
(λ− λb)

) 1
n−1

. (6.13)

2. For n odd,

y ∼

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

yb ±
( −n!

f (n)(0)
(λ− λb)

) 1
n−1

for λ ≥ λb if f (n)(0) < 0,

yb ±
( −n!

f (n)(0)
(λb − λ)

) 1
n−1

for λ ≤ λb if f (n)(0) > 0.

(6.14)

Sketches of these solutions are given in Table 6.1. For the pitchfork bifurca-
tion, supercritical means that the branches that bifurcate from ys = 0 are to
the right of the bifurcation value λ = 0, and subcritical means they are to
the left.

There are two other types of bifurcation point that appear frequently. One
is a Hopf bifurcation, and this will be discussed later (Sect. 6.5). The other
is a saddle-node, or tangent, bifurcation. In this case, no solutions bifurcate
from one side of the bifurcation point and (at least) two on the other side.
An example of this occurs with the function F≡λ− y2, which has (0, 0) as a
saddle-node bifurcation point. In fact, it is a supercritical saddle node since
the branches occur for λ ≥ 0. Another, somewhat more substantial, example
is considered in Sect. 6.3.2.
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1

a b

Figure 6.4 Bifurcation diagrams illustrating secondary bifurcation. In each case,
ys = 0 is a solution. In (a) there are two transcritical bifurcations, one at (0, 0), the
other at (λb, yb). In (b) there is a supercritical pitchfork bifurcation at (0, 0) followed
by a subcritical saddle node at (1, yt)

It needs to be emphasized that the analysis presented here is local in
the sense that it only gives us the solutions in the immediate neighborhood
of the bifurcation point. It is very possible that after a branch y = yr(λ)
bifurcates from ys(λ), another solution bifurcates from yr(λ), a situation
called secondary bifurcation. An example of this occurs with the function
F = y(y−λ)(y− e−λ). As illustrated in Fig. 6.4a, the branch that bifurcates
transcritically from ys = 0 at (0, 0) has a transcritical bifurcation at λb > 0.
For a similar reason, in the case of a supercritical pitchfork bifurcation one
should not expect the branches to be defined for all λ > λb, as might seem
to be implied from the bifurcation diagram in Fig. 6.1. An example of this
situation occurs with the function F = y[λ + y2(2y − 3)], and the bifurca-
tion diagram for this is shown in Fig. 6.4b. There is a supercritical pitchfork
bifurcation at (0, 0), but the only interval where there are three solutions is
0 < λ < 1.

6.3.2 Linearized Stability

Once the equilibrium solutions are determined, the next question to answer
is whether or not they are achievable. In other words, if we start the solution
close to a steady state, will it then converge to that steady state as t → ∞
or will it at least stay close to the steady state as t → ∞? This is determined
from the stability properties of the solution. In many textbooks in dynamical
systems, this question is reduced to determining the eigenvalues of a Jacobian
matrix, and we will consider that result later (Sect. 6.6). Our approach here
is to derive the result from scratch for this particular example. The reason is
that the ideas used in the derivation are applicable to other types of problems,
and an example is the delay equation considered in the next section. Other
examples include partial differential equations and integral equations, and
these are amply represented in the exercises and following sections in this
chapter.
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Figure 6.5 Initial conditions used in linearized stability analysis are taken to be
from within a O(δ) region around the steady-state solution

To determine the stability properties of a steady state, we return to the
damped oscillator equation

y′′ + 2βy′ + F (λ, y) = 0 for 0 < t, (6.15)

where β > 0. Assuming y = ys is a steady state, then the initial conditions
we will use to investigate the stability of this solution are

y(0) = ys + α0δ and y′(0) = β0δ. (6.16)

The idea here is that we are starting the solution close to the steady state
(Fig. 6.5), and so we assume δ is small. In this context, α0 and β0 are arbitrary
constants. We will also assume, in this discussion, that the value of λ is not
such that (λ, ys) is a bifurcation point. In other words, we will assume that
∂yF (λ, ys) �= 0.

The appropriate expansion of the solution for small δ is

y(t) ∼ ys + δy1(t) + · · · . (6.17)

Substituting this into (6.15) and using Taylor’s theorem, we obtain

δy′′1 + · · ·+ 2βδy′1 + · · ·+ F (λ, ys) + δy1Fy(λ, ys) + · · · = 0. (6.18)

Now, since ys is an equilibrium solution, F (λ, ys) = 0. Thus, the O(δ) problem
we get from (6.18) and (6.16) is

y′′1 + 2βy′1 + Fy(λ, ys)y1 = 0, (6.19)

where

y1(0) = α0 and y′1(0) = β0. (6.20)

The general solution of the equation depends on the value of Fy(λ, ys). One
finds that

y1(t) =

{
a0e

r+t + a1e
r−t if Fy(λ, ys) �= β2,

(a0 + a1t)e
r+t if Fy(λ, ys) = β2,

(6.21)
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where a0 and a1 are constants determined by the initial conditions and

r± = −β ±
√
β2 − Fy(λ, ys) . (6.22)

We are only interested here in whether or not the steady state is stable.
From our expansion in (6.17), and our solution (6.21), this can be determined
from the signs of the exponents r±. The easiest one to determine is r− since
Re(r−) < 0 [here Re(r) designates the real part of r]. So if Re(r+) < 0, then
y1(t) → 0 as t → ∞. From this condition we make the following conclusions:

(a) If Fy(λ, ys) > 0, then y1(t) → 0 as t → ∞ irrespective of the values of
the coefficients a0 and a1. In this case, the equilibrium solution is said to
be asymptotically stable (to small perturbations).

(b) If Fy(λ, ys) < 0, then y1(t) remains bounded as t → ∞ only so long
as a0 = 0 [assuming Fy(λ, ys) �= β2]. This happens only if the initial
conditions in (6.16) satisfy β0 = α0r−. Because of this, the steady state
is said to be unstable.

It should be observed that the cases of unstable and asymptotically stable are
separated by those points that are bifurcation points. Also, our conclusions
are based on the assumption that the expansion remains well ordered as
t → ∞. In certain circumstances, when this is not the case, it is necessary to
use something like multiple scales to determine stability and instability.

Examples

1. If F (λ, y) = λy, then y = 0 is an equilibrium solution and Fy(λ, 0) = λ. For
this problem, the exact solution has the form given in (6.21). Therefore,
we need not limit the initial conditions to a small O(δ) neighborhood of
the equilibrium point to determine stability. What we conclude is that the
solution is globally asymptotically stable if λ > 0 and unstable if λ < 0.
By globally asymptotically stable is meant that any initial conditions will
result in y(t) → ys as t → ∞. �

2. If F (λ, y) = −λy+y3, then the bifurcation diagram is as shown in Fig. 6.1.
Since Fy(λ, 0) = −λ and Fy(λ,±

√
λ) = 2λ, the stablity/instability of each

branch is as indicated in Fig. 6.6. Note that there is an exchange of stabil-
ity at (0, 0). �

3. Suppose F (λ, y) = λy−ey for 0 < λ. Although λ is the bifurcation param-
eter, to determine the steady states, it is easier to solve for λ and sketch
the solution as a function of y. From this it is seen that there are no steady
states for 0 < λ < e and two for e < λ. The bifurcation point in this case
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stable

stable

stable

unstable

 = 1/2

 = 0

 = 1/2

Figure 6.6 Bifurcation diagram for steady-state solutions of (6.1) and their stability.
There is an exchange of stability at the bifurcation point

is (λb, yb) = (e, 1), and the solutions bifurcating from this point can be
found by assuming y ∼ 1 + εαy1. From this one finds that

y± ∼ 1±
√

2

e
(λ− e) for 0 < λ− e � 1.

As for stability, Fy(λ, y±) ∼ ∓√2e(λ− e), which means y+ is unstable
and y− is asymptotically stable. �

The preceding discussion of stability was based on the assumption that
the damping parameter β in (6.1) and (6.15) is positive. The case where
β < 0, something known as negative damping, produces only unstable so-
lutions, as is evident from (6.22). The undamped case, which occurs when
β = 0, is somewhat harder to analyze. In this case, the exponents in (6.21)
are imaginary, and the resulting solution is therefore periodic. This means
that the expansion in (6.17) remains well ordered, or at least seems to from
what we have derived. The reason for the hesitation is that from the Taylor
expansion of the function F (λ, y), the function y1(t) is going to appear in
the higher-order problems. As demonstrated in Chap. 3, this may generate
secular terms. Since we are trying to determine the long-time behavior of
the solution, this development is important, and to deal with this one can
use multiple scales. Multiple scales may also be needed in problems with weak
damping; an example of this can be found in Exercises 6.1(g),(h).

6.3.3 Example: Delay Equation

The equation y′ = αy is often used in population modeling based on the
assumption that a population increases at a rate proportional to the current
population. This produces exponential growth and, given the limits on food
and space, it is expected that the birth rate will decrease for larger population
levels. This gives rise to an equation such as y′ = αy − βy3. A criticism of
this comes from the observation that the birth rate should actually depend
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on the population that existed T time units ago, where T is the gestation
period. With this, we have the first-order delay equation

y′(t) = αy(t− T )− βy3(t− T ) for t > 0. (6.23)

It is assumed that y(t) = a for −T ≤ t ≤ 0. It is also assumed that α, β, and
a are positive, and y(t) ≥ 0. Delay equations, such as the one above, can be
very difficult to solve, even numerically. One of the objectives of this example
is to determine if including a delay is worth the effort.

We first assume no delay, so T = 0. In this case the steady states are
ys = 0 and ys =

√
α/β. From the direction field for y′ = αy − βy3 it is easy

to demonstrate that ys = 0 is unstable and ys =
√
α/β is asymptotically

stable. This is also evident from the exact solution, which is

y(t) =

√
α

β + ce−2αt
,

where c = −β + α/a2.
When a delay is included, so that T > 0, one obtains the same steady states

as for T = 0. To determine if they are stable, we use the initial condition

y(t) = ys + α0δ for − T ≤ t ≤ 0,

where ys is one of the given steady states. The appropriate expansion of the
solution for small δ is y(t) ∼ ys + δy1(t) + · · · . Substituting this into (6.23)
and using Taylor’s theorem, we obtain

δy′1(t) + · · · = δ(α − 3βy2s )y1(t− T ) + · · · . (6.24)

We will concentrate, from this point on, on the steady state ys =
√
α/β. In

this case, the O(δ) equation we have is

y′1(t) = −2αy1(t− T ). (6.25)

The general solution of this equation can be written as the superposition of
solutions of the form y = ert (Appendix E). Substituting this into (6.25)
yields

r = −2αe−rT , (6.26)

which is known as the characteristic equation for (6.25). With this, and as-
suming the roots are simple, the general solution of (6.25) has the form

y1(t) =
∑
n

ane
rnt, (6.27)

where the sum is over the roots from (6.26) and the an are determined from
the initial condition. Therefore, if we find that all roots satisfy Re(rn) < 0,
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then the steady state is asymptotically stable, and if even one root has
Re(rn) > 0, then it is unstable. Note that if a root is not simple, then (6.26)
must be modified, as explained in Appendix E. However, this does not change
our conclusions about stability.

For simplicity, assume that T = 1. With this, writing r = A + iB, and
then equating real and imaginary parts in (6.26) we have that

A = −2αe−A cos(B), (6.28)

B = 2αe−A sin(B). (6.29)

It is not difficult to show that for small values of α all of the solutions of the
preceding equations satisfy A < 0, which means the steady state is asymp-
totically stable. However, for larger values of α there is one or more solutions
with A > 0, which implies instability. To determine where the switch occurs,
and hence the location of the bifurcation point, we consider the case where
A = 0. From (6.28), B = ±π

2 (2k + 1), where k = 0, 1, 2, . . .. From (6.29) it
follows that the smallest value of α that yields A = 0 is α = π/4. Conse-
quently, if 0 < α < π/4, then the steady-state behavior of the delay equation
is the same as for the equation with no delay. The implication here is that
the delay does not need to be included for smaller values of the birth-rate co-
efficient. However, for larger values it makes a significant difference. What is
also interesting is how the solution goes unstable. For the damped oscillator
instability occurred because one root, r+, became a problem. For the delay
equation two roots cross over from Re(r) < 0 to Re(r) > 0, and they are
complex conjugates. In particular, they cross over when A + iB = ±π

2 i. As
we will see in Sect. 6.5, what is happening is that a periodic solution appears
once α increases past π/4.

Exercises

6.1. For the following equations, describe the steady states, classify the bi-
furcation points, and determine the stability of each branch. Also, sketch the
bifurcation diagram.
(a) y′′ + y′ + y(y − λ3 + 3λ2 − 4) = 0.
(b) y′′ + y′ + 9y2 + 4λ2 = 1.
(c) y′′ + y′ + y[2y2 + λ(λ − 2)] = 0.
(d) y′′ + y′ + y(λ− 3y + 2y2) = 0.
(e) y′′+y′+λ+αy−y3 = 0, where α is a given constant with −∞ < α < ∞.
(f) y′′ + y′ + eλy − 1− (y − 1)2 = 0.
(g) y′′ + yy′ + λy + y3 = 0.
(h) y′′ + (y′)n + λy − y3 = 0, where n is a positive integer.
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6.2. In the study of chemical kinetics, one finds the equation

dc

dt
=

1

κ
(1− c)− c(1 + β − c)2,

where 0 ≤ c ≤ 1, and κ and β are positive constants with 0 < β < 1
8 .

This equation comes from the theory for a continuously fed, well-stirred tank
reactor that involves the cubic autocatalytic reaction C + 2B → 3B (Gray
and Scott, 1994). In this setting c(t) is the (scaled) concentration of C.
(a) Sketch the steady states as a function of κ.
(b) As a function of κ, classify the bifurcation points and determine the

stability of each branch.

6.3. In the theory for the buckling of an initially straight rod subjected to
an axial load λ, the following problem arises (Euler, 1774):

θ′′ + λ sin θ = 0 for 0 < x < 1,

where θ′(0) = θ′(1) = 0. The variable θ(x) is the angle the tangent to the rod
makes with the horizontal at the spatial position x. This variable is related
to the vertical displacement w(x) of the rod through the relation w′ = sin(θ),
where w(0) = w(1) = 0.
(a) Find the solutions that bifurcate from the equilibrium solution θs = 0.

The values of λ where bifurcation occurs are called buckling loads.
(b) In mechanics, the principle of minimum potential energy states that a

system will move into a state with the minimum potential energy. For
this problem, the potential energy is proportional to

V =

∫ 1

0

[θ2x + 2λ(cos θ − 1)]dx.

Use this principle to determine the preferred configuration of the rod near
the first bifurcation point.

(c) Setting λn = (nπ)2, find a first-term approximation of V for the solutions
that bifurcate from (λn, θs). Comparing these with the value of V when
θs = 0, comment on what configuration the rod might take when λn <
λ < λn+1. Also, explain why this might not actually be the configuration.

6.4. Consider the following nonlinear eigenvalue problem:

y′′ + αy = 0 for 0 < x < 1,

where y(0) = y(1) = 0. Also,

α = λ−
∫ 1

0

y2(x)dx,

where λ is a constant.
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Figure 6.7 Bead on a rotating hoop, as described in Exercise 6.6

(a) Find the (exact) solutions of this problem, and classify the bifurcation
points using λ as the bifurcation parameter.

(b) Use the principle of minimum energy (Exercise 6.3) to determine the
stability of the solutions. To do this, let

V =

∫ 1

0

(y2x − αy2)dx.

6.5. The Wazewska–Czyzewska and Lasota model for the survivability of red
blood cells is (Wazewska-Czyzewska and Lasota, 1976)

y′(t) = −μy(t) + e−y(t−T ) for 0 < t.

Here y(t) is the number of cells at time t and T is the time required to
produce a red blood cell. The purpose of this exercise is to see if the delay in
cell production can produce an instability in the system, and for this reason
T is the bifurcation parameter. Assume that μ is a positive constant and
y(t) ≥ 0.
(a) In the case where there is no delay, so that T = 0, show that there is a

nonzero steady state ys and show that it is asymptotically stable. Also,
explain what happens to the value of ys as μ varies from 0 to ∞.

(b) The steady state in part (a) is also a steady state when T > 0. Show that
it is asymptotically stable if μ > 1/e.

(c) Assume that 0 < μ < 1/e. Show that ys is asymptotically stable if 0 <
T < Tc, where

Tc =
π − arctan(

√
y2s − 1)

μ
√
y2s − 1

,

and it is unstable if T > Tc. What happens to the solution near T = Tc

is considered in Exercise 6.21.

6.6. Consider a wire hoop suspended from the ceiling (Fig. 6.7). Suppose the
hoop is rotating and there is a bead that is able to slide around the hoop.
The equation of motion for the bead, in nondimensional form, is

θ′′ + κθ′ + sin(θ) = ω2 sin(θ) cos(θ) for 0 < t,
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Figure 6.8 Inverted pendulum, as studied in Exercise 6.7

where κ and ω are positive constants. Here κ comes from the friction of the
bead on the wire and ω comes from the frequency of rotation. Also, θ(t) is
the angular displacement of the bead measured from the bottom of the hoop;
you can assume that −π ≤ θ ≤ π.
(a) Find the steady states and determine if they are stable. Also, sketch the

bifurcation diagram and classify the bifurcation points.
(b) What happens to the equilibrium position of the bead as ω → ∞?

6.7. The simple pendulum has two steady states; one is stable (θs = 0) and
the other is unstable (θs = ±π). What is interesting is that if the support
point of the pendulum is driven periodically, then it is possible for the inverted
position to also be stable (did you ever try to balance an inverted broom on
your hand?). In the case where the support is given a vertical periodic forcing,
the equation of motion in terms of the polar angle φ(t) is (Fig. 6.8)

φ′′ − (κ− ε cos t) sinφ = 0 for 0 < t.

Here κ is a positive constant (it is inversely proportional to the square of
the driving frequency Ω) and ε is a positive constant associated with the
amplitude of the forcing.
(a) What are the steady states? For the inverted case, show that the linearized

stability argument leads to having to solve Mathieu’s equation, given as

ϕ′′ − [κ− ε cos(t)]ϕ = 0 for 0 < t.

What are the initial conditions?
(b) From this point on, we will assume ε is small. Expanding in terms of ε,

show that the inverted position is unstable if κ is independent of ε.
(c) Now assume κ ∼ κ0ε + κ1ε

2 + · · · . Find conditions on κ0 and κ1 such
that the inverted position is stable (it does not have to be asymptotically
stable). Recall that the initial conditions are independent of ε.

(d) Shown in Fig. 6.9 are the experimentally measured values for the
frequency of oscillation of the inverted pendulum as a function of the am-
plitude of the forcing (Ness, 1967). Is your result from part (c) consistent
with these values? Make sure to comment on (i) the approximate linearity



340 6 Introduction to Bifurcation and Stability

0.1 0.12 0.14 0.16 0.18 0.2
1.5

2

2.5

3

-axis

-a
xi

s

Ω = 40 cps
Ω = 30 cps

Figure 6.9 Experimentally determined values of frequency (ω) of oscillation of
inverted pendulum as a function of the amplitude (ε) of the forcing (Ness, 1967)

of each data set, (ii) the change in slope when Ω is changed, and (iii) the
increase in ω with Ω. Also, explain why the data indicate that there are
at least two time scales in the problem. Note that t is nondimensional,
and in physical coordinates t = 2πΩt∗, where t∗ is measured in seconds
and Ω is measured in cycles per second (cps).

6.8. Have you ever ridden in a swing? To get the swing higher, you move a
small amount up and down in the seat with a period that is related to the
period of the swing. The swing in this case can be modeled as a pendulum.
Also, because the mass at the end is moving up and down, it is a pendulum
with a variable length. The equation in this case is

θ′′ + 2
�′(t)
�(t)

θ′ + sin(θ) = 0 for 0 < t.

Here �(t) = 1 + ε cos(ωt) is the length of the swing, where ε and ω are the
amplitude and frequency of the up and down motion in the seat, respectively.

(a) What are the steady states? For θs = 0 show that the linearized stability
argument leads to having to solve

v′′ + 2
�′(t)
�(t)

v′ + v = 0 for 0 < t.

What are the initial conditions?
(b) Show that if the swinger does nothing (so that ω = 0), then the steady

state θs = 0 is stable.
(c) What the swinger must do is find a frequency ω that makes the steady

state unstable (so the amplitude grows and the swing goes higher). Find
such a frequency in the case where ε is small. Do this by constructing a
first-term expansion of v that is valid for large t.
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6.4 Quasi-Steady States and Relaxation

One of the more interesting aspects of equilibrium points is their effect on the
dynamic response of the solution. This can be quite dramatic. As an example
of such a situation we will consider the initial-value problem

ε
dy

dt
= y − 1

3
y3 − f(t), for 0 < t, (6.30)

where y(0) = α. This equation does not arise from any particular physical
problem. The reason for using it as our first example is that it gives a nice
illustration of what is known as “fast dynamics” and how this works with
the steady states to control the motion. After this, more physically relevant
problems are easier to understand.

To explain what is distinctive about (6.30), suppose f(t) is constant. In
fact, let f(t) = λ. In this case, as shown in Fig. 6.10, the steady-state solution
has two (saddle-node) bifurcation points, one at (λb, yb) = (−2/3,−1) and
another at (λb, yb) = (2/3, 1). Using the methods developed in the previ-
ous section, it is not hard to show that the upper and lower branches are
asymptotically stable but the middle branch (which connects the two bifur-
cation points) is unstable. Now, if we happen to pick the initial condition
to be within the basin of attraction of the upper branch, then the solution
will approach this branch very rapidly. This is because the ε multiplying the
highest derivative in (6.30) will cause the solution to change on the time scale
t̄ = t/ε. Consequently, there will be an initial time interval, of length O(ε),
during which the solution will approach the equilibrium solution exponen-
tially. This is what is referred to as “fast dynamics.” The second point to be
made here is that this behavior will occur even if f(t) depends on t. This
will happen so long as f(t) does not change too quickly, that is, it changes
slowly over time intervals of length O(ε). Assuming this is the case, then the
question arises as to what the solution does if f(t) causes the solution to pass
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Figure 6.10 Steady-state solutions obtained from (6.30) in the case of when f(t) =
λ. The two bifurcation points are also shown. The dashed potion of the curve is
unstable, and the solid portions are stable
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the curve obtained from the outer solution y0, which is the cubic shown in Fig. 6.10
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Figure 6.12 Comparison between numerical solution of (6.31), (6.32) and initial-
layer approximation given in (6.35). Also shown is the curve obtained from the outer
solution y0. In this calculation, ε = 10−2

near one of the bifurcation points. Answering this question, and making more
sense out of this discussion, are some of the objectives of what follows.

To make the problem definite, suppose we want to solve

ε
dy

dt
= y − 1

3
y3 − t for 0 < t, (6.31)

where

y(0) = 2. (6.32)

The numerical solution of this problem is shown in Fig. 6.11 for two values
of ε. There is an initial layer where the solution drops from y(0) = 2 down
to the upper branch of the equilibrium solution. This layer occupies such a
small time interval that the solution curve is almost indistinguishable from
the vertical axis, and so a more magnified view is given in Fig. 6.12. As time
increases, the solution follows the upper branch until it passes the bifurcation
point, after which it drops quickly to the lower branch. This part of the curve
is something like what occurs in cartoons, where the coyote (or some other
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poor soul) runs off a cliff but it takes a moment or two before he drops to
the new equilibrium level. We are now going to analyze this situation using
matched asymptotic expansions (Chap. 2).

6.4.1 Outer Expansion

The easiest expansion to determine is what we will call the outer solution.
This is obtained from a regular expansion of the form

y(t) ∼ y0(t) + εy1(t) + · · · . (6.33)

Substituting this into (6.31), one finds that

y0 − 1

3
y30 = t. (6.34)

The solutions of this equation generate the curve shown in Fig. 6.10 (where
t replaces λ). Which branch of this curve we should use will be determined
from matching. As we will see, (6.34) determines the solution everywhere
except near t = 0 and near t = 2/3.

Because y0 satisfies the equation obtained by setting y′ = 0 in (6.31),
it is referred to as a quasi-steady-state approximation (QSSA). It is quasi
because it depends on t, and a steady state because it satisfies the equation
used to determine a steady state. The QSSA is often used to reduce dynamical
systems, and what we see is that it is effectively equivalent to using an outer
approximation of the solution.

6.4.2 Initial Layer Expansion

The solution in (6.34) does not satisfy the initial condition. This is dealt
with in the usual manner of introducing the initial-layer coordinate t̄ = t/ε.
The appropriate expansion of the solution y = Y (t̄) in this region is Y (t̄) ∼
Y0(t̄) + · · · . Problems like this were studied extensively in Chap. 2, so only
the results of this procedure will be given. One finds that

Y ∼ 2

√
12− 3e−2t̄

4− e−2t̄
. (6.35)

By matching this expansion with the one from the outer region, we can
determine which branch must be used from (6.34). In particular, since
Y0(∞) = 31/2, then y0(t) is determined by the upper branch. More pre-
cisely, the upper branch determines y0(t) but only so long as 0 < t < 2/3
(which is in agreement with the numerical solutions shown in Fig. 6.11).
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Thus we have found an approximation of the solution up to the bifurcation
point, where (t, y) = (2/3, 1). Our next task is to determine how the solution
drops down to the lower branch of the cubic. It does this in two steps. First,
it must turn the corner and head toward the lower curve, and this portion
will give rise to a corner layer. Second, it must make the transition onto the
lower curve, and this will be described using an interior layer.

6.4.3 Corner-Layer Expansion

Now, as is evident from Fig. 6.10, the upper branch stops at t = 2/3. To
determine what the solution does after this point, we introduce the coordinate

t̃ =
t− 2/3

εα
. (6.36)

The solution in this region will be denoted by y = Ỹ (t̃). We are interested in
the behavior in the immediate vicinity of the bifurcation point (where y = 1),
and so the appropriate expansion is

Ỹ ∼ 1 + εγỸ1 + · · · . (6.37)

Substituting (6.37) and (6.36) into (6.31), we get

ε1−α+γ d

dt̃
Ỹ1 + · · · = −ε2γỸ 2

1 + · · · − εαt̃. (6.38)

Balancing the terms in this equation gives us that α = 2/3 and γ = 1/3. The

resulting equation for Ỹ1 is

d

dt̃
Ỹ1 + Ỹ 2

1 + t̃ = 0. (6.39)

This is a Riccati equation, and it is possible to transform it into a linear
problem (Holmes and Stein, 1976). This is accomplished by making the

change of variables Ỹ1 = w′/w. The result is an Airy equation for w(t̃),
and this yields (Appendix B)

Ỹ1 = −a0Ai
′(−t̃) + a1Bi

′(−t̃)

a0Ai(−t̃) + a1Bi(−t̃)
. (6.40)

To determine the constants a0 and a1, it is necessary to match (6.40) with
the outer solution (6.34) by considering the limits of t ↑ 2/3 and t̃ → −∞.
With this in mind, we introduce the intermediate variable tη = (t− 2/3)/εη,
where 0 < η < 2/3. From (6.40) we get that

Ỹ ∼
{
1 + εη/2(−tη)

1/2 if a1 = 0,
1− εη/2(−tη)

1/2 if a1 �= 0,
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Figure 6.13 Comparison between numerical solution of (6.31), (6.32) and corner-
layer approximation given in (6.41). In this calculation, ε = 10−3

and from (6.34) y ∼ 1+εη/2(−tη)
1/2 (Exercise 6.16). For these two expansions

to match it is required that a1 = 0. The corner-layer expansion is therefore

Ỹ ∼ 1− ε1/3
Ai′(−t̃)

Ai(−t̃)
. (6.41)

This function is plotted in Fig. 6.13, along with the numerical solution. It is
seen that Ỹ does indeed describe the solution as it leaves the top branch
and starts heading downward toward the lower branch. However, rather than
approach the lower branch asymptotically, Ỹ shoots right by it and continues
to head south. This is a rather strong indication that there is another layer,
or transition region, that provides for the asymptotic approach onto the lower
branch, and determining how this happens is objective of the next topic.

6.4.4 Interior-Layer Expansion

The major difficulty with the result in (6.41) is that the Airy function is zero
for certain negative values of its argument. This can be seen in the graph of
Ai(x) given in Appendix B. The first zero x = x0 of this function occurs when
x0 = −2.33811 . . .. This means that the expansion given in (6.41) is essentially
meaningless when t̃ = 2.33811 . . ., and we have a situation reminiscent of
what occurs at a turning point for the WKB expansion (Sect. 4.3). In terms
of the original time variable, this singularity occurs when t = t0, where
t0 = 2/3 + ε2/3t̃0 for t̃0 = 2.3381 . . .. For example, in Fig. 6.13, t0 ≈ 0.69,

and this corresponds to the t-value where the approximation for Ỹ goes bad.
To determine what is happening near this point, we introduce the layer

coordinate

t∗ =
t− t0
εκ

. (6.42)
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In this layer, we will designate the solution as Y ∗(t∗), and the appropriate
expansion is Y ∗ ∼ Y ∗

0 + · · · . Introducing this into (6.31) yields

ε1−κ d

dt∗
Y ∗
0 + · · · = Y ∗

0 + · · · − 1

3
(Y ∗

0 )
3 + · · · −

(
2

3
+ ε2/3t̃0 + εκt∗

)
. (6.43)

Balancing terms yields κ = 1, and the O(1) equation is given as

d

dt∗
Y ∗
0 = Y ∗

0 − 1

3
(Y ∗

0 )
3 − 2

3
for −∞ < t∗ < ∞. (6.44)

It is possible to solve this equation by noting that the right-hand side can be
factored to produce

d

dt∗
Y ∗
0 = −1

3
(Y ∗

0 + 2)(Y ∗
0 − 1)2.

Separating variables, and integrating, one obtains

1

3
ln

∣∣∣∣2 + Y ∗
0

1− Y ∗
0

∣∣∣∣+ 1

1− Y ∗
0

= −t∗ −A0, (6.45)

where A0 is an arbitrary constant. After a little manipulation, the preceding
solution can be written as

Y ∗
0 =

−2 + q

1 + q
, (6.46)

where q satisfies

qeq = e−3(t∗+A0)−1. (6.47)

From the graph of h(q) = qeq it is evident that the solution of (6.47) is
unbounded as t∗ → −∞, and it approachs zero as t∗ → ∞. From (6.46) it
follows that Y ∗

0 → 1 as t∗ → −∞, and Y ∗
0 → −2 as t∗ → ∞. This shows

that (6.46) provides a transition from the upper bifurcation point down to
the lower branch of the cubic. The details of the actual matching, using
intermediate variables, are considered in Exercise 6.16. Note, however, that
the value of A0 is undetermined. A discussion of possible ways to find A0

can be found in Sect. 2.5, but exactly what value it has is an open question.
A comparison of the interior-layer solution and the numerical solution is given
in Fig. 6.14. As expected, the interior-layer solution picks up where the corner
layer approximation leaves off, namely, it completes the turn and then makes
the transition onto the lower branch of the outer solution.

We have completed the analysis of the problem. However, it is worth com-
menting on the steps we had to take to obtain the solution. The major effort
was to determine how the solution moves from one branch to the other. This
takes place in two steps. The first takes the solution past the bifurcation point
and lets the solution drop a short distance below yb = 1. Once this happened,
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Figure 6.15 Diagram for Exercise 6.10

the balancing in the equation changed, and this was the reason for the inte-
rior layer. The drop in the interior-layer solution occurs very quickly, over a
time scale of O(ε), and this connects the upper branch with the lower.

Exercises

6.9. Suppose

ε
dy

dt
=

1

3
y3 − y − t for 0 < t,

where y(0) = 0. Find a first-term approximation of the solution.

6.10. The van der Pol equation is

εy′′ − (1− y2)y′ + y = 0 for t > 0.

Assume that y(0) =
√
3 and y′(0) = 0.

(a) Letting y = −v′, show that the equation can be written as the first-order
system

v′ = −y,

εy′ = v + y − 1

3
y3.
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What are the initial conditions? The numerical solution of this system is
shown in Fig. 6.16 for the case where ε = 10−3. The solution is periodic,
and the solid curve in the graph is the trajectory through one cycle. Note
that this path consists of two fast components, which are the horizon-
tal segments, and two slow components, which follow the dashed (cubic)
curve. Together they form what is known as a relaxation oscillation.

(b) Use the first term in the outer expansion of y and v to determine the
equation of the cubic curve shown in Fig. 6.16. Also, use it to determine
where the first corner layer is located (give the value of t, y, and v).

(c) Find the first term in the corner-layer expansion of y and v. With this,
determine the location of the first transition layer. The analysis of the
transition layers is rather involved and can be found in MacGillivray
(1990).

(d) In each transition layer, the solution very quickly switches from one
branch of the cubic to another. Because of this, the time the solution
spends on the slow component of the cycle serves as a first-term approx-
imation of the period. Use this to find an approximation of the period of
the oscillation. For comparison, the period found numerically is T = 1.91
when ε = 10−2 and T = 1.68 when ε = 10−3).

(e) Use the idea from part (d) to sketch the first-term approximation of y(t)
for 0 ≤ t ≤ 3T .

6.11. The Liènard equation has the form

εy′′ + Φ(y)y′ + y = 0 for t > 0.

The initial conditions are y(0) = a and y′(0) = b. Assume that Φ is a smooth
and even function of y, with Φ(0) �= 0.
(a) Is the steady state asymptotically stable or unstable? In answering this

question, assume that ε is fixed and positive.
(b) Letting y = −v′, show that the equation can be written as the first-order

system
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v′ = −y,

εy′ = v − F (y),

where F ′ = Φ and F (0) = 0. What are the initial conditions? Describe
the location of the initial conditions in the (y, v)-plane, relative to the
curve v = F (y) for ε � 1.

(c) Suppose F is as shown in Fig. 6.16. Based on your answer from part (a),
is the steady state asymptotically stable? Also, sketch the direction field
in the (y, v)-plane, making use of the assumption that ε � 1.

(d) Using the first term in the outer expansion of y and v, as well as part (c),
explain why there are two possible limit cycles in this problem.

6.12. Rayleigh (1883) undertook a study of what he called “maintained vi-
brations” that occur in organ pipes, singing flames, finger glasses, and other
such systems. The equation he used to model such vibrations was

εy′′ − [1− 1

3
(y′)2]y′ + y = 0 for t > 0.

Assume that y(0) = 0 and y′(0) = −√
3.

(a) Letting v = y′, write the problem as a first-order system. Make sure to
give the initial conditions.

(b) Find the first term in the outer expansion of y and v. From this determine
where the first corner layer is located (give the value of t, y, and v).

(c) Find the first term in the corner-layer expansion of y and v. With this,
determine the location of the first transition layer.

(d) In the transition layers, the solution very quickly switches from one branch
of a cubic to another. Use this observation to find a first-term approxi-
mation of the period of the oscillation. Use this same idea to sketch the
first-term approximation of y(t) for 0 ≤ t ≤ 3T .

6.13. In the study of pattern formation, a model for the activation of a gene
by a chemical signal is (Lewis et al., 1977)

g′ = λ− g +
kg2

1 + g2
for 0 < t,

where λ > 0 and k > 2 are constants (to simplify things, take k = 4). Also
note that because g(t) designates a concentration, it must be nonnegative.
(a) Sketch the bifurcation diagram. Also, find and then classify the bifurca-

tion point.
(b) Determine which of the three steady-state branches are stable and which

are unstable.
(c) Suppose λ increases slowly in time. In particular, let λ = εt, where 0 <

ε � 1. What problem does g satisfy if you change variables to τ = εt
and assume g(0) = 0? From this, find a first-term approximation of the
solution for 0 ≤ τ < ∞.
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(d) For the problem in part (c) give a qualitative description of the solution
for 0 ≤ t < ∞. Why do you think this equation is used as a model of
a biological switching mechanism? Also, discuss the limiting value of the
solution (as t → ∞) in the case where λ = εte−αεt, where α is a positive
constant.

6.14. A model for the bistable iodate–arsenous acid reaction gives rise to the
equation (Ganapathisubramanian and Showalter, 1986)

dy

dt
= y(1 + αy)(β − y) + λ(1 − y),

where λ ≥ 0. In this equation y(t) designates a concentration, and it there-
fore must be nonnegative. Also, λ is the bifurcation parameter and α, β are
assumed to be the fixed constants α = 5 and β = 15.
(a) Sketch the bifurcation diagram and classify the two bifurcation points.

Designate the values of λ where bifurcation occurs as λ0 and λ1, where
λ0 < λ1.

(b) Determine which steady states are stable and which are unstable (assume
λ �= λ0, λ1).

(c) Suppose λ increases slowly in time. In particular, let λ = εt, where 0 <
ε � 1. (i) What problem does y satisfy if you change variables to τ = εt
and assume y(0) = 15? (ii) Find a first-term approximation of the solution
for 0 ≤ τ < ∞.

6.15. This problem examines the behavior of the nonlinear oscillator

y′′ + εκy′ + λy − 3y2 + 2y3 = εF cos(ωt),

where κ, λ, and ω are positive constants.
(a) Consider the case of no forcing (i.e., F = 0). Sketch the bifurcation di-

agram, classify the two bifurcation points, and determine which steady
states are stable and which are unstable.

(b) Letting ys designate a steady-state solution of the unforced problem, sup-
pose the forced problem is started out so that y(0) = ys and y′(0) = 0.
In this case, given the amplitude of the forcing function, it might be ex-
pected that the forcing contributes to the O(ε) term in the expansion of
the solution. For resonance, however, one would expect it to contribute
earlier, perhaps to the O(1) or the O(ε1/2) term (Sect. 3.4). For what
values of the driving frequency ω do you expect there to be a resonant
response?

(c) Suppose ys =
1
4 (3+

√
9− 8λ), where 8λ < 9 and ω2 = λ−6ys+6y2s . Find

a two-term approximation of y(t) that is valid for large t. If you are not
able to solve the problem that determines the t2 dependence, then find
the possible steady states (if any) for the amplitude.
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6.16. To match the solution from the interior layer with those from the outer
and corner regions, introduce the intermediate variable

τ =
t− (2/3 + ε2/3t̃0)

εν
,

where 0 < ν < 1.
(a) Assuming τ < 0, show that Y ∗ ∼ 1 + ε1−ν/τ . Making the additional

assumption that 2
3 < ν < 1, show Ỹ ∼ 1 + ε1−ν/τ . In other words, the

two expansions match.
(b) For the case of τ > 0, show that Y ∗ ∼ −2 + 3 exp(−3(εν−1τ + A0) − 1).

Explain why this shows that the interior-layer solution matches with the
outer solution.

6.5 Bifurcation of Periodic Solutions

One of the more interesting responses that can come from a nonlinear problem
is a periodic motion known as a self-sustained oscillation. To explain what
this is, we begin with van der Pol’s equation, given as

y′′ − λ(1 − y2)y′ + y = 0 for 0 < t. (6.48)

The nonlinearity in the equation is in the damping. What is important is that
the coefficient can be both positive and negative, depending on the value of
the solution. Assuming λ > 0, then for small values of y(t) the coefficient
of the damping term is negative, a situation that can lead to unbounded
solutions. However, for large values of y(t) the coefficient is positive, which
should help stabilize the problem. As we will see below, this give-and-take in
the damping will lead to a self-sustained oscillation.

The equation in (6.48) was studied by van der Pol (1926) in connection
with the triode circuits that were used in some of the early radios. It is
possible to build one of these circuits relatively cheaply, and readers interested
in trying this may consult Horwitz and Hill (1989) or Keener (1983). This
equation is the classic example in the field of relaxation oscillations. It has
applicability in mechanics, electronics, and other fields, and an overview of
the subject can be found in Strogatz (2001).

The first step in analyzing (6.48) is to consider the steady states. The
only one we get is ys = 0, and to determine if it is stable, we use the initial
conditions

y(0) = α0δ and y′(0) = β0δ. (6.49)

Now, the appropriate expansion of the solution for small δ is y ∼ ys+δy1(t)+
· · · . Substituting this into (6.48), one finds that

y1(t) = a0e
r+t + a1e

r−t, (6.50)
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Figure 6.17 Solution of van der Pol equation showing the approach to the limit cycle
starting at y(0) = 1, y′(0) = 0 and taking λ = 0.1. Shown are the trajectories obtained
from the asymptotic approximations in (6.58) and (6.59) and from the numerical
solution of (6.48). Also included is the limit cycle obtained from the asymptotic
solution. Note v = y′

where a0 and a1 are constants and 2r± = λ ± √
λ2 − 4. The values of these

exponents are shown in Fig. 6.17, and it is seen that Re(r±) < 0 if λ < 0 and
Re(r±) > 0 if λ > 0. From this it follows that ys = 0 is asymptotically stable
if λ < 0 and unstable if 0 < λ.

The question now is, what happens to the solution when λ > 0? A hint
of the answer to this can be found in the way the zero solution becomes
unstable. As λ increases in (6.50) and goes from negative to positive, the
exponents r± are complex conjugates and their real parts change sign. This
differs from what we found earlier when a steady-state solution went unstable.
For example, in (6.21), the solution becomes unstable because one (and not
both) of the exponents goes from negative to positive. Moreover, the expo-
nents are real.

To see exactly what is happening as λ goes from negative to positive, let

ε = λ− λb, (6.51)

where λb = 0. In this case (6.48) becomes

y′′ − ε(1− y2)y′ + y = 0 for 0 < t. (6.52)

The equation is weakly damped for small ε, and so, based on our experience
from Chap. 4, we will use the time scales t1 = t and t2 = εt. Introducing
these into (6.52) yields

(∂2
t1 + 2ε∂t1∂t2 + · · · )y − ε(1− y2)(∂t1 + ε∂t2)y + y = 0. (6.53)

The appropriate expansion for the solution is

y ∼ y0(t1, t2) + εy1(t1, t2) + · · · . (6.54)
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Introducing this into (6.53) we get the following problems:

O(1) (∂2
t1 + 1)y0 = 0.

The general solution of this problem is

y0 = A(t2) cos[t1 + φ(t2)]. (6.55)

We will assume, without loss of generality, that A ≥ 0.

O(ε) (∂2
t1 + 1)y1 = (1 − y20)∂t1y0 − 2∂t1∂t2y0.

Setting η = t1 + φ(t2), then

(1 − y20)∂t1y0 − 2∂t1∂t2y0

= −[1−A2(1− sin2(η)]A sin η + 2(A′ sin η +Aφ′ cos η)

=

[
2A′ −A(1− 1

4
A2)

]
sin η + 2Aφ′ cos η +

1

4
A3 sin(3η).

To prevent secular terms in the expansion, we set Aφ′ = 0 and

2A′ = A

(
1− 1

4
A2

)
. (6.56)

Thus, φ is constant and the nonzero solutions of (6.56) are

A(t2) =
2√

1 + ce−t2
, (6.57)

where c is a constant determined from the initial conditions.

To summarize, we have found that a first-term approximation of the solu-
tion of the initial-value problem, for λ close to the bifurcation value λb = 0, is

y(t) ∼ 2√
1 + ce−λt

cos(t+ φ0) (6.58)

and

y′(t) ∼ − 2√
1 + ce−λt

sin(t+ φ0), (6.59)

where c and φ0 are constants determined from the initial conditions
(Exercise 6.23). It is assumed here that the initial conditions are such
that y2(0) + y2t (0) �= 0. From this we conclude that as t → ∞, the solution
y(t) → 0 if λ < 0. This is expected because we have shown that the zero
solution is an asymptotically stable steady state when λ is negative. However,
when λ > 0, the limiting solution is y(t) = 2 cos(t+ φ0).
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2 1 0 1 2

2

1

0

1

2

y-axis

v-
ax

is Numerical
Asymptotic
Limit Cycle

Figure 6.18 The values of the exponents r± in (6.50). If λ ≤ −2, then both are
negative and satisfy r± ≤ −1. When λ ≥ 2, then both exponents are positive and
satisfy r± ≥ 1. In the case of −2 < λ < 2, the exponents are complex conjugates
with |r±| = 1. The point at which r± = ±i occurs when λ = 0

To describe the situation in more detail, it is convenient to use the phase
plane. From (6.58) and (6.59) we have y2 + y2t ∼ 4/(1 + ce−λt). Therefore,
if 0 < λ � 1, then y2 + y2t → 4 as t → ∞. In this case, the limit (y, y′) =
(2 cos(t + φ0),−2 sin(t + φ0)) is a periodic solution and there are no other
periodic solutions near it. In other words, it is a limit cycle. The limit cycle
and the asymptotic approximations (6.58) and (6.59) are shown in Fig. 6.17 in
the cases y(0) = 1.0 and y′(0) = 0. For comparison, the numerical solution of
the problem is also shown, and the two are seen to be in close agreement. The
circular nature of the limit cycle is lost as λ increases. The solution in this case
becomes more like a relaxation oscillation, and the analysis of this situation
can be carried out using the ideas developed in Sect. 6.4 (Exercise 6.10).

We have found that the steady state ys = 0 loses stability at λb = 0 and a
stable limit cycle appears for 0 < λ−λb � 1. In the vernacular of bifurcation
theory, this is classified as a degenerate supercritical Hopf bifurcation. At a
Hopf bifurcation point there is an exchange of stability, from a steady state
to a limit cycle. This happens in this example because the two exponents r±
in (6.50) cross the imaginary axis (Fig. 6.18). They are complex conjugates
and they cross over with “nonzero velocity,” in other words, d

dλRe [r±] �= 0
for λ = λb. The latter is known as a transversality condition.

Besides being supercritical, the bifurcation is said to be degenerate. What
this means is that the steady state ys = 0, for λ < 0, is not continuous with
the limit cycle that is present for λ > 0. This discontinuity has an effect on the
form of the expansion. If the limit cycle is continuous with the steady-state
solution, then an example of an appropriate multiple-scale expansion is
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y ∼ yb + εαy0(t1, t2) + εβy1(t1, t2) + · · · , (6.60)

where 0 < α < β. In writing this, it is assumed that two time scales are
sufficient to determine the behavior of the solution for large t.

Exercises

6.17. This problem deals with the nonlinear oscillator

y′′ + (y2 − λ)y′ + (y + 1)(y2 + y − λ) = 0 for 0 < t.

(a) Find the steady states and determine the values of λ at which they are
stable. Sketch the bifurcation diagram and classify the three bifurcation
points.

(b) Find a first-term approximation of the limit cycle that appears at the
Hopf bifurcation point.

6.18. Consider the modified Rayleigh equation

y′′ − λ[1 − α(y′)2n]y′ + y = 0 for 0 < t,

where α is a positive constant and n a positive integer.
(a) Find the steady state and determine the values of λ at which it is stable.
(b) Find a first-term approximation of the limit cycle that appears at the

Hopf bifurcation point.

6.19. The equation for the Hartley oscillator is (Hester, 1968)

y′′ − μ
(
4e2y

′ − e4y
′)

+ y′ + y = 0 for 0 < t,

where μ is a positive constant.
(a) Find the steady state and determine the values of μ at which it is stable.
(b) Find a first-term approximation of the limit cycle that appears at the

Hopf bifurcation point.

6.20. The logistic equation with delay, which is used in population modeling,
is (Hutchinson, 1948)

y′(t) = ry(t)

[
1− y(t− T )

Y

]
for 0 < t,

where y(t) = a for −∞ < t ≤ 0. Without delay, so that T = 0, the steady
state y = Y is asymptotically stable. The purpose of this exercise is to in-
vestigate whether the delay can cause this to change, and for this reason T
is the bifurcation parameter. Assume here that T , r, a, and Y are positive
constants and y(t) ≥ 0.
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(a) Show that the steady state y = 0 is unstable.
(b) Show that the steady state y = Y is stable if 0 < rT < π

2 and unstable if
π
2 < rT . Note that the general solution of y′(t) = c y(t−T ) can be written
as the superposition of solutions of the form y = eλt (Appendix E). Also,
recall that 2x/π < sinx if 0 < x < π/2.

(c) Letting r = Y = 1, use an expansion similar to (6.60) to determine what
happens near T = π

2 . Note that it is sufficient to concentrate only on
the unstable mode you found in part (b). Also, you should derive the
equations that determine the t2 dependence of y0, but you do not need
to solve these equations.

(d) Express y0 as in (6.55). Assuming that A approaches a nonzero constant
as t2 → ∞, show that the constant is

A = 2

√
10

3π − 2

and the period of the oscillation approaches 2π/(1 + εκ), where κ =
−6/(3π − 2).

6.21. The Wazewska–Czyzewska and Lasota model for the survivability of
red blood cells is (Wazewska-Czyzewska and Lasota, 1976)

y′(t) = −μy(t) + e−y(t−T ) for 0 < t.

Here y(t) is the number of cells at time t and T is the time required to
produce a red blood cell. Also, it is assumed that 0 < μ < 1/e. This problem
is a continuation of Exercise 6.5.
(a) Determine what happens near T = Tc. Note that it is sufficient to con-

centrate only on the unstable mode you found in Exercise 6.5(c). Also,
you should derive the equations that determine the t2 dependence of y0,
but you do not need to solve these equations.

(b) Express y0 as in (6.55). Assuming that A approaches a nonzero constant
as t2 → ∞, show that

A2 =
8μκ(ys + 1)(5ys − 4)

(2ys − 1)(3ys − 2)(1 + μy2sTc)− 2κ(ys − 1)
,

where κ =
√
y2s − 1. What, if anything, does the period of the oscillation

approach?

6.22. Suppose one uses the multiple-scale expansion in (6.60) to solve the
van der Pol equation in (6.52). In this case ys = 0.
(a) Show that the general solution of the O(εα) equation is the same as given

in (6.55). With this, then show that one choice for the balancing is β = 2
and α = 1.

(b) Show that removing secular terms results in the conclusion that A =
A0e

t2/2.
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(c) The first-term approximation is oscillatory but with a growing amplitude.
Explain why this violates the assumptions made in the balancing used to
determine β in (a). What is the proper balance for this equation?

6.23. This problem examines some other aspects of the derivation of (6.58)
and (6.59).
(a) The multiple-scale expansion assumes that ε is nonnegative. Show that

(6.58) and (6.59) hold in the case of negative ε.
(b) Depending on the value of the constant c in (6.58) and (6.59), it would

appear that there is a possibility that the amplitude has a singularity.
Assuming y(0) = a0 and y′(0) = 0, show that this does not happen.

(c) Describe the solution when λ = 0. Explain why it is not a limit cycle.

6.6 Systems of Ordinary Differential Equations

The ideas developed for scalar problems can be extended to systems of equa-
tions. To explain how, suppose the system is

d

dt
y = f(λ,y) (6.61)

or, in component form,

d

dt
y1 = f1(λ, y1, y2, . . . , yn),

d

dt
y2 = f2(λ, y1, y2, . . . , yn),

...
...

d

dt
yn = fn(λ, y1, y2, . . . , yn).

It is assumed that f does not depend explicitly on t, but it does depend on
a scalar λ. It is how the solution depends on this parameter that forms the
basis of the bifurcation analysis that follows.

6.6.1 Linearized Stability Analysis

Given a steady-state solution ys(λ), its stability is determined by solving
(6.61) with the initial condition

y(0) = ys + δa. (6.62)
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As in the scalar case, the assumption is that we are starting the solution
close to the steady state, and so we assume δ is small. The expansion of the
solution in this case is assumed to have the form

y(t) ∼ ys + δv(t) + · · · . (6.63)

Substituting this into (6.61), and using Taylor’s theorem, one finds that

d

dt
(ys + δv + · · · ) = f (λ,ys + δv + · · · )

= f (λ,ys) +A (δv + · · · ) + · · · , (6.64)

where A = ∇f(λ,ys). Here ∇f(λ,y) is the Jacobian matrix of f(λ,y), in
other words, it is the n× n matrix

∇f =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂f1
∂y1

∂f1
∂y2

. . .
∂f1
∂yn

∂f2
∂y1

∂f2
∂y2

. . .
∂f2
∂yn

...
...

...

∂fn
∂y1

∂fn
∂y2

. . .
∂fn
∂yn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (6.65)

From the O(δ) terms in (6.64) and (6.62), it follows that

d

dt
v = Av, (6.66)

where v(0) = a. The solution of this problem is found by assuming that
v = xert. Substituting this into (6.66), the problem reduces to solving

Ax = rx. (6.67)

This is an eigenvalue problem, where r is the eigenvalue and x the associ-
ated eigenvector. With this, the values for r are determined by solving the
characteristic equation

det(A− rI) = 0, (6.68)

where I is the identity matrix. Given a value of r, the eigenvector is then
determined by solving (A− rI)x = 0.

In the case where A has n distinct eigenvalues r1, r2, . . . , rn, with cor-
responding eigenvectors x1,x2, . . . ,xn, the general solution of (6.66) has
the form

v = α1x1e
r1t + α2x2e

r2t + · · ·+ αnxne
rnt, (6.69)
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where α1, α2, . . . , αn are arbitrary constants. The latter are determined from
the initial condition. However, it is not necessary to calculate their values as
we are only interested in the time dependence of the solution. In particular,
from (6.69) it follows that v → 0 as t → ∞ if Re(ri) < 0, ∀i. However, if
even one eigenvalue has Re(ri) > 0, then it is possible to find values for a so
that v is unbounded as t → ∞.

IfA does not have n distinct eigenvalues, then the general solution contains
ert terms as well as those of the form tkert, where k is a positive integer.
Consequently, the conclusion is the same, which is that v → 0 as t → ∞ if
Re(ri) < 0, ∀i. Moreover, if there is an eigenvalue with Re(ri) > 0, then v can
become unbounded as t → ∞. These conclusions have been reached without
actually writing down the solution, which is possible because we only need
to know the time dependence of the solution. Those interested in the exact
formula, in the case where there are not n distinct eigenvalues, may consult
Braun (1993).

The discussion in the previous paragraphs gives rise to the following result.

Theorem 6.2. The steady state ys is asymptotically stable if all of the eigen-
values of A satisfy Re(r) < 0, and it is unstable if even one eigenvalue has
Re(r) > 0.

The usefulness of the preceding theorem comes down to how difficult it is to
determine the location of the eigenvalues ofA. For example, ifA is triangular,
then the eigenvalues are just the diagonal entries in the matrix. It is also easy
to find the eigenvalues if A is 2× 2. For more general matrices one might be
able to use Gerschgorin’s theorem to determine if the eigenvalues satisfy the
given inequality (Horn and Johnson, 1990).

There are also tests using the characteristic polynomial. For these, note
that (6.68) can be written as

rn + a1r
n−1 + · · ·+ an−1r + an = 0. (6.70)

In some cases it is possible to use Descartes’ rule of signs to determine if the
steady state is unstable. For example, it is unstable if one of the ai is negative
and the other coefficients satisfy ai ≥ 0. To determine if it is stable, one can
use the Routh–Hurwitz criterion. To state this result, there are n associated
Hurwitz matrices, and they are

H1 =
(
a1
)
, H2 =

(
a1 1
a3 a2

)
, H3 =

⎛
⎝a1 1 0
a3 a2 a1
a5 a4 a3

⎞
⎠ , . . . ,

Hn =

⎛
⎜⎜⎜⎜⎝

a1 1 0 0 0 0 · · ·
a3 a2 a1 1 0 0 · · ·
a5 a4 a3 a2 a1 1 · · ·
· · · · · · ·

a2n−1 a2n−2 · · · · an

⎞
⎟⎟⎟⎟⎠ .
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In these matrices, ak = 0 if k > n. The Routh–Hurwitz criterion is given in
the next theorem (Leipholz, 1987).

Theorem 6.3.

(i) If det(Hj) > 0 for j = 1, 2, . . . , n, then the solutions of (6.70) satisfy
Re(r) < 0.

(ii) If there is a value of j so that det(Hj) < 0, then there is a solution of
(6.70) that satisfies Re(r) > 0.

Because this result requires the calculation of the determinant of several
matrices, it is practical only for smaller values of n. The explicit requirements
for n ≤ 4 are given below.

Corollary 6.1. Assume that the characteristic Eq. (6.68) is written in the
form given in (6.70).

(i) n = 2: A steady state is asymptotically stable if a1 > 0 and a2 > 0 or,
equivalently, if tr(A) < 0 and det(A) > 0. It is unstable if any of these
inequalities is reversed.

(ii) n = 3: A steady state is asymptotically stable if a1 > 0, a1a2 > a3, and
a3 > 0. It is unstable if any of these inequalities is reversed.

(iii) n = 4: A steady state is asymptotically stable if a1 > 0, a3 > 0, a4 > 0,
and a1a2a3 > a21a4 + a23. It is unstable if any of these inequalities is
reversed.

Given Theorem 6.2, the stability boundary occurs where one or more eigen-
values have Re(r) = 0 and all the others have Re(r) < 0. Assume that this
occurs for λ = λb. If one of the Re(r) = 0 eigenvalues also has Im(r) = 0,
then r = 0 is an eigenvalue of A = ∇f(λb,ys), and this means that A is
singular when λ = λb. For this to happen, λ must satisfy

det(A) = 0. (6.71)

This is the multivariable version of (6.6). It is tempting to use this to find
the bifurcation points and thereby avoid the stability analysis. However, like
its one-dimensional version, this equation is not sufficient. Also, it is not
necessary because it misses those eigenvalues with Im(r) �= 0. As a final
comment, determining the stability or instability of the steady state at λ =
λb can be challenging because the linear approximation used in (6.64) is
insufficient. For this reason, in the exercises below we will be mostly interested
in what happens when λ < λb and when λ > λb.
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Examples

1. Suppose the system to solve is

du

dt
= v,

dv

dt
= −v − λu(1− u).

In this case

∇f =

(
0 1

λ(2u− 1) −1

)
.

Steady states : There are two steady states – (us, vs) = (0, 0) and
(us, vs) = (1, 0).

Linearized stability : Since A = ∇f(λ,ys), then tr(A) = −1 and
det(A) = λ(1 − 2us). From Corollary (6.1) it follows that the steady
state (us, vs) = (0, 0) is asymptotically stable if λ > 0 and unstable if
λ < 0. Similarly, the steady state (us, vs) = (1, 0) is asymptotically stable
if λ < 0 and unstable if λ > 0. �

2. Consider the system

y′ = v − y[v2 + y2 − λ(1− λ)], (6.72)

v′ = −y − v[v2 + y2 − λ(1 − λ)]. (6.73)

Steady states : There is only one steady state: (ys, vs) = (0, 0). Setting
f(y, v) = v− y[v2+ y2−λ(1−λ)] and g(y, v) = −y− v[v2+ y2−λ(1−λ)],
the Jacobian matrix evaluated at this steady state is

∇f =

(
fy(0, 0) fv(0, 0)

gy(0, 0) gv(0, 0)

)

=

(
λ(1− λ) 1

−1 λ(1 − λ)

)
.

Linearized stability : Solving det(A − rI) = 0 gives the eigenvalues r± =
λ(1 − λ) ± i. This says that the steady state is stable if λ < 0 or if λ > 1
and unstable for 0 < λ < 1. �
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6.6.2 Limit Cycles

The last example is interesting because it is unclear what is happening for
0 < λ < 1. To determine what happens near λb = 0, set ε = λ− λb. We will
use multiple scales, and so let t1 = t and t2 = εt. The appropriate expansion
for the solution in this case is

y ∼ ys + εαy0(t1, t2) + εβy1(t1, t2) + · · · , (6.74)

where ys = 0 and yi = (yi, vi). Substituting this expansion into (6.72), (6.73)
yields

(∂t1 + ε∂t2)(ε
αy0 + εβy1 + · · · )

= εαv0 + εβv1 − εαy0[ε
2α(v20 + y20)− ε+ ε2] + · · · ,

(∂t1 + ε∂t2)(ε
αv0 + εβv1 + · · · )

= −εαy0 − εβy1 − εαv0[ε
2α(v20 + y20)− ε+ ε2] + · · · .

From this we get the following:

O(εα) ∂t1y0 = v0,
∂t1v0 = −y0.

The general solution of this system is y0 = A(t2) sin[t1 + θ(t2)] and
v0 = A(t2) cos[t1+θ(t2)]. Also, from balancing, we have β = α+1 and
2α = 1.

O(εβ) ∂t1y1 = v1 − y0[(v
2
0 + y20)− 1]− ∂t2y0,

∂t1v1 = −y1 − v0[(v
2
0 + y20)− 1]− ∂t2v0.

One can solve the first equation for v1 and reduce this system to a
single second-order equation for y1. Doing so one finds that to remove
the secular terms, θ = θ0 is constant and A(t2) satisfiesA

′ = A(1−A2).
Solving this we obtain the nonzero solution

A(t2) =
1√

1 + ce−2t2
, (6.75)

where c is a nonnegative constant determined from the initial
conditions.

Assuming that λ > 0, we have found that

y ∼
√

λ

1 + ce−2t2
(sin(t+ θ0), cos(t+ θ0)) . (6.76)
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λ

v

y

Figure 6.19 Surface formed from limit cycles of (6.72), (6.73). An approximation
of this surface when 0 ≤ λ � 1 can be obtained directly from (6.77), and the general
equation for the surface is derived in Exercise 6.24

Therefore, as t → ∞,

y ∼
{
0 if λ < 0,√
λ (sin(t+ θ0), cos(t+ θ0)) if 0 < λ � 1.

(6.77)

The zero solution is expected when λ < 0 since it is stable in that region.
For positive values of λ we get that the limiting solution is periodic, and this
means there is a supercritical Hopf bifurcation at the point (λβ ,yβ) = (0,0).
Using the same arguments, one can show that there is a subcritical Hopf
bifurcation at λ = 1. As shown in Exercise 6.24, for 0 < λ < 1 the solution
approaches the curve y2 + v2 = λ(1 − λ). The resulting bifurcation diagram
is shown in Fig. 6.19.

It is worth pointing out what properties of the eigenvalues of ∇f(λ,ys)
played an important role in the appearance, and disappearance, of the peri-
odic solution. Recall that we found r± = λ(1 − λ)± i. Therefore:

1. A single pair of eigenvalues crosses the imaginary axis to change the sta-
bility of the steady state. They moved into the right half-plane at λ = 0
and moved back into the left half-plane when λ = 1.

2. When the eigenvalues cross the imaginary axis, they satisfy the transver-
sality condition. This condition states that d

dλRe(r) �= 0 when Re(r) = 0.

In the preceding example, d
dλRe(r) = 1 when λ = 0 and d

dλRe(r) = −1
when λ = 1.

3. When the eigenvalues cross the imaginary axis, they are simple.

These conditions are the basis of what is known as the Poincaré–
Andronov–Hopf bifurcation theorem. Readers interested in pursuing an
investigation of the theory underlying this material may consult the books
by Hale and Kocak (1991) and Guckenheimer and Holmes (1983).
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Exercises

6.24. This problem considers the system given in (6.72), (6.73).
(a) Letting y = r cos(θ) and v = r sin(θ), find the differential equations sat-

isfied by r(t) and θ(t).
(b) Sketch the integral curves for r(t), and from these comment on the limit

of the solution as t → ∞.
(c) Carry out a multiple-scale analysis to determine what happens near the

bifurcation point corresponding to λ = 0.
(d) Find the exact solution and compare its behavior with what you found

in parts (b) and (c).

6.25. In modeling the populations of a predator and prey, one finds the equa-
tions (Collings and Wollkind, 1990)

y′ = y(1− y)− αyv

β + y
,

v′ = λv

(
1− v

y

)
,

where α, β, and λ are positive constants and β < 1. As usual, λ is the
bifurcation parameter. Also, since y(t) and v(t) represent population densities
of prey and predator, respectively, they are assumed to be positive.
(a) Find the steady state and show it is stable if

λ >
(α− μ)(1 − α− β + μ)

1− α+ β + μ
,

where μ =
√
(1 − α− β)2 + 4β.

(b) Describe what happens near the point where the steady state changes
stability.

(c) Assuming α = 3/4 and β = 1/4, use multiple scales to find the solution
near the bifurcation point.

6.26. The Rosenzweig–MacArthur prey–predator model consists of the fol-
lowing two equations: (Collings and Wollkind, 1990)

y′ = λy − μy − νy2 − αyv

1 + αhy
,

v′ =
αyv

1 + αhy
− γv,

where α, β, γ, λ, μ, ν, and h are positive constants. Also, since y(t) and v(t)
represent population densities of prey and predator, respectively, they are
assumed to be nonnegative.
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(a) Find the three steady-state solutions. For each steady state, what condi-
tions must the constants satisfy so the densities are nonnegative?

(b) On the same graph, sketch the three steady-state values for y as a function
of λ. Do the same for v (on another graph). Assume here that β > αγh.

(c) There is one asymptotically stable steady state for 0 < λ < μ. Which one
is it?

(d) There is one asymptotically stable steady state for λc < λ, where λc =
μ+ νγ/(β − αγh). Which one is it?

(e) Determine what happens near λ = μ.
(f) Determine what happens near λ = λc.

6.27. The Sel’kov model for the enzymatic driven reactions that result in the
conversion of ATP into ADP is (Sel’kov, 1968)

y′ = 1− yvγ ,

v′ = λv(yvγ−1 − 1),

where γ > 1 and λ > 0 are constants. In these equations, y and v designate
the concentrations of ATP and ADP, respectively.
(a) Find the steady state and determine the values of λ at which it is stable.
(b) Is there a Hopf bifurcation in this problem?
(c) Assuming γ = 2, use multiple scales to find the solution near the bifurca-

tion point.

6.28. In the description of the dynamics of excitons in semiconductor physics,
one finds the following problem (Lee, 1992):

n′ = γ − αn2x,

x′ = αn2x− x

1 + x
,

where α and γ are constants that satisfy 0 < γ < 1 and α > 0. Also, x(t)
and n(t) are densities and are therefore nonnegative.
(a) Find the steady state and determine the values of γ and α at which it is

stable.
(b) Is there a Hopf bifurcation in this problem?
(c) Assuming γ = 1/2, use multiple scales to find the solution near the bifur-

cation point.

6.29. In the study of chemical reactions that involve thermal feedback, one
finds the following problem (Gray and Scott, 1994):

c′ = μ− κceT ,

T ′ = ceT − T,

where c(t) is the concentration of chemical and T (t) is the temperature rise
due to self-heating. Also, μ and κ are positive constants.
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(a) Find the steady state and determine the values of μ and κ at which it is
stable. Explain why the steady state is stable if κ > e−2.

(b) Suppose the value of κ is fixed and satisfies 0 < κ < e−2. Using μ as
the bifurcation parameter, sketch the bifurcation diagrams for the steady
states of c and T . Let μ� and μr, where μ� < μr, and identify the two
values of μ where c changes stability. Classify these two bifurcation points.

(c) Determine what happens near μ = μ�. Also, comment on what you expect
to occur near μ = μr.

(d) Use the smallness of κ to find the first three terms in expansions for μ�

and μr.

6.30. A classic model in the study of oscillatory systems is the Brusselator.
The equations in this case are (Gray et al., 1988)

x′ = μ− (1 + α)x+ x2y,

y′ = x− x2y.

Here μ and α are positive constants.
(a) Find the steady state and determine its stability in the case where α ≥ 1.
(b) Suppose 0 < α < 1 and μ is the bifurcation parameter. Determine the

stability of the steady state and describe what happens near the point
where the steady state loses stability.

(c) Assuming α = 3/4, use multiple scales to find the solution near the
bifurcation point.

6.31. The Colpitts oscillator consists of the following equations (Maggio
et al., 2004):

x′ =
λ

1− k
[1 + z − ey],

y′ =
λ

k
z,

z′ = −λ(x+ y)− z,

where 0 < k < 1 and λ is positive.
(a) Find the steady state and determine its stability.
(b) Determine what happens near the point where the steady state loses

stability.

6.32. Dynamic friction models are used to describe the interaction of surfaces
as they slide past each other. An example is (Batista and Carlson, 1998)

y′′ + δy′ + y = γt− κ− αφ,

βφ′ = φ(1 − φ)− φy′.

Here y(t) is the distance the upper surface has moved relative to the lower
surface, and φ(t) is a state variable related to the material properties of the
interface. Also, κ, α, β, δ, and γ are positive constants.
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(a) A steady sliding solution is of the form y = t+ a and φ = b, where a and
b are constants. There are two such solutions for this system. What are
they?

(b) One of the solutions in part (a) has b = 0. Show that it is asymptotically
stable if γ > 1 and unstable if γ < 1.

(c) One of the solutions in part (a) has b �= 0. Show that it is unstable if
γ > 1. Also, assuming γ < 1, show that it is asymptotically stable if
δ ≥ α, but if δ < α, then asymptotically stability requires that γc < γ,
where

γc = 1− δβ

2

(
−1 +

√
1 +

4

δ(α− δ)

)
.

(d) To explore what happens when the b �= 0 solution loses stability near
γ = γc, let δ = 4, α = 5, and β = 1. In this case, γc = 3 − 2

√
2. Using

multiple scales and an expansion similar to that in (6.74), determine what
happens to the solution for γ near γc.

6.33. A Volterra delay equation that comes up in population modeling is
(Cushing, 1977)

y′(t) = ry(t)

[
Y −

∫ t

−∞
K(t− τ)y(τ)dτ

]
,

where K(t) = te−t. In this equation, r and Y are positive constants and
y(t) ≥ 0.
(a) Show that the steady state y = 0 is unstable.
(b) Using Appendix E, show that the delay equation can be written as a

first-order system.
(c) Show that the steady state y = Y is asymptotically stable if rY < 2 and

unstable if rY > 2. Given how it goes unstable, what do you expect the
solution is for rY > 2?

(d) Letting Y = 1, determine what happens near r = 2. Note that it is
sufficient to concentrate only on the unstable mode you found in part (c).
Also, you should derive the equations that determine the t2 dependence
of y0, but you do not need to solve these equations.

(e) Express your solution for y0 from part (d) as in (6.55). Assuming that
A approaches a nonzero constant as t2 → ∞, find the constant and also
determine the resulting period of oscillation.

6.34. An elastic pendulum is a pendulum where the rod contains an elastic
spring as shown in Fig. 6.20. The (nondimensional) equations of motion for
this system are (Minorsky, 1947; Heinbockel and Struble, 1963)

(1 + z)θ′′ + 2z′θ′ + sin θ = 0,

z′′ + κ2z + 1− cos θ − (1 + z)θ2t = 0,
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1+z

θ

Figure 6.20 Elastic pendulum studied in Exercise 6.34

where θ(t) is the usual angular coordinate and z(t) the stretch in the spring.
Also, κ is a positive constant, and for physical reasons it is required that
−1 < z.
(a) What is the steady state for this system?
(b) Suppose the initial conditions are θ(0) = θ′(0) = 0, z(0) = εα0, and

z′(0) = 0, where α0 is a given nonzero constant. Describe what these
conditions correspond to in physical (or geometric) terms. Use this to
find the exact solution of the problem and describe the motion.

(c) To investigate the stability of the solution you found in part (b), suppose
θ(0) = εa0, θ

′(0) = εb0, z(0) = εα0, and z′(0) = 0. For small ε, find
an asymptotic approximation of the solution that is valid for large t.
You should find the explicit t1 dependence, but you only need to find
the equations that determine the t2 dependence. It is of interest to note
that what is occurring in this problem is known as autoparametric self-
excitation. This means that there is a transfer of energy from one mode,
or type of motion, to another.

6.35. It is possible for traveling-wave solutions to bifurcate from a steady
state. An example of this occurs with the system of equations

∂tu = [λ− f(r)]u − v + ∂2
xu,

∂tv = u+ [λ− f(r)]v + ∂2
xv,

where r2 = u2+ v2 and f(r) is smooth with f(0) = f ′(0) = 0, but f ′′(0) > 0.
This is a prototypical problem that comes up in the study of pattern forma-
tion (Murray, 2003). In this context, u and v represent deviations of chemical
concentrations from equilibrium and can be positive or negative.
(a) At what values of λ is the steady state u = v = 0 stable? Explain why

one would classify the point where there is a change in the stability as a
Hopf bifurcation point.

(b) Letting u = r cos θ and v = r sin θ, show that the problem becomes

∂tr = [λ− f(r)]r − rθ2x + ∂2
xr,

∂tθ = 1+ r−2∂x(r
2θx).

With this, find the traveling-wave solutions that depend on θ = kx − ωt
and r = r0.
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(c) The multiple-scale analysis of the traveling wave will be replaced with
a simpler approach. In particular, assume θ ∼ kx − ωt + εαφ(x, t) and
r ∼ r0+εαρ(x, t), where φ = φ0e

(st+iξx) and ρ = ρ0e
(st+iξx). For stability,

we need that Re(s) < 0 for all values of the constant ξ. Show that this
results in the conclusion that the stable traveling waves are those that
satisfy 0 < λ− f(r0) <

1
4r0f

′(r0).

6.36. Consider the system of equations

y′ = v − y(v2 + y2 − λ),

v′ = −y − v(v2 + y2 − μ).

(a) In what region in the λ, μ-plane is the steady-state solution y = v = 0
stable? What portion of the boundary of this region gives rise to a Hopf
bifurcation?

(b) For points along the boundary where a Hopf bifurcation occurs, find the
solution bifurcating from the steady-state solution. You do not have to
consider cases where μ = ±1.

6.7 Weakly Coupled Nonlinear Oscillators

We return to a question first introduced in Sect. 3.5, which is what happens
when oscillators are weakly coupled. Our earlier analysis, as illustrated in
Fig. 3.9, dealt with linear oscillators that are coupled using springs and dash-
pots. The problem studied here is a bit more challenging and consists of the
following system of four equations:

Oscillator 1:

dy1
dt

= v1 − y1(v
2
1 + y21 − κ2

1) + εf1(y2 − y1, v2 − v1), (6.78)

dv1
dt

= −y1 − v1(v
2
1 + y21 − κ2

1) + εg1(y2 − y1, v2 − v1); (6.79)

Oscillator 2:

dy2
dt

= v2 − y2(v
2
2 + y22 − κ2

2) + εf2(y2 − y1, v2 − v1), (6.80)

dv2
dt

= −y2 − v2(v
2
2 + y22 − κ2

2) + εg2(y2 − y1, v2 − v1). (6.81)

Although the preceding equations are not trivial, the underlying idea on
which they are based is relatively simple. The reduced system, which is
obtained when ε = 0, consists of two oscillators of the form considered in
(6.72), (6.73). Each oscillator, by itself, will evolve into a limit cycle, as shown
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in (6.77). This is assuming, of course, that the κi are positive. The coupling,
which is assumed to be weak, is contained in the ε terms. What is distinctive
is that these terms depend on the differences y2 − y1 and v2 − v1. This is the
same type of coupling that arose for the oscillator system in (3.57)–(3.58).
As with that earlier problem, we will eventually assume the oscillators inter-
act using an equal but opposite rule (so f1 = −f2 and g1 = −g2), and the
coupling functions are linear. However, for the moment, it is only assumed
that these functions are continuous.

Based on the preceding observations, what we are going to investigate is
how a limit cycle solution is affected when coupled to another limit cycle.
This might seem to be a question cooked up by applied mathematicians with
too much time on their hands, but there are numerous applications of this
material. For example, this type of system is the basis for a proposed neu-
rocomputer (Hoppensteadt and Izhikevich, 1999; Gilli et al., 2005), and it is
fundamental to understanding oscillator death and synchronization (Ermen-
trout, 1990; Pikovsky et al., 2001). It is also the basis of the Huygens clock
problem described in Sect. 3.5, and a variation of this involving metronomes
is considered in Exercise 6.38.

The preceding system of equations can be simplified by changing to polar
coordinates. In particular, letting

y1 = r1 cos(θ1), v1 = r1 sin(θ1),

y2 = r2 cos(θ2), v2 = r2 sin(θ2);

then (6.78)–(6.81) reduce to

r′1 = −r1(r
2
1 − κ2

1) + εF1, (6.82)

θ′1 = −1 + εG1, (6.83)

r′2 = −r2(r
2
2 − κ2

2) + εF2, (6.84)

θ′2 = −1 + εG2, (6.85)

where

Fi = fi(r2 cos θ2 − r1 cos θ1, r2 sin θ2 − r1 sin θ1) cos θi

+ gi(r2 cos θ2 − r1 cos θ1, r2 sin θ2 − r1 sin θ1) sin θi, (6.86)

riGi = gi(r2 cos θ2 − r1 cos θ1, r2 sin θ2 − r1 sin θ1) cos θi

− fi(r2 cos θ2 − r1 cos θ1, r2 sin θ2 − r1 sin θ1) sin θi.

It is worth commenting about limit cycles and the polar coordinate variables
introduced here. Given the solution in (6.76), the expectation is that both
r1 and r2 will approach constants as t → ∞, while θ1 and θ2 will approach
monotonic functions of t. Also, in what follows it is assumed that both r1(0)
and r2(0) are positive.
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The derivation of the multiple-scale approximation will follow the same
sequence of steps used in Sect. 6.6.2. Thus, letting t1 = t and t2 = εt, assume
that

r1 ∼ r10(t1, t2) + εr11(t1, t2), θ1 ∼ θ10(t1, t2) + εθ11(t1, t2),

r2 ∼ r20(t1, t2) + εr21(t1, t2), θ2 ∼ θ20(t1, t2) + εθ21(t1, t2).

The problem for the O(1) terms can be obtained by setting ε = 0 in (6.82)–
(6.85). Solving these equations, one finds that the nonzero solutions are

ri0 =
κi√

1− ai(t2) exp(−2κ2
i t1)

, (6.87)

θi0 = −t1 + φi(t2), (6.88)

where ai and φi are arbitrary functions of t2.
To determine the t2 dependence, we need to specify the coupling functions

fi and gi. We will use linear functions, similarly to Sect. 3.5. In particular, it
is assumed that

f1(y, v) = −ay − bv, g1(y, v) = by − av, (6.89)

f2(y, v) = ay + bv, g2(y, v) = −by + av, (6.90)

where a and b are constants. Looking at the various coefficients in the preced-
ing expressions it is apparent that we are being very selective in what linear
functions are used in the problem. Note that the assumption that f2 = −f1
and g2 = −g1 is consistent with Newton’s third law (Sect. 3.5). The relation-
ship between the coefficients of f1 and g1 is made to simplify the analysis.

The O(ε) problem coming from (6.82)–(6.85) is

∂t1ri1 + ∂t2ri0 = −(3r2i0 − κ2
i )ri1 + Fi0 for i = 1, 2, (6.91)

∂t1θ11 + ∂t2θ10 = −b

(
1− r20

r10
cos(φ2 − φ1)

)
+ a

r20
r10

sin(φ1 − φ2), (6.92)

∂t1θ21 + ∂t2θ20 = −b

(
1− r10

r20
cos(φ2 − φ1)

)
− a

r10
r20

sin(φ1 − φ2), (6.93)

where Fi0 is (6.86) evaluated at (ri, θi) = (ri0, θi0).
Because the problem for ri1 is linear, it is possible to solve it using

an integrating factor. From this it is found that ai in (6.87) is constant
(Exercise 6.41). Therefore, ri0 → κi as t → ∞. Also, in this limit, (6.92) and
(6.93) take the forms

∂t1θ11 + φ′
1 = −b

(
1− κ2

κ1
cos(φ2 − φ1)

)
+ a

κ2

κ1
sin(φ1 − φ2),

∂t1θ21 + φ′
2 = −b

(
1− κ1

κ2
cos(φ2 − φ1)

)
− a

κ1

κ2
sin(φ1 − φ2).
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To minimize the error (Sect. 3.3), we conclude that

φ′
1 = −b

(
1− κ2

κ1
cos(φ2 − φ1)

)
+ a

κ2

κ1
sin(φ1 − φ2), (6.94)

φ′
2 = −b

(
1− κ1

κ2
cos(φ2 − φ1)

)
− a

κ1

κ2
sin(φ1 − φ2). (6.95)

These equations can be solved by introducing the phase difference

φ = φ2 − φ1. (6.96)

Subtracting (6.94) and (6.95), it follows that

φ′ = b

(
κ1

κ2
− κ2

κ1

)
cosφ+ a

(
κ2

κ1
+

κ1

κ2

)
sinφ. (6.97)

Making the final simplifying assumption that κ2 = κ1 = κ, the preceding
equation reduces to

φ′ = 2a sinφ. (6.98)

It is evident that there are two possible steady states, φ = 0 and φ = π
(modulo integer multiples of 2π). Although it is possible to carry out a linear
stability analysis for these steady states, it is actually easier to just solve the
problem. Doing so one finds that

φ = 2 arctan
(
c0e

2at2
)
, (6.99)

where c0 is a constant. From (6.94) and (6.98) it follows that

φ1 = φ0 − arctan(c0e
2at2),

and from (6.96)

φ2 = φ0 + arctan(c0e
2at2).

As a final comment, the solution of (6.98) is not unique. In particular, if φ is
a solution, then φ+ 2πn is a solution for any integer n. This nonuniqueness
is a consequence of the large t limit used to obtain (6.98). Although it is
possible to determine n from (6.94) and (6.95), we are interested solely in
the question of synchronicity, and for this we only need to know the solution
modulo integer multiples of 2π.

We have completed the derivation of the multi-scale approximation of the
solution of (6.78)–(6.81) in the case where κ2 = κ1 = κ, and the coupling
functions are given in (6.89) and (6.90). Of particular interest is the phase
difference between the two oscillators, as given in (6.99). It shows that if
a < 0, or if c0 = 0, then φ → 0 as t → ∞, otherwise φ → ±π (the sign
depending on the sign of c0). In other words, the weak coupling causes the
two limit cycle solutions to become synchronous, being in-phase if a < 0
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Figure 6.21 Numerically computed value of phase difference φ = θ2 − θ1 in the two
oscillators, showing that the sign of a determines whether φ → π or φ → 0 as t → ∞.
In this calculation, ε = 10−2

and antiphase if a > 0 (assuming c0 �= 0). The demonstration of this fact is
shown in Fig. 6.21, which gives the value of φ(t) for a = 1 and for a = −1,
as determined from the numerically computed solution of (6.82)–(6.85). It is
also worth noting that this result differs from the linear oscillator problem,
as expressed in Exercise 3.28, which only yields in-phase synchronicity.

The system (6.94)–(6.95) is an example of coupled phase equations.
These play a central role in the more general theory of multiple weakly
coupled oscillators. In such cases, the usual approach is to use what is known
as Malkin’s theorem to obtain the phase equations (Hoppensteadt and Izhike-
vich, 1997). This result requires that the uncoupled oscillators have an expo-
nentially orbitally stable periodic solution. Although this assumption was not
made here, as shown in (6.87), the solution does have exponential dependence
as ri0 → κi.

Exercises

6.37. This exercise investigates what happens when two van der Pol oscilla-
tors are weakly coupled. The problem to solve is

y′′1 − ε(1− y21)y
′
1 + y1 = εα(−y1 + y2),

y′′2 − ε(1− y22)y
′
2 + y2 = εα(y1 − y2).

As shown in Sect. 6.5, when α = 0, both y1 and y2 evolve into limit cycles
for 0 < ε � 1.
(a) Carrying out a multiple-scale analysis, show that the first term for each

oscillator has the form

yi0 = Ai0(t2) cos(t1 + φi0(t2)) ,
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Figure 6.22 Metronomes sitting on a moveable platform, as examined in Exer-
cise 6.38 (Pantaleone, 2002)

where the Ai0 are determined by solving

2A′
10 = A10

(
1− 1

4
A2

10

)
+ αA20 sin(φ),

2A′
20 = A20

(
1− 1

4
A2

20

)
− αA10 sin(φ),

2φ′ = α

(
A20

A10
− A10

A20

)
cos(φ).

Also, explain how φ10 and φ20 are determined once φ is known.
(b) Assume that A10 and A20 approach positive constants as t → ∞. Deter-

mine the possible values the phase difference φ approaches as t → ∞.
(c) Show that the in-phase synchronized solution you found in part (b) is

stable. As it turns out, the others are unstable (you do not need to
show this).

6.38. A modified Huygens clock problem can be constructed by placing two
metronomes on a movable platform (Fig. 6.22). The idea here is that the
motion of the two pendulums can cause the platform to move back and forth,
and this results in a weak coupling between the oscillators. A model for this
system is (Pantaleone, 2002)

θ1
′′
+ sin θ1 + ε

[(
θ1
θ0

)2

− 1

]
θ1

′
= εβ[sin θ1 + sin θ2]

′′ cos θ1,

θ2
′′
+ sin θ2 + ε

[(
θ2
θ0

)2

− 1

]
θ2

′
= εβ[sin θ1 + sin θ2]

′′ cos θ2,
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where θi(t) is the angular displacement of the ith pendulum. It is assumed
that the angular deflections are small, so θ0 = ερ0, where ρ0 is independent
of ε, and the expansions have the form

θi ∼ εθi0(t1, t2) + ε2θi1(t1, t2) + · · · .

Also, both ρ0 and β are positive constants.
(a) Carrying out a multiple-scale analysis shows that the first term has

the form

θi0 = ρi(t2)e
i[t1+φi(t2)] + ρi(t2)e

−i[t1+φi(t2)],

where ρi and φi are solutions of a coupled first-order system. You are not
expected to solve this system.

(b) Introducing the phase difference φ = φ2−φ1, show that the four equations
for ρi and φi can be reduced to the following three equations:

2ρ1
′ = ρ1

(
1− 1

ρ20
ρ21

)
− βρ2 sinφ,

2ρ2
′ = ρ2

(
1− 1

ρ20
ρ22

)
− βρ1 sinφ,

2φ′ = β

(
ρ1
ρ2

− ρ2
ρ1

)
cosφ.

(c) The steady-state solutions for the reduced system from part (b) are the
possible synchronized solutions for this problem. Do any of these steady
states correspond to an in-phase or an antiphase response?

(d) According to Pantaleone (2002), only in-phase synchronized solutions are
observed. Is the in-phase steady state you found in part (c) linearly stable?
What about the antiphase solution? Do your results show that the model
is consistent with experimental observations?

6.39. This problem shows that an in-phase or antiphase response requires
that the two oscillators have the same limit cycle solution.
(a) Solve (6.97) in the case where κ1 �= κ2.
(b) Using your solution from part (a), describe what happens to the phase

difference as t → ∞. Explain why this shows that there is phase lock
between the two oscillators, but they are not in-phase or antiphase.

6.40. This problem replaces the equal but opposite assumption with what
might be called the equal but equal rule (i.e., f1 = f2 and g1 = g2). In
particular, it is assumed that f1(y, v) = f2(y, v) = ay + bv and g1(y, v) =
g2(y, v) = −by + av, where a and b are nonzero. It is also assumed that
κ1 = κ2 = κ.
(a) Solve (6.97) in the case where κ1 �= κ2.
(b) What happens to the phase difference t → ∞?
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6.41. This problem considers some of the steps left out in the derivation of
the reduced problem.
(a) From the initial conditions, in (6.87) show that ai(0) < 1.
(b) Show that (6.91), when written out, gives rise to the following equations:

∂t1r11 + ∂t2r10 = −g1(t1, t2)r11 + a [r10 − r20 cos(φ)] − br20 sin(φ) ,

∂t1r21 + ∂t2r20 = −g2(t1, t2)r21 + a [r20 − r10 cos(φ)] + br10 sin(φ) ,

where

gi(t1, t2) = κ2
i

2 + ai(t2) exp(−2κ2
i t1)

1− ai(t2) exp(−2κ2
i t1)

.

(c) Solve the system in part (b), and use this solution to explain why it is
not necessary to assume that ai depends on t2.

(d) From (6.92) and (6.93) show that

∂t1φ1 + φ′ = b

(
r10
r20

− r20
r10

)
cosφ+ a

(
r20
r10

+
r10
r20

)
sinφ,

where φ1 = θ21 − θ11.

6.8 An Example Involving a Nonlinear Partial
Differential Equation

Many of the ideas discussed in previous sections can be applied to partial
differential equations. One of the better-known examples of bifurcation in-
volving a partial differential equation arises with what is known as buckling.
If you take a meter stick and compress it along its axis, what you find is that
the meter stick does essentially nothing until you press hard enough, in which
case it “pops” into a bowed shape. This is called the first buckling mode and
is an example of bifurcation from the zero state. This mode is very stable.
As an experiment, you might try to hold the meter stick to prevent it from
entering this bowed configuration and see if you can get it into the second
buckling mode, which resembles the curve sin(2πx) for 0 ≤ x ≤ 1. You should
find that the second mode is fairly difficult to maintain, as a relatively small
perturbation will cause the meter stick to pop back into the first mode.

For an introductory example, the equation for a meter stick is a little
too cumbersome (Exercise 6.43). Therefore, to introduce the ideas underly-
ing bifurcation for partial differential equations, we will consider the simpler
problem

utt + ut = uxx + λu + f(u) for 0 < x < 1, (6.100)
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where

u = 0 for x = 0, 1. (6.101)

The initial conditions will be discussed later. What we have is a (damped)
nonlinear wave equation where the nonlinearity is contained in the function
f(u). To be able to make any headway in solving the problem, we need to
be fairly clear on what form f(u) can have. The type of nonlinearity appear-
ing in Duffing’s equation is a reasonable first example, so we will assume
f(0) = f ′(0) = f ′′(0) = 0 but f ′′′(0) �= 0. This includes such functions
as f = ±u3. Note that f(0) = 0 means u = 0 is a steady-state solution.
This is a very common situation in physical problems and is therefore not
an unreasonable assumption. The harder condition to explain is why we are
assuming f(u) does not include quadratic terms near u = 0. The short an-
swer is that quadratic nonlinearities can take longer to produce secular terms
(Exercise 3.3), although the ideas involved are essentially the same as in the
case we will consider. This will be evident when working out Exercise 6.45.
Anyway, we have a problem to solve, and that is what we now set out to do.

6.8.1 Steady State Solutions

To determine the steady states, we need to solve the problem

uxx + λu+ f(u) = 0 for 0 < x < 1, (6.102)

where
u = 0 for x = 0, 1. (6.103)

This is a nonlinear eigenvalue problem where we are looking for values of λ
that result in a nonzero solution. As in Sect. 6.3, we will look for the solutions
that bifurcate from us = 0. This is done by letting

ε = λ− λb,

where λb is the value of λ where the bifurcation takes place. In this case, the
appropriate expansion for small ε is

u ∼ us + εαu1(x) + εβu2(x) + · · · .

We are interested in finding nonzero solutions of (6.102), (6.103), and so we
will require that u1 not be identically zero and 0 < α < β. Substituting this
into (6.102) and using Taylor’s theorem yields

εα(∂2
xu1 + λbu1) + εβ(∂2

xu2 + λbu2) + ε1+αu1 +
1

6
ε3αu3

1f
′′′(0) + · · · = 0.

① ② ③ (6.104)
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This leads to the following problems:

O(εα) ∂2
xu1 + λbu1 = 0, for 0 < x < 1,

u1(0) = u1(1) = 0.

What we have here is a linear eigenvalue problem, and the bifurcation
value λb is the eigenvalue. Solving this one finds

λb = (nπ)2 for n = 1, 2, 3, · · ·

and
u1 = An sin(nπx). (6.105)

We have not yet completely determined u1 since the coefficient An in
(6.105) is arbitrary. Also, the value of α is not known. Both of these
are determined from the next order problem. To determine what this
problem is, note that in (6.104) the O(εβ) term must deal with the
contributions of u1 found in either term ② or ③. The balancing of ①

with ② (and ③ � ①, ②) or ① with ③ (and ② � ①, ③) leads to the
conclusion that An = 0. Therefore, for a nonzero solution the terms
①, ②, and ③ must balance. From this we obtain that β = 1+α = 3α.
Thus, α = 1/2 and β = 3/2.

O(ε3/2) ∂2
xu2 + λbu2 = −u1 − 1

6f
′′′(0)u3

1, for 0 < x < 1,
u2(0) = u2(1) = 0.

This is an inhomogeneous version of the O(εα) eigenvalue problem.
We therefore have a situation similar to what we came across with
the WKB method in Sect. 4.5. A solvability condition is going to
come from this problem (as required by the Fredholm alternative
theorem). To find this condition, multiply the differential equation
by u1, integrate both sides over the interval 0 < x < 1, and then
integrate by parts. The result is

∫ 1

0

[u2
1 +

1

6
f ′′′(0)u4

1]dx = 0. (6.106)

Using the solution in (6.105), we get from (6.106) that

A2
n = − 8

f ′′′(0)
. (6.107)

From the preceding analysis we conclude that there is an infinite number
of bifurcation points associated with the steady state us = 0. These are the
eigenvalues associated with a linear boundary-value problem, and they are
λb = (nπ)2. The functions bifurcating from these points are
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π2 4π2

A

9π2 λ

Figure 6.23 Bifurcation diagram for nonlinear wave problem in the case where
f ′′′(0) < 0. Sketched here is A = ε1/2An, where An is given in (6.107). In this case,
there is a supercritical pitchfork bifurcation at each λb = (nπ)2 for n = 1, 2, 3, . . .

u ∼ ±
√
−8(λ− λb)

f ′′′(0)
sin(nπx) for n = 1, 2, 3, . . . . (6.108)

So there is supercritical pitchfork bifurcation if f ′′′(0) < 0 and subcritical
pitchfork bifurcation if f ′′′(0) > 0 (Fig. 6.23). It should be emphasized that
our approximation in (6.108) of the bifurcating solutions is valid only for λ
close to λb.

6.8.2 Linearized Stability Analysis

The next step is to determine whether the steady-state solutions we have
found are stable. As before, we will do this by solving the problem using the
initial conditions

u(x, 0) = us(x) + δg(x) and ∂tu(x, 0) = δh(x). (6.109)

We are starting the solution out close to the equilibrium solution u = us(x),
and for this reason the parameter δ is small. In what follows, we will assume
the value of λ does not correspond to a bifurcation value, that is, λ �= (nπ)2.
Also, the functions g(x) and h(x) in (6.109) are arbitrary (but smooth).

The appropriate expansion of the solution is

u(x, t) ∼ us(x) + δv1(x, t) + · · · .

Substituting this into (6.100) and (6.101) yields

∂2
t v1 + ∂tv1 = ∂2

xv1 + [λ+ f ′(us)]v1 for 0 < x < 1, (6.110)

where

v1 = 0 for x = 0, 1 (6.111)

and

v1(x, 0) = g(x) and ∂tv1(x, 0) = h(x). (6.112)
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This problem is linear and can be solved using separation of variables. One
finds that

v1(x, t) =

∞∑
m=1

(amer+t + bmer−t)Fm(x), (6.113)

where r± = 1
2 (−1 ± √

1 + 4κm) and κm is the mth separation constant (we
are assuming here that κm �= −1/4). The function Fm(x) satisfies

F ′′
m + [λ+ f ′(us)− κm]Fm = 0 for 0 < x < 1, (6.114)

where Fm(0) = Fm(1) = 0. It is interesting that this is another eigenvalue
problem, where κm is the eigenvalue. To find κm, we must solve (6.114), and
this requires us to specify which steady state we are considering. However,
we are not particularly interested in the exact form of the solution but only
whether Re(r+) is positive or negative. This is because Re(r−) ≤ Re(r+).
Consequently, if Re(r+) < 0, then v1 → 0 as t → ∞, so us is asymptotically
stable. On the other hand, if Re(r+) > 0, then for any nonzero values of am,
v1 is unbounded as t → ∞, and this means that us is unstable

What we have shown above is that this will happen if κm < 0, and it is
this inequality we will concentrate on in the analysis to follow.

6.8.3 Stability of Zero Solution

We will first consider the particular case of us = 0. Since f ′(0) = 0, the
solution of (6.114) is

Fm(x) = sin(mπx)

and
κm = λ− (mπ)2. (6.115)

The coefficients am and bm in (6.113) are determined by satisfying the initial
conditions (6.112). Assuming

g(x) =

∞∑
m=1

gm sin(mπx) and h(x) =

∞∑
m=1

hm sin(mπx),

then
am + bm = gm and amr+ + bmr− = hm.

It is a simple matter to solve these equations for am and bm.
The stability of the steady-state solution us = 0 depends on the exponents

r± in (6.113). These depend on the mode number m; and using the result
given in (6.115) we have the following cases:
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1. If λ < π2, then r− < r+ < 0. Therefore, v1 → 0 as t → ∞, and this means
the steady-state solution us = 0 is asymptotically stable.

2. If π2 < λ < 4π2, then r− < r+ < 0 if m ≥ 2, but r− < 0 < r+ if m = 1.
In this case, the steady state us = 0 is unstable. However, note that if the
initial conditions are such that h1 = g1r−, then v1 → 0 as t → ∞.

3. If n2π2 < λ < (n+1)2π2 for n = 1, 2, 3, . . ., then the steady state us = 0 is
unstable. In particular, it is stable only to initial disturbances that satisfy
hm = gmr− for m = 1, 2, . . . , n− 1.

6.8.4 Stability of the Branches that Bifurcate
from the Zero Solution

The next question is whether or not the solutions that bifurcate from us = 0
are stable. We do not have formulas for the nonzero steady states except right
near the bifurcation point. It is therefore going to be necessary to incorporate
our ε expansions into the stability argument. To do this, recall that we found
that bifurcation occurs when λ = (nπ)2, and the expansion for the nonzero
steady state is

us ∼ ε1/2An sin(nπx).

We are going to find a first-term approximation to the solution of the lin-
earized stability problem (6.110)–(6.112) for small ε. With this objective in
mind, we first recall that λ = λb + ε and f ′(0) = f ′′(0) = 0, but f ′′′(0) �= 0.
Thus, from Taylor’s theorem and (6.107),

λ+ f ′(us) ∼ λb +

[
1 +

1

2
f ′′′(0)A2

n sin2(nπx)

]
ε

= λb + [1− 4 sin2(nπx)]ε.

Our objective is to solve (6.114), and the unknowns for this equation are
Fm and κm. These quantities can depend on ε, and to account for this, we
expand them as follows:

Fm ∼ F 0 + εF 1 + · · · and κm ∼ κ̄0 + εκ̄1 + · · · .

Substituting these into (6.114), the following problems appear:
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O(1) F 0
′′ + (λb − κ̄0)F 0 = 0 for 0 < x < 1,

F 0(0) = F 0(1) = 0.

Solving this eigenvalue problem yields F 0 = sin(mπx) and κ̄0 = (n2 −
m2)π2. This information is sufficient to answer the question about
stability except in the case where n = m. For this we need the next
order problem.

O(ε) F 1
′′ + (λb − κ̄0)F 1 = −[1− 4 sin2(nπx)− κ̄1]F 0 for 0 < x < 1.

As happened earlier, we are facing an inhomogeneous version of the
eigenvalue problem. Multiplying by F 0 and integrating yields

κ̄1 =

∫ 1

0
[1− 4 sin2(nπξ)]F

2

0 dx∫ 1

0
F

2

0 dx

=

{−1 if m �= n,
−2 if m = n.

As stated previously, a bifurcating solution will be stable if κm < 0. To
determine if this is the case, suppose, for the sake of argument, that we are
considering the third bifurcation point, so n = 3. What we need to determine
is whether or not it is true that κm < 0 for every value of m. The answer is
no because we have found that, for m �= n, κm ∼ (n2 −m2)π2. In particular,
if m = 2 or if m = 1, then κm > 0. This conclusion holds for the other
bifurcation points except, possibly, n = 1. For this value of n we have κm ∼
−2ε when m = 1 and κm ∼ −(m2 − 1)π2 for m ≥ 2. Hence this branch will
be stable if ε > 0, that is, λ > λb.

Our expansions for the two branches are

u ∼ ±
√
−8(λ− λb)

f ′′′(0)
sin(πx).

From this we have that if f ′′′(0) > 0, then ε < 0 (i.e., it is a subcritical
bifurcation), and if f ′′′(0) < 0, then ε < 0 (i.e., it is supercritical). Therefore,
the solutions branching from the first bifurcation point (n = 1) are stable if
f ′′′(0) < 0 and unstable if f ′′′(0) > 0.

To illustrate this situation, using the given boundary conditions, the so-
lutions that bifurcate from the zero solution at λ = π2 are unstable for the
equation

utt + ut = uxx + λu+ u3,

but they are stable for

utt + ut = uxx + λu− u3.
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It should again be pointed out that our analysis is local. We can only say that
the solutions that branch from us = 0 at λ = π2 are stable if λ is close to π2.
For larger values of λ, we have no idea what is going on from what we have
done. It is possible in certain cases to say something about the global struc-
ture of the bifurcating solutions and those who are interested should consult
(Crandall and Rabinowitz, 1980). The approach used in global bifurcation is
usually nonconstructive, that is, it does not actually determine the solution.
About the only way this can be done is using numerical methods and for that
aspect of the subject, the books by Seydel (2010) and by Krauskopf et al.
(2007) are recommended.

Exercises

6.42. In the theory of Rayleigh–Bénard convection, one studies the motion of
a thin fluid layer that is heated from below. A model for this is the Ginzburg–
Landau equation

ut = uxx + λu− u3 for 0 < x < π and 0 < t,

where λ is associated with the Rayleigh number for the flow (DiPrima et al.,
1971). The boundary conditions are u = 0 at x = 0, π.
(a) Find a first-term approximation of the steady-state solutions that bifur-

cate from us = 0.
(b) Carry out a linearized stability analysis of the steady states.

6.43. Consider the nonlinear diffusion problem

∂tu = ∂2
xu+ λu(1− u) for 0 < x < 1,

where u = 0 at x = 0, 1. This is known as Fisher’s equation, or the
Kolmogorov–Petrovsky–Piskunov (KPP) equation, and it has been used to
model such phenomena as the spatial spread of certain genetic characteristics.

(a) Find a first-term approximation of the steady-state solutions that bifur-
cate from us = 0. (Hint: for n even, α = 1/2, β = 1, and γ = 3/2.)

(b) For what values of λ is the steady state us = 0 stable or unstable? Assume
λ is not a bifurcation value.

6.44. The equation for the transverse displacement u(x, t) of a nonlinear
beam subject to an axial load λ is (Woinowsky-Krieger, 1950; Eringen, 1952)

∂4
xu+ α(t)∂x

2u+ ∂2
t u+ ∂tu = 0 for 0 < x < 1,
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where

α(t) = λ− 1

4

∫ 1

0

u2
xdx.

The boundary conditions are u = uxx = 0 at x = 0, 1.
(a) Find the steady-state solutions. The zero solution is called the unbuckled

state and the others are buckled states. The values of λ where the buckled
states appear are known as critical buckling loads.

(b) For what values of λ is each steady state stable or unstable?

6.45. This problem considers the effects of changing the nonlinearity in the
wave equation (6.100). The first modification has a relatively minor effect
but the second is more substantial.
(a) Explain how the results of this section change when f(0) = f ′′(0) = 0

but f ′(0) �= 0 and f ′′′(0) �= 0. A simple example of this is f(u) = u+ u3.
(b) Carry out the analysis of this section when f(0) = f ′(0) = 0 but f ′′(0) �=

0. A simple example of this is f(u) = ±u2. [Hint: If n is odd, then u ∼
−3(λ−λn)λn sin(λnx)/(2f

′′(0)).]

6.46. The potential energy for the nonlinear string equation in (6.100) is

V (u) =
1

2

∫ 1

0

[u2
x − λu2 − 2F (u)]dx,

where F ′(u) = f(u). In this problem take f(u) = κu3, where κ is a nonzero
constant, and let un(x) denote the steady state in (6.108). Sketch V (un) for
λ near λn (as is done for A in Fig. 6.23). On this basis, is it reasonable to
conjecture that the stable solution has the smallest potential energy? Explain
your reasoning.

6.47. The Kuramoto–Sivashinsky equation is

∂tu+ ∂4
xu+ λ∂2

xu+
1

2
(∂xu)

2 = 0 for −∞ < x < ∞,

where u(x, t) is required to be periodic in x. This equation arises in the study
of the propagation of flame fronts, in the instabilities in reaction–diffusion
systems, and in drift waves in plasmas (Mitani, 1984; Ishimura, 2001).
(a) Setting u(x, t) = −κt + v(x, t), where κ is a constant, find the problem

satisfied by v(x, t).
(b) For the problem in part (a), under what conditions on λ and κ is vs = 0

an asymptotically stable steady-state solution?
(c) For the problem in part (a), determine the steady-state solution(s) that

bifurcate from vs = 0 at the point where vs changes stability. To do this,
take λ as the bifurcation parameter. Also note that the requirement of
periodicity results in κ depending on λ.

(d) Determine if the steady-state solution(s) found in part (c) are asymp-
totically stable. In doing this, make sure to comment on the periodicity
requirements of the initial conditions you use.
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6.48. This problem reconsiders Fisher’s equation (Exercise 6.43)

∂tu = ∂2
xu+ λu(1− u) for −∞ < x < ∞.

We are now interested in traveling-wave solutions of the form u(x, t) = f(x−
αt), where −∞ < α < ∞.
(a) After finding the equation f(z) satisfies, determine the stationary states

for f and their stability.
(b) For physical reasons u(x, t) must be nonnegative. Because of this, show

that traveling waves of the form we have assumed will only propagate
when α > 0.

(c) Based on what you found in parts (a) and (b), can you say that these
traveling waves are able to take a region near an unstable steady state
to a stable state? For example, suppose the initial profile is u(x, 0) =
1
2 (1 + tanh(kx)), where k is a constant.

6.49. The Schlögl model in nonequilibrium phase transitions involves the
reaction–diffusion equation (Schlogl, 1972)

∂tu = ∂2
xu+ f(u, λ) for 0 < x < 1,

where f(u, λ) = −u3 + 2u2 − u+ λ and ux(0, t) = ux(1, t) = 0. The constant
λ is positive. The solution u(x, t) is the density of a chemical in solution and
is therefore assumed to be nonnegative. Note that the nonlinearity here is
cubic, which distinguishes it from the quadratic function appearing in Fisher’s
equation (Exercises 6.43 and 6.48). It also has different names, depending
on the application area, and this includes the Zeldovich–Frank–Kamenetskii
(ZFK) equation and the Nagumo equation (Idris and Biktashev, 2008).
(a) Find the homogeneous steady states (i.e., us constant) and determine

their stability.
(b) For 0 < λ < 4

27 show that any steady state that bifurcates from one of
the constant states is unstable.

(c) If 0 < λ < 4
27 , then one can write f(u, λ) = −(u − u1)(u − u2)(u −

u3), where the ui depend on λ. Assuming −∞ < x < ∞, then find
the traveling-wave solutions of the equation that have the form u(x, t) =
u0 + α tanh[β(x − χt)].

(d) Using the results from parts (a) and (c), explain why certain of the trav-
eling waves can take a region near an unstable steady state to one of the
stable states. [Hint: Do this by examining the sign of χ and the behavior
as x → ±∞.]

6.50. In the study of phase transitions in nonlinear viscoelasticity, one comes
across the following problem:

∂2
t u = ∂xσ(ux) + κuxxt for 0 < x < 1 and 0 < t,

where u(0, t) = 0 and σ(ux) + κuxt = λ at x = 1. Here u(x, t) is the dis-
placement of the material, σ(ux) is the elastic stress, κ > 0 is a constant
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associated with the viscoelastic properties of the material, and λ ≥ 0 is a
constant. A constitutive law is needed to specify σ, and in this problem we
will let σ(ux)≡ux(u

2
x − 9ux + 15).

(a) Sketch σ as a function of ux and determine the steady states for this
problem.

(b) Determine whether the steady states found in part (a) are stable or un-
stable.

6.51. Consider the nonlinear Klein–Gordon equation

utt = uxx − λg(u) for −∞ < x < ∞ and 0 < t,

where u(x, t) is bounded as x → ±∞ and u(x, t+2π) = u(x, t). Also, assume
g(u) is smooth with g(0) = 0 and g′(0) = 1.
(a) One steady-state solution of this problem is us = 0. At what values of λ

is it stable?
(b) To obtain the sine–Gordon equation, one takes g(u) = sin(u). In this case,

show that

uB(x, t) = 4 arctan

(
β sin(nt)

n cosh(βx)

)
,

where n is a positive integer and β =
√
λ− n2 is a solution of the problem

(assuming λ ≥ n2). Sketch uB as a function of x for n = 1 and n = 10
(in each case take β = 1). Because these solutions are localized in space
and periodic in time, they are known as “breathers,” and they arise in
nonlinear optics and quantum mechanics. Note that they bifurcate from
the trivial solution analyzed in part (a).

(c) To determine if breathers are stable, show that one must solve

vtt = vxx − λg′(uB)v for −∞ < x < ∞ and 0 < t,

where v is bounded as x → ±∞ and v(x, t+ 2π) = v(x, t).
(d) For values of λ near where a breather bifurcates from us = 0 use the

method of multiple scales to determine if the breather is stable or unsta-
ble.

6.9 Metastability

Metastability refers to the situation where you are watching something and
it appears, for all intents and purposes, not to change. However, after a
sufficiently long period of time it moves, or changes, and approaches another
apparent steady state. This transition might occur very quickly, or proceed
very slowly, and an example that illustrates both situations is

y(t) =
2− eσ(t)

2 + eσ(t)
.



6.9 Metastability 387

If σ = (εt−1)/ε3, then y ≈ 1 up until t ≈ 1/ε, at which point it rather quickly
switches and y ≈ −1 for larger values of t. In contrast, consider the function
σ = e−1/εt. If ε = 10−2, then, using round numbers, σ ≈ 10−44t. In this case,
even over the very long time interval 0 < t < 1040 the function is accurately
approximated as y ≈ 1/3, yet letting t → ∞ one gets that y = −1. These
are situations that give nightmares to those who use numerical solvers. The
reason is that because of the minimal change in the solution over fairly long
time intervals, it is easy to be fooled into thinking the solution has converged
to a steady state.

From a perturbation viewpoint, metastability, as represented by the two
examples described in the previous paragraph, can be handled using multiple
scales in a straightforward manner. We are interested here in a complication
that arises when transcendentally small terms must be included in the expan-
sion to determine the behavior of the metastable solution. As illustrated in
the examples in Sect. 2.4, such terms can often be ignored. However, there are
situations where, over time, they are able to affect the solution sufficiently
that they must be accounted for in the expansion. We saw this earlier, in
Sect. 4.3, when using the WKB approximation to study the phenomenon of
tunneling. Our goal here is to incorporate this into the multiple-scale approx-
imation.

The example we will investigate that involves metastability is Burger’s
equation:

ut + uux = εuxx for 0 < x < 1 and 0 < t, (6.116)

where u(0, t) = a and u(1, t) = −a, where a is a positive constant. The initial
condition is

u(x, 0) =

{
a for 0 ≤ x < x0,
−a for x0 < x ≤ 1,

(6.117)

where 0 < x0 < 1
2 .

A similar problem was considered in Sect. 2.7.6, where we found that the
solution was a traveling wave that smoothly connected the left and right con-
stant values appearing in the initial condition. This is shown in Fig. 2.32. It is
not unreasonable to expect the solution of the preceding problem to behave
in a similar manner. However, a very important difference is the spatial inter-
val, which is infinite in Sect. 2.7.6 and is bounded in the preceding problem.
Just how much this affects the solution will become evident as we attempt
to construct an asymptotic approximation of the solution.

Given the bounded interval, one question to answer is whether the problem
has a steady state. Letting y(x) be the steady-state solution, then

yy′ = εy′′ for 0 < x < 1, (6.118)

where y(0) = a and y(1) = −a. As shown in Exercise 2.33,

y ∼ a
1− ea(x−1/2)/ε

1 + ea(x−1/2)/ε
. (6.119)
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Figure 6.24 Numerical solution of Bruger’s Eq. (6.116) on a finite interval starting
with a jump located at x0 = 1

4
and ε = 10−2. For these values the exponentially

slow motion of the wave means that the transition layer does not reach x = 1
2

until

t ≈ 1020

In other words, the steady state consists of an interior layer, centered at
x = 1

2 , that connects the two constant states on the left and right. This
function is shown in Fig. 6.24 and corresponds to the solution for t = ∞.

Continuing our preliminary analysis of the problem, we turn to the asymp-
totic approximation of the time-dependent solution. It is not hard to show
that the regular expansion u(x, t) ∼ u0(x, t) + · · · fails because u0 ends
up equaling the initial condition (6.117) for all time. This means that an
interior-layer coordinate needs to be introduced to provide a smooth transi-
tion between the two constant states. Following the same argument used in
Sect. 2.7.6, letting x̄ = (x−s(t))/ε one finds that the first-term approximation
in the transition layer is

U0(x̄, t) = a
1−B(t)eax̄

1 +B(t)eax̄
, (6.120)

where, from (2.135), s(t) = x0. Also, B(t) is an arbitrary positive function.
Therefore, the layer analysis does provide a smooth transition but it does not
move! This result is also seen in the numerical solution (Fig. 6.24), where the
solution at t = 104 is indistinguishable from the solution at t = 1. However,
there is no way that this result is a steady-state solution because the one and
only steady state to this problem is given in (6.119) and it consists of a layer
centered at x = 1

2 and not one centered at x = x0.
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What we have here is an example of metastability. This is because when
starting with the initial jump (6.117), the solution relatively quickly forms a
smooth transition between ±a but does not move toward the known steady
state (6.119), or, more precisely, it moves so slowly that our approximations
simply consider the layer at x = x0 to be stationary. To account for this
very slow motion, we will introduce a scaled time coordinate. To explain how
this will be done, note the similarities in the form of the steady-state solution
(6.119) and the approximation in (6.120). What is happening is that the wave
slowly moves from x = x0 to x = 1/2, and we will change variables based on
this observation.

The transition-layer coordinates will incorporate a time scale that reflects
the location of the wave. The general form for the time variable is τ = q(ε, t).
As in Sect. 3.6, q is assumed to be smooth with q(ε, 0) = 0 and satisfy 0 <
∂tq � 1. The corresponding layer coordinate is ξ = (x−x0−τ)/ε. With this,
the differential equation becomes

ε∂tq∂τut + (u− ∂tq)∂ξu = ∂2
ξu. (6.121)

The boundary conditions are

u|ξ=−(x0+τ)/ε = a, u|ξ=(1−x0−τ)/ε = −a. (6.122)

In the examples in Chap. 2, the boundary conditions for the interior-layer
problems were written as limits (e.g., u → a for ξ → −∞). This is not done
here because of the sensitivity of the solution to the boundary conditions. In
fact, it is this sensitivity that is responsible for the movement of the transition
layer from x = x0 over to x = 1/2.

Our approach for constructing the approximation will mimic what was
done in Sect. 2.4. Given the various ε terms in (6.121), the appropriate ex-
pansion of the solution is

u ∼ u0(ξ, τ) + u1(ξ, τ) + · · · , (6.123)

where u1 � u0. Substituting this into (6.121), we obtain the following prob-
lems:

O(1) u0∂ξu0 = ∂2
ξu0.

Integrating this equation and then matching, one finds that ∂ξu0 =
1
2 (u

2
0 − a2). Separating variables, it therefore follows that

u0 = a
1−Beaξ

1 +Beaξ
, (6.124)

where B(τ) is a constant of integration. To produce a bounded solution
that satisfies the matching conditions, B must be positive. Also, from
balancing it follows that u1 and ∂tq are of the same order.
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O(u1) ∂
2
ξu1 = u0∂ξu1 + u1∂ξu0 − ∂tq∂ξu0.

Writing the equation as ∂2
ξu1 = ∂ξ(u0u1 − ∂tqu0) we can find the

solution relatively easily, and the result is

u1 = ∂tq +
eaξ

(1 +Beaξ)2
[
D + C(−e−aξ + 2aBξ +B2eaξ)

]
, (6.125)

where C(τ, ε) and D(τ, ε) are constants of integration.

The matching of the second term requires some thought because of the
importance of the exponentially small terms in the expansion. Starting with
the right side, we are interested in what happens when you leave the transition
layer and approach x = 1. The idea here is that ξ = (1 − x0 − q)/ε → ∞.
From (6.124) and (6.125) we have that, in this limit,

u ∼ −a(1− 2B−1)e−a(1−x0−q)/ε + ∂tq + C. (6.126)

The right boundary condition is u(1, t) = −a, and so we conclude that

2aB−1e−a(1−x0−q)/ε + ∂tq + C = 0.

From the left side, where ξ = −(x0 + q)/ε → −∞, one finds that

−2aBe−a(x0+q)/ε + ∂tq − C = 0.

Adding the preceding two equations yields

∂tq = a

(
Be−a(x0+q)/ε − 1

B
e−a(1−x0−q)/ε

)
.

Given that ∂tq = 0 if q = 1/2 − x0, it follows that B = 1. With this, the
equation becomes

dq

dt
= a

(
e−a(x0+q)/ε − e−a(1−x0−q)/ε

)
. (6.127)

Separating variables and integrating gives us that

q(ε, t) =
1

2
− x0 +

ε

a
ln

[
1− γe−λt

1 + γe−λt

]
, (6.128)

where

λ =
2a2

ε
e−a/(2ε),

γ =
1− e−κ

1 + e−κ
,

and κ = a(12 − x0)/ε.
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Figure 6.25 Plot of q(ε, t), as given in (6.128), for a = 1, x0 = 0.25, and ε = 0.01

This is interesting because it shows that the transition layer moves on
an exponentially slow time scale, and this scale depends on the boundary
conditions. To get an idea of the time the wave requires to move across the
interval, the function q, corresponding to the example in Fig. 6.24, is plotted
in Fig. 6.25. It shows that the wave reaches the half-way point between x0 and
x = 1/2 when t ≈ 2 × 1014. The dependence of this result on the boundary
conditions is dramatic. For example, doubling the boundary value, so a = 2,
results in t ≈ 1030.

Exercises

6.52. This problem examines the solutions of (6.127) in more depth.
(a) Show that for large values of t, the solution in (6.128) satisfies

q ∼ 1

2
− x0 − 2ε

a
e−λt.

Similarly, for small values of t,

q ∼ ae−ax0/εt.

(b) Show that q = 1
2 − x0 is a solution.

(c) Sketch the direction fields for (6.127) and use this to explain why the
solution is constant, strictly monotonically increasing, or strictly mono-
tonically decreasing. Explain how q(ε, 0) determines which it is.

(d) Find the decreasing solution of (6.127).

6.53. In developing numerical approximations to solve Burger’s equation it
is common to test the procedure on known exact solutions. An often-used
one is
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u(x, t) =
μ+ α+ (μ− α)eη

1 + eη
,

where η = α(x− μt− γ)/ε, and α, μ, and γ are constants. Assume that α is
positive and 0 < γ < 1.
(a) Show that u(x, t) satisfies Burger’s Eq. (6.116).
(b) Describe the initial value u(x, 0) for 0 ≤ x ≤ 1, assuming ε � 1.
(c) Assuming ε is small but fixed, describe what happens as t → ∞.
(d) What is learned from this solution, if anything, as relates to the asymp-

totic approximation derived in this section?

6.54. One might try to avoid the complications of a layer that moves ex-
ponentially slowly by using an initial condition that does not have a jump
discontinuity. This problem examines this by assuming that

u(x, 0) =

{
a(1 − x/x0) for 0 ≤ x < x0,
−a(x− x0)/(1− x0) for x0 < x ≤ 1.

The important properties of this function are that it is continuous and mono-
tonically decreasing. Continuity means that there is a point in the interval,
x = x0, where the function is zero. The monotonicity keeps the problem from
becoming even more difficult than it already is. It is assumed in this problem
that 0 < x0 < 1

2 .
(a) Consider the outer problem, so that ε = 0. Sketch the characteristics for

0 ≤ t ≤ x0/a, and use this to describe the solution for 0 ≤ x ≤ 1 in this
time interval. Explain why a shock appears in the solution at t = x0/a.

(b) Continuing part (a), show that the equation for the shock is

x(t) = x0 +
√
1− 2x0z − z2

where z =
√
1− x0 − at.

(c) Continuing part (b), show that the shock moves to the right until it
reaches a point x = xs, where x0 < xs <

1
2 , at which time it disappears.

When this happens, a second shock appears. Explain why this second
shock does not move.

(d) Use the result from part (c) to explain why using a continuous initial
condition does not avoid the exponentially slowly transition layer, it just
postpones its appearance.

6.55. This problem examines the initial behavior of the solution of Burger’s
equation.
(a) Show that the regular expansion u(x, t) ∼ u0(x, t) + · · · results in u0

equaling the initial condition (6.117) for all time.
(b) Introducing the layer coordinates x̄ = (x − x0)/ε and t̄ = t/ε, find the

first term in the layer expansion. The result from Exercise 2.56 will be
helpful here.

(c) Show that the result from part (b) does not approach (6.119) when t̄ → ∞.
What function does it approach?
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Taylor Series

A.1 Single Variable

(a) For x near a:

f(x) = f(a)+(x−a)f ′(a)+
1

2
(x−a)2f ′′(a)+ · · ·+ 1

n!
(x−a)nf (n)(a)+ · · · .

(b) For h near 0:

f(x+ h) = f(x) + hf ′(x) +
1

2
h2f ′′(x) + · · ·+ 1

n!
hnf (n)(x) + · · · .

A.2 Two Variables

(a) For h and k near 0:

f(x+ h, t+ k) = f(x, t) + hfx(x, t) + kft(x, t)

+
1

2
h2fxx(x, t) + hkfxt(x, t) +

1

2
k2ftt(x, t) + · · · .

(b) For x near a and t near b:

f(x, t) = f(a, b) + (x− a)fx(a, b) + (t− b)ft(a, b)

+
1

2
(x− a)2fxx(a, b) + (x− a)(t− b)fxt(a, b) +

1

2
(t− b)2ftt(a, b)

+ · · · .
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(c) For h and k near 0:

f(x+h, t+k) = f(x, t)+Df(x, t)+
1

2
D2f(x, t)+ · · ·+ 1

n!
Dnf(x, t)+ · · · ,

where

D = h
∂

∂x
+ k

∂

∂t
.

A.3 Multivariable

(a) For h near 0:

f(x+ h) = f(x) +Df(x) +
1

2
D2f(x) + · · ·+ 1

n!
Dnf(x) + · · · ,

where x = (x1, x2, . . . , xk), h = (h1, h2, . . . , hk), and

D = h · ∇
= h1

∂

∂x1
+ h2

∂

∂x2
+ · · ·+ hk

∂

∂xk
.

(b) For x near a:

f(x) = f(a) + (x− a) · ∇f(a) + 1

2
(x− a)THa(x− a) + · · · ,

where Ha = H(a), and H(x) is the Hessian defined as

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂2f

∂x21

∂2f

∂x2∂x1
· · · ∂2f

∂xk∂x1
∂2f

∂x1∂x2

∂2f

∂x22
· · · ∂2f

∂xk∂x2
...

...
. . .

...

∂2f

∂x1∂xk

∂2f

∂x2∂xk
· · · ∂2f

∂x2k

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

A.4 Useful Examples for x Near Zero

f(x) = f(0) + xf ′(0) +
1

2
x2f ′′(0) +

1

6
x3f ′′′(0) + · · · .
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A.5 Power Functions

(a+ x)γ = aγ+γxaγ−1+
1

2
γ(γ − 1)x2aγ−2 +

1

6
γ(γ − 1)(γ − 2)x3aγ−3+ · · · ,

1

1− x
= 1 + x+ x2 + x3 + · · · ,

1

(1− x)2
= 1 + 2x+ 3x2 + 4x3 + · · · ,

√
1 + x = 1 +

1

2
x− 1

8
x2 +

1

16
x3 + · · · ,

1√
1− x

= 1 +
1

2
x+

3

8
x2 +

5

16
x3 + · · · .

A.6 Trig Functions

sin(x) = x− 1

3!
x3 +

1

5!
x5 + · · · ,

arcsin(x) = x+
1

6
x3 +

3

40
x5 + · · · ,

cos(x) = 1− 1

2
x2 +

1

4!
x4 + · · · ,

arccos(x) =
π

2
− x− 1

6
x3 − 3

40
x5 + · · · ,

tan(x) = x+
1

3
x3 +

2

15
x5 + · · · ,

arctan(x) = x− 1

3
x3 +

1

40
x5 + · · · ,

cot(x) =
1

x
− 1

3
x− 1

45
x3 + · · · ,

arccot(x) =
π

2
− x+

1

3
x3 − 1

5
x5 + · · · ,

sin(a+ x) = sin(a) + x cos(a)− 1

2
x2 sin(a) + · · · ,

cos(a+ x) = cos(a)− x sin(a)− 1

2
x2 cos(a) + · · · ,

tan(a+ x) = tan(a) + x sec2(a) + x2 tan(a) sec2(a).
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A.7 Exponential and Log Functions

ex = 1 + x+
1

2
x2 +

1

6
x3 + · · · ,

ax = ex ln(a) = 1 + x ln(a) +
1

2
[x ln(a)]2 +

1

6
[x ln(a)]3 + · · · ,

ln(a+ x) = ln(a) +
x

a
− 1

2

(x
a

)2

+
1

3

(x
a

)3

+ · · · .

A.8 Hyperbolic Functions

sinh(x) = x+
1

6
x3 +

1

120
x5 + · · · ,

arcsinh(x) = x− 1

6
x3 +

3

40
x5 + · · · ,

cosh(x) = 1 +
1

2
x2 +

1

24
x4 + · · · ,

arccosh(x) =
√
2x

(
1− 1

12
x+

3

160
x2 + · · ·

)
,

tanh(x) = x− 1

3
x3 +

2

15
x5 + · · · ,

arctanh(x) = x+
1

3
x3 +

1

5
x5 + · · · .



Appendix B

Solution and Properties of Transition
Layer Equations

B.1 Airy Functions

This section concerns the solutions of Airy’s equation. A more extensive pre-
sentation can be found in Vallée and Soares (2010), Abramowitz and Stegun
(1972), and Olver et al. (2010).

B.1.1 Differential Equation

y′′ = xy for −∞ < x <∞.

B.1.2 General Solution

y(x) = α0Ai(x) + β0Bi(x),

where

Ai(x) ≡ 1

32/3π

∞∑
k=0

1

k!
Γ

(
k + 1

3

)
sin

[
2π

3
(k + 1)

](
31/3x

)k

= Ai(0)

(
1 +

1

6
x3 + · · ·

)
+Ai′(0)

(
x+

1

12
x4 + · · ·

)

and

Bi(x) ≡ eπi/6Ai
(
xe2πi/3

)
+ e−πi/6Ai

(
xe−2πi/3

)

= Bi(0)

(
1 +

1

6
x3 + · · ·

)
+Bi′(0)

(
x+

1

12
x4 + · · ·

)
.
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Figure B.1 Plot of the two Airy functions used in the development of the transition
layer

B.1.3 Particular Values

Ai(0) =
Γ
(
1
3

)
2π31/6

, Ai′(0) = −31/6Γ
(
2
3

)
2π

,

Bi(0) =
√
3Ai(0) , Bi′(0) = −√

3Ai′(0) ,∫ ∞

0

Ai(x)dx =
1

3
,

∫ 0

−∞
Ai(x)dx =

2

3
,

∫ 0

−∞
Bi(x)dx = 0,

Γ

(
1

3

)
Γ

(
2

3

)
=

2π√
3
.

B.1.4 Asymptotic Approximations

Setting ζ = 2
3 |x|3/2 and η = 5

72ζ , then

Ai(x) ∼

⎧⎪⎨
⎪⎩

1√
π|x|1/4

[
cos

(
ζ − π

4

)
+ η(x) sin

(
ζ − π

4

)]
if x→ −∞,

1

2
√
πx1/4

e−ζ [1− η(x)] if x→ +∞,

and

Bi(x) ∼

⎧⎪⎨
⎪⎩

1√
π|x|1/4

[
cos

(
ζ +

π

4

)
+ η(x) sin

(
ζ +

π

4

)]
if x→ −∞,

1√
πx1/4

eζ [1 + η(x)] if x→ +∞.
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Also, setting ν = 7
72ζ , then

Ai′(x) ∼
{
− 1√

π
|x|1/4 [cos(ζ + π

4

)− ν(x) sin
(
ζ + π

4

)]
if x→ −∞,

− 1
2
√
π
x1/4e−ζ [1 + ν(x)] if x→ +∞,

and

Bi′(x) ∼
{
− 1√

π
|x|1/4 [cos(ζ − π

4

)− ν(x) sin
(
ζ − π

4

)]
if x→ −∞,

− 1
2
√
π
x1/4eζ [1− ν(x)] if x→ +∞.

B.1.5 Connection with Bessel Functions

Setting ζ = 2
3 |x|3/2, then

Ai(x) =

⎧⎨
⎩
√

1
3 |x|

[
J 1

3
(ζ) + J− 1

3
(ζ)

]
if x ≤ 0,√

1
3x

[
I− 1

3
(ζ)− I 1

3
(ζ)

]
if x ≥ 0,

and

Bi(x) =

⎧⎨
⎩
√

1
3 |x|

[
−J 1

3
(ζ) + J− 1

3
(ζ)

]
if x ≤ 0,√

1
3x

[
I− 1

3
(ζ) + I 1

3
(ζ)

]
if x ≥ 0.

B.2 Kummer’s Function

This section concerns the properties of the solutions of a differential equation
that arises frequently when solving turning-point problems. It is related to
the hypergeometric equation, and much of the material presented here is
adopted from Slater (1960), Oldham et al. (2009), and Olver et al. (2010).

B.2.1 Differential Equation

y′′ + αxy′ + βy = 0 for −∞ < x <∞,

where α and β are nonzero constants.



400 B Solution and Properties of Transition Layer Equations

B.2.2 General Solution

y(x) = α0M

(
β

2α
,
1

2
,−1

2
αx2

)
+ β0xM

(
α+ β

2α
,
3

2
,−1

2
αx2

)
,

whereM(a, b, z) is a confluent hypergeometric function and is known as Kum-
mer’s function [it is also denoted by 1F1(a, b, z)]. Note M(a, b,− 1

2αx
2) is an

even function of x, so the foregoing solution consists of the sum of an even
and an odd function. These functions are plotted for particular values of the
coefficients in Fig. B.2.

The series definition of Kummer’s function is

M(a, b, z) =

∞∑
k=0

(a)k
(b)k

1

k!
zk

= 1 +
a

b
z +

a(a+ 1)

2b(b+ 1)
z2 + · · · ,

where (a)k = a(a+1)(a+2) · · · (a+ k− 1) and (a)0 = 1. This series is abso-
lutely convergent for all values of a, b, and z except for b = 0,−1,−2,−3, . . ..
The latter values are assumed not to occur in the formulas that follow.

−1

0

1

−1

0

1

−10

0

10

−5 0 5

−5 0 5

−2

0

2

x-axis x-axis

x-axis x-axis

α = 1, β = 1

α = 1, β = −0.5

α = −0.5, β = 2

α = 0.5, β = 2

−5 0 5

−5 0 5

Figure B.2 Plots of y1 = M( β
2α

, 1
2
,−1

2
αx2) (solid curves) and y2 =

xM(α+β
2α

, 3
2
,−1

2
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B.2.3 Particular Values

M(a, b, 0) = 1, ∂zM(a, b, 0) =
a

b
,

M(0, b, z) = 1, M(a, a, z) = ez.

B.2.4 Useful Formulas

The following formulas are useful for deriving some of the basic properties,
and special cases, of Kummer’s function:

M(a, b, z) = ezM(b− a, b,−z),

M(a+ 1, b, z) =
2a− b+ z

a
M(a, b, z) +

b− a

a
M(a− 1, b, z),

M(a, b+ 1, z) =
b(b− 1 + z)

(b − a)z
M(a, b, z)− b(b− 1)

(b − a)z
M(a, b− 1, z),

d

dz
M(a, b, z) =

a

b
M(a+ 1, b+ 1, z).

M(a, b, z) =
Γ (b)

Γ (b− a)Γ (a)

∫ 1

0

eztta−1(1 − t)b−a−1dt, for 0 < a < b

B.2.5 Special Cases

If α = β, then

M

(
1

2
,
1

2
,−1

2
αx2

)
= e−αx2/2

and

M

(
1,

3

2
,−1

2
αx2

)
=

1

x

∫ x

0

eα(s
2−x2)/2 ds.

If α = −β, then

M

(
−1

2
,
1

2
,−1

2
αx2

)
= e−αx2/2 + αx

∫ x

0

e−αr2/2 dr
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and

M

(
0,

3

2
,−1

2
αx2

)
= 1.

If β = 2α, then

M

(
1,

1

2
,−1

2
αx2

)
= 1− αx

∫ x

0

eα(s
2−x2)/2 ds

and

M

(
3

2
,
3

2
,−1

2
αx2

)
= e−αx2/2.

If α = 2β, then

M

(
1

4
,
1

2
,−1

2
αx2

)
= Γ

(
3

4

)(
−1

8
αx2

)1/4

e−αx2/4I−1/4

(
−1

4
αx2

)

and

M

(
3

4
,
3

2
,−1

2
αx2

)
= Γ

(
5

4

)(
−1

8
αx2

)−1/4

e−αx2/4I1/4

(
−1

4
αx2

)
.

B.2.6 Polynomials

When the first argument of M(a, b, z) is a nonpositive integer, the function
reduces to an expression involving a Laguerre polynomial. In particular, if
n = 0, 1, 2, 3, . . ., then

M

(
−n, 3

2
,−1

2
αx2

)
=

√
πn!

2Γ
(
n+ 3

2

)
n∑

k=0

(
n+ 1

2

n− k

)
1

k!

(
1

2
αx2

)k

and

M

(
−n, 1

2
,−1

2
αx2

)
=

√
πn!

Γ
(
n+ 1

2

)
n∑

k=0

(
n− 1

2

n− k

)
1

k!

(
1

2
αx2

)k

.

B.2.7 Asymptotic Approximations

The asymptotic expansions for large |x| depend on the sign of α and also on
whether or not the first argument of the function is a nonpositive integer (see
section Polynomials).
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1. For x2 → ∞,

M

(
α+ β

2α
,
3

2
,−1

2
αx2

)
∼

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

√
π

2Γ
(
α+β
2α

)
(
−1

2
αx2

) β−2α
2α

e−
1
2αx

2

if α < 0,

√
π

2Γ
(
2α−β
2α

)
(
1

2
αx2

)−α+β
2α

if α > 0.

The approximation for α < 0 does not hold when α + β = −2αn, where
n = 0, 1, 2, 3, . . ., and these cases are included in item 3 below. Also,
the approximation for α > 0 does not hold when (2α − β)/(2α) is a
nonpositive integer. The case where β = 2α is included in Special Cases,
and Slater (1960) may be consulted for the others.

2. For x2 → ∞,

M

(
β

2α
,
1

2
,−1

2
αx2

)
∼

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

√
π

Γ
(

β
2α

)
(
−1

2
αx2

)−α+β
2α

e−
1
2αx

2

if α < 0,

√
π

Γ
(

α−β
2α

)
(
1

2
αx2

)− β
2α

if α > 0.

The approximation for α < 0 does not hold when β = −2αn, where
n = 1, 2, 3, . . ., and these cases are included in item 3 below. Also,
the approximation for α > 0 does not hold when (α − β)/(2α) is a non-
positive integer. The case where β = α is included in Special Cases, and
Slater (1960) may be consulted for the others.

3. The nonpositive-integer cases are

M

(
−n, 3

2
,−1

2
αx2

)
∼

√
π

2Γ
(
3
2 + n

)
(
1

2
αx2

)n

and

M

(
−n, 1

2
,−1

2
αx2

)
∼

√
π

Γ
(
1
2 + n

)
(
1

2
αx2

)n

.

B.2.8 Related Special Functions

Kummer’s differential equation reduces to Hermite’s equation in the special
case where α = −1 and β = 2n, or α − 1 and β = n, where n is a positive
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integer. Similarly, it can be transformed into Hermite’s differential equation
when α < 0 and β = −αn, where n is a positive integer. It is also possible
to express the solution of Kummer’s equation in terms of parabolic cylinder
functions (Oldham et al., 2009).

B.3 Higher-Order Turning Points

Analysis of higher order-turning points can be found in Willner and Ruben-
feld (1976).

B.3.1 Differential Equation

y′′ = xγy for −∞ < x <∞ and γ ≥ 0.

B.3.2 General Solution

y(x) = α0y1(x) + β0y2(x),

where, setting ν = 1/(γ + 2) and κ = (γ + 2)/2,

y1(x) =

{√|x| [Jν(2ν|x|κ) + J−ν(2ν|x|κ)] if x ≤ 0,√
x [I−ν(2νx

κ)− Iν(2νx
κ)] if x ≥ 0,

and

y2(x) =

{√|x| [−Jν(2ν|x|κ) + J−ν(2ν|x|κ)] if x ≤ 0,√
x [I−ν(2νx

κ) + Iν(2νx
κ)] if x ≥ 0.

B.3.3 Asymptotic Approximations

Setting ξ = 2
γ+2 |x|

2+γ
2 , then

y1(x) ∼

⎧⎪⎪⎨
⎪⎪⎩

2 cos(νπ/2)√
πν

|x|−γ/4 cos
(
ξ − π

4

)
if x→ −∞,

sin(νπ)√
πν

x−γ/4e−ξ if x→ +∞,
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and

y2(x) ∼

⎧⎪⎨
⎪⎩

2 sin(νπ/2)√
πν

|x|−γ/4 cos
(
ξ +

π

4

)
if x→ −∞,

1√
πν

x−γ/4eξ if x→ +∞.



Appendix C

Asymptotic Approximations of Integrals

C.1 Introduction

This appendix summarizes some formulas for approximating integrals. Specif-
ically, approximations of integrals of the form

∫ b

a

f(t)e−xg(t)dt and

∫ b

a

f(t)eixg(t)dt

are given for the case of large x. Readers interested in a more extensive
development of this material may consult Murray (1984) or Olver (1974).

In this appendix the following assumptions are made:

1. −∞ ≤ a < b ≤ ∞,

2. f(t) and g(t) are continuous and g(t) is real-valued for a < t < b,

3. a, b, f , and g are independent of x.

The asymptotic behavior of the first integral depends on where g(x) has a
minimum value, while the second depends on where g(x) has a stationary
value.

C.2 Watson’s Lemma

∫ b

a

f(t)e−xtdt

The exponential decay means that the value of the integral is determined by
what happens at, or near, t = a. Thus, for t→ a+, assume that

M.H. Holmes, Introduction to Perturbation Methods, Texts in Applied
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f(t) ∼ f0(t− a)α + f1(t− a)β ,

where −1 < α < β. Also, assume that −∞ < a. In this case,

∫ b

a

f(t)e−xtdt ∼
[
f0Γ (1 + α)

x1+α
+
f1Γ (1 + β)

x1+β

]
e−ax as x→ ∞.

In particular, if f(t) ∼ f(a) + (t − a)f ′(a) + · · · , where f(a) and f ′(a) are
nonzero, then

∫ b

a

f(t)e−xtdt ∼
[
f(a)

x
+
f ′(a)
x2

]
e−ax as x→ ∞.

C.3 Laplace’s Approximation

∫ b

a

f(t)e−xg(t)dt.

The exponential decay means that the value of the integral is determined by
what happens at, or near, points where g(t) has a minimum value.

(a) The minimum of g(t) for a ≤ t ≤ b occurs only at t = t0, where
a < t0 < b. Assuming that f(t0) �= 0 and g(t) is a smooth function with
g′′(t0) > 0, then

∫ b

a

f(t)e−xg(t)dt ∼ f(t0)

√
2π

xg′′(t0)
e−xg(t0) as x→ ∞.

More generally, for t→ t0, assume that

f(t) ∼ f0(t− t0)
α for α ≥ 0 and f0 �= 0,

g(t) ∼ g0 + g1(t− t0)
2m for m a positive integer and g1 > 0.

In this case,

∫ b

a

f(t)e−xg(t)dt ∼ f0
m
Γ (κ)

(
1

xg1

)κ

e−xg0 as x→ ∞,

where

κ =
1 + α

2m
.

(b) The minimum of g(t) for a ≤ t ≤ b occurs only at t = a and a > −∞.
Assuming that f(a) �= 0 and g′(t) > 0 for a ≤ t ≤ b, then
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∫ b

a

f(t)e−xg(t)dt ∼ f(a)

g′(a)x
e−xg(a) as x→ ∞.

More generally, for t→ a+, assume that

f(t) ∼ f0(t− a)α for α > −1 and f0 �= 0,

g(t) ∼ g0 + g1(t− a)λ for λ > 1 + α and g1 > 0.

In this case,

∫ b

a

f(t)e−xg(t)dt ∼ f0
λ
Γ (κ)

(
1

xg1

)κ

e−xg0 as x→ ∞,

where κ = (1 + α)/λ.
(c) The minimum of g(t) for a ≤ t ≤ b occurs only at t = b and b <∞.

Assuming that f(b) �= 0 and g′(t) < 0 for a ≤ t ≤ b, then

∫ b

a

f(t)e−xg(t)dt ∼ − f(b)

g′(b)x
e−xg(b) as x→ ∞.

C.4 Stationary Phase Approximation

∫ b

a

f(t)eixg(t)dt.

The fast oscillations mean that the value of the integral is determined by what
happens at, or near, points where g(t) has a stationary point. It is assumed
that g(t) has only one stationary point. Specifically, in the interval a ≤ t ≤ b,
g′(t) = 0 only at t = t0, which is a finite point (i.e., −∞ < t0 <∞).

Assuming that f(t0) �= 0, g′′(t0) �= 0, and a < t0 < b, then

∫ b

a

f(t)eixg(t)dt ∼ f(t0)

√
2π

x|g′′(t0)| e
i(xg(t0)±π

4 ) as x→ ∞,

where + is used when g′′(t0) > 0 and − when g′′(t0) < 0. If t0 = a or t0 = b,
then the approximation is

∫ b

a

f(t)eixg(t)dt ∼ f(t0)

√
π

2x|g′′(t0)| e
i(xg(t0)±π

4 ) as x→ ∞,

where + is used when g′′(t0) > 0 and − when g′′(t0) < 0.
More generally, in the case where t0 = a, for t→ a+ assume that
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f(t) ∼ f0(t− a)α for α ≥ 0 and f0 �= 0,

g(t) ∼ g0 + g1(t− a)λ for λ > 1 + α.

In this case,

∫ b

a

f(t)eixg(t)dt ∼ f0
λ
Γ (κ)

(
1

x|g1|
)κ

ei(xg0±
1
2πκ) as x→ ∞,

where κ = (1+α)/λ. In the preceding expression, + is used when g1 > 0 and
− when g1 < 0.



Appendix D

Second-Order Difference Equations

We will be interested mostly in second-order linear difference equations; an
example is

yn+1 + ayn + byn−1 = fn for n = 1, 2, 3, . . . , (D.1)

where b �= 0. The theory and methods developed for such equations are very
similar to what is found for second-order differential equations. For example,
the general solution has the form yn = Yn + Zn, where Yn is the general
solution of the associated homogeneous equation (where fn = 0) and Zn is a
particular solution of the inhomogeneous equation. The specifics of this can
be found in Elaydi (2005).

To determine Yn, one assumes that Yn = rn. Substituting this into (D.1)
and setting fn = 0, the equation reduces to solving r2+ar+b = 0. The roots
of this equation are

r± =
1

2

[
−a±

√
a2 − 4b

]
.

With this, the general solution of the associated homogeneous equation is

Yn =

⎧⎨
⎩
αrn+ + βrn− if a2 �= 4b,

αrn + βnrn if a2 = 4b,
(D.2)

where α and β are arbitrary constants and r = −a/2. In the special case
where a2 < 4b, Yn can be written as

Yn = Aρn cos(nθ + φ) ,

where A and φ are arbitrary constants, ρ =
√
b, and cos θ = −a/(2ρ). It is

assumed that 0 < θ < π.
A particular solution can be found using a variety of methods, including

reduction of order or the z-transform. However, writing yn+1 = fn − ayn −
byn−1 and then using this to determine the first few terms it is evident that
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there is a particular solution of the form

Zn =

n−1∑
i=1

fn−iqi for n = 2, 3, 4, . . . , (D.3)

where q1 = 1, q2 + aq1 = 0, and qi + aqi−1 + bqi−2 = 0. The latter is the
associated homogeneous equation, and so (D.2) applies. From this and the
conditions on q1 and q2, one finds that

qi =

⎧⎪⎪⎨
⎪⎪⎩

ri+ − ri−
r+ − r−

if a2 �= 4b,

iri−1 if a2 = 4b.

Note that, by construction, the qi satisfy the homogeneous equation, with
q−1 = −1/b, q0 = 0, and q1 = 1. Also, in the case where a2 < 4b, qi can be
written as

qi =
ρi−1 sin(iθ)

sin(θ)
,

where ρ =
√
b and cos θ = −a/(2ρ). This is well defined because 0 < θ < π.

The complete solution depends on the particular problem being solved,
and the most commonly studied are initial-value problems and boundary-
value problems.

D.1 Initial-Value Problems

For an initial-value problem, (D.1) is to be satisfied, and y0 and y1 are pre-
scribed. We have that the general solution has the form yn = Yn+Zn, where
Z0 = Z1 = 0. From the requirement that Y0 = y0 and Y1 = y1 it follows that
the solution is

yn = y1qn − by0qn−1 +

n−1∑
i=1

fn−iqi for n = 0, 1, 2, 3, . . . .

The sum is understood to be zero in the case where n = 0 or n = 1.
In the special case where a2 < 4b, note that

n−1∑
i=1

fn−iqi =
1

sin θ

n−1∑
i=1

fn−iρ
i−1 sin(iθ).

In some cases it is possible to sum this series, although this usually requires
knowing the right identities. Two of particular value are



D Second-Order Difference Equations 413

n−1∑
i=0

sin(α + iβ) =
sin(nβ/2)

sin(β/2)
sin

(
α+

1

2
(n− 1)β

)

and
n−1∑
i=0

cos(α+ iβ) =
sin(nβ/2)

sin(β/2)
cos

(
α+

1

2
(n− 1)β

)
,

where β is not an integer multiple of 2π. As an example, if ρ = 1 and fn =
cos(nθ), then

n−1∑
i=1

fn−iqi =
1

2
(n− 1)

sin(nθ)

sin θ
.

Similarly, if ρ = 1 and fn = sin(nθ), then

n−1∑
i=1

fn−iqi =
1

2 sin θ
[−(n− 1) cos(nθ) + csc(θ) sin((n− 1)θ)] .

D.2 Boundary-Value Problems

For a boundary-value problem, (D.1) is to be satisfied for i = 1, 2, . . . , N , and
y0 and yN+1 are prescribed. In this case the solution is

yn = y0Qn +

n−1∑
i=1

fn−iqi +
qn
qN+1

[
yN+1 −

N∑
i=1

fN+1−iqi

]

for n = 0, 1, 2, . . . , N + 1 , (D.4)

where the first sum is understood to be zero in the case where n = 0 or n = 1.
Also,

Qn =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

rN+1
+ rn− − rn+r

N+1
−

rN+1
+ − rN+1

−
if a2 �= 4b,

(
1− n

N + 1

)
rn if a2 = 4b.

In the special case where a2 < 4b, the preceding expressions can be
written as

Qn = ρn
sin(N + 1− n)θ

sin[(N + 1)θ]
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and

qn
qN+1

= ρn−N−1 sin(nθ)

sin[(N + 1)θ]
,

where ρ =
√
b and cos θ = −a/(2ρ). This shows that the solution is well

defined only so long as (N + 1)θ �= jπ for j = 1, 2, · · · , N .



Appendix E

Delay Equations

E.1 Differential Delay Equations

An example of a linear first-order delay equation is

y′(t) = ay(t) + by(t− τ) for t > 0, (E.1)

where τ is a positive constant. It is assumed that y(t) = χ(t), for −τ ≤ t ≤ 0,
is known. This equation can be solved using the Laplace transform. To see
this, note that

∫ ∞

0

y(t− τ)e−stdt = e−τsY (s) + Z(s),

where Y (s) is the Laplace transform of y(t) and

Z(s) = e−τs

∫ 0

−τ

χ(r)e−rsdr.

With this, then from (E.1) we have that

Y (s) =
y(0) + bZ(s)

s− a− be−τs
.

Using the definition of the inverse transform,

y(t) =
1

2πi

∫ ic+∞

ic−∞

y(0) + bZ(s)

s− a− be−τs
estds.

Assuming that Z(s) is well behaved, from Cauchy’s residue theorem we have
that

y(t) =
∑
n

y(0) + bZ(sn)

1 + τbe−τsn
esnt, (E.2)
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where the sum is over all roots of the equation s = a+be−τs. This assumes the
roots are simple. If not, then the terms in the preceding series must be modi-
fied using the formula for a higher-order pole. A more complete presentation
of this method can be found in Pinney (1958).

The critical observation in the foregoing discussion is the form of the gen-
eral solution in (E.2). This shows that to find the solution of a delay equation
like that in (E.1), we simply assume the solution has the form y = eλt and
then use the delay equation to find what equation λ satisfies. For (E.1) this
is λ = a + be−τλ. We then sum over the roots of this equation to obtain a
general solution of the form

y =
∑
n

ane
λnt.

This assumes the roots are simple. If a root has orderm+1, then its contribu-
tion to the preceding series will be of the form (an1+an2t+ · · ·+anmtm)eλnt.

The preceding discussion can be extended to equations of the form

y′′(x) = ay(x− h) + by(x) + cy(x+ h),

where h is a positive constant. This is an example of what is called an advance-
delay equation. Depending on what boundary or initial conditions are im-
posed, one can use the Laplace of Fourier transform to find the solution.
However, the conclusion is the same as before. That is, the general solution
can be obtained by simply assuming the solution has the form y = eλx and
then using the differential-difference equation to determine what equation λ
satisfies. One then sums over the roots of this equation to obtain a general
solution.

E.2 Integrodifferential Delay Equations

The equation of interest here has the general form

y′(t) = F (t, y(t), z(t)) for t > 0, (E.3)

where

z(t) =

∫ t

−∞
K(t− τ)y(τ)dτ.

It is assumed that y(t) = χ(t), for t ≤ 0, is known. Because of the improper
integral, certain assumptions must be made about the kernel K(t) and initial
data χ(t). In particular, K(t) is assumed to be smooth and

∫∞
0

|K(s)|ds is
assumed to be finite. In addition, it is assumed that
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z0(t) =

∫ 0

−∞
K(t− τ)χ(τ)dτ

is well defined.
An example is the Volterra delay equation that comes up in population

modeling (Cushing, 1977):

y′(t) = ry(t)

[
Y −

∫ t

−∞
K(t− τ)y(τ)dτ

]
, (E.4)

where Y is a positive constant and K(t) = te−t. In this case, F (t, y, z) =
ry(Y − z).

These equations arise frequently in applications but are not usually studied
in graduate mathematics programs. The objective here is to show that in some
situations they can be written in more familiar terms, namely, as a system
of differential equations. This does not necessarily make them easier to solve,
but it does open up a number of possibilities on how to study such problems.
For a more expansive discussion, including some of the theory, the book by
Arino et al. (2006) may be consulted.

E.2.1 Basis Function Approach

The assumption is that it is possible to write

K(t) = k1f1(t) + k2f2(t) + · · ·+ knfn(t),

where f1(t), f2(t), . . . , fn(t) are closed under differentiation. This means that
given any fi(t), there are constants ai1, ai2, . . . , ain such that

f ′
i(t) = ai1f1(t) + ai2f2(t) + · · ·+ ainfn(t).

As an example, if K(t) = te−t, then we can take f1(t) = te−t and f2(t) = e−t.
Note that the closed-under-differentiation assumption is the same one as was
made when using the method of undetermined coefficients to find a particular
solution of a linear differential equation.

To write (E.3) as a first-order system, let

yi(t) =

∫ t

0

fi(t− τ)y(τ)dτ.

In this case,

y′i(t) = fi(0)y(t) + ai1y1(t) + ai2y2(t) + · · ·+ ainyn(t).

Therefore, (E.3) can be written as
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y′ = F (t, y, k1y1 + k2y2 + · · ·+ knyn + z0),

y′1 = f1(0)y(t) + a11y1 + a12y2 + · · ·+ a1nyn,

y′2 = f2(0)y(t) + a21y1 + a22y2 + · · ·+ a2nyn,

...
...

y′n = fn(0)y(t) + an1y1 + an2y2 + · · ·+ annyn.

The associated initial conditions are y(0) = χ(0) and yi(0) = 0 for i =
1, 2, . . . , n.

Applying this to (E.3), in the case where K(t) = te−t, yields

y′ = F (t, y, y1 + z0),

y′1 = −y1 + y2,

y′2 = y − y2.

In the particular case of the linear integrodifferential equation where
F (t, y, z) = ay + bz, for a and b constants, the preceding system can be
written as

y′ = Ay + g,

where

A =

⎛
⎝a b 0
0 −1 1
1 0 −1

⎞
⎠ and g =

⎛
⎝bz00

0

⎞
⎠ .

This also shows that the general solution of a linear first-order integrodiffer-
ential equation can contain more than one arbitrary constant, and the exact
number depends on the kernel.

E.2.2 Differential Equation Approach

It is possible to express the basis function approach in another form. The
assumption is that K(t) satisfies a constant-coefficient differential equation.
The easiest way to explain this is to look at a couple of examples.

1. K ′ + aK = 0

In this case,

z′ = K0y − 1

a
z,

where K0 = K(0). With this, (E.3) can be written as
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y′ = F (t, y, z + z0),

z′ = K0y − 1

a
z.

As an example, if K(t) = e−t, then a = 1, and the system is

y′ = F (t, y, z + z0),

z′ = y − z.

2. K ′′ + aK ′ + bK = 0

In this case, letting

z1 =

∫ t

0

K(t− τ)y(τ)dτ,

and z2 = z′1, then (E.3) can be written as

y′ = F (t, y, z1 + z0),

z′1 = z2,

z′2 = (K ′
0 + aK0)y − bz1 − az2 +K0F (t, y, z1 + z0),

where K ′
0 = K ′(0).
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Symbols
<<, 6
≈, 6
∼, 8, 10

A
Ackerberg–O’Malley resonance, 111
acoustic thermometer, 281
adiabatic index, 114
advance-delay equation, 416
Ai(x), 397
air resistance, 42
airplane wing, 46
Airy functions, 238, 345

equation for, 238, 260, 344, 397
expansions of, 398
graph of, 398
uniform approximation, 244

arithmetic mean, 307
asymptotic approximation

definition, 8
uniformly valid, 47

asymptotic expansion
adding or multiplying, 15
definition, 10, 21
differentiating, 15
divergent, 14
integrating, 16
not uniform, 48
uniformly valid, 49

asymptotic sequence, 10
asymptotically stable, 333, 359
autoparametric self-excitation, 368

B
balancing

algebraic equation, 24, 26

boundary layer, 61, 80
boundary-layer, 75
difference equation, 133
multiple scales, 160, 178
stability analysis, 378

basin of attraction, 341
beam

nonlinear, 166, 383
small bending stiffness, 82
under tension, 84
weakly damped, 187

Bessel coefficients, 31
Bessel function, 233
Bi(x), 397
bifurcation

Hopf, 354
pitchfork, 330
saddle node, 330
transcritical, 331

bifurcation point, 326
biological switching mechanism, 350
Bloch expansion, 316
boundary layer

introduced, 50, 60
Boussinesq equation, 206
bright breather, 217
Brusselator, 366
buckling load, 337
Burger’s equation, 128

small viscosity, 122, 387

C
Cole–Hopf transformation, 128
collective motion, 205
Colpitts oscillator, 366
composite expansion

and corner layer, 110
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composite expansion (cont.)
around turning point, 244
for difference equations, 133
for two terms, 68
interior layer, 97
introduced, 63
multiple layers, 78
with partial differential equations, 120

cutoff frequency, 262

D
Darcy’s law, 321
Deybe–Hückel theory, 38
diffusion

nonlinear, 122, 199, 255, 383
weak, 193

dual-mode sorption model, 322
Duffing equation, 45, 158, 164, 326, 377

exact solution, 158
forced, 159, 167

E
eigenvalue

and stability, 359
and WKB, 226
bifurcation value, 378
eikonal problem, 257
of difference equation, 294
of elastic beam, 84
of elastic string, 42
of Fredholm integral equation, 43
of matrix, 30, 32
of nonlinear problem, 377
of Schrödinger equation, 44
shape resonances, 250
Sturm–Liouville problem, 232

eikonal equation, 225, 229, 252, 266, 267
and ray equations, 269
and total energy, 253
discrete problem, 287
numerical solution, 274

elastic string
damped, 251
eigenvalues, 42, 182
energy, 187
natural frequencies, 30
nonlinear, 384
weakly damped, 184
weakly nonlinear, 43, 188
whirling, 42

electroneutrality condition, 38
elliptic integral, complete, 22
energy methods, 252
entropy jump at shock, 21

equal asymptotically, 48
Euler–Bernoulli plate, 278
Euler–Bernoulli beam equation, 233, 255
evanescent region, 262
evanescent wave, 281
exchange of stability, 333
explosions of gaseous mixtures, 105

F
Fermi–Pasta–Ulam (FPU) chain, 212
Fisher’s equation, 200, 383, 385
Fisher–Wright–Haldane model, 221
Fokker–Planck equation, 255
Fredholm Alternative Theorem, 258
Fredholm alternative theorem, 378
Fredholm integral equation, 43

G
geometric mean, 307
Ginzburg–Landau equation, 383
Goos–Hänchen effect, 280
Grodsky model, 83
group velocity, 217, 256

H
Hankel function, 265, 282, 285
Hartley oscillator, 355
Heard Island experiment, 281
Helmholtz equation, 264, 281
Hessian, 394
homogenized

coefficient, 302, 313
differential equation, 302, 306, 312, 321

Hopf bifurcation, 354, 368
horn equation, 193
Huygens clock problem, 370, 374
Huygens construction procedure, 268
Huygens’ clock problem, 168

I
implicit function theorem, 327
intermediate variable, 64, 65

J
Jacobian

and linearized stability, 358, 361
and ray equations, 269, 271, 275

Jacobian elliptic function, 31, 158

K
Kaplun’s Extension Theorem, 65
Kaplun’s hypothesis on the domain of

validity, 65
Keller–Maslov index, 272
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Kepler’s equation, 31
Kirchhoff equation, 188
Klein–Gordon chain, 212
Klein–Gordon equation, 386
Klein-Gordon equation

weakly nonlinear, 194
Kolmogorov–Petrovsky–Piskunov

(KPP) equation, 200
Korteweg–deVries equation, 205
Kummer’s function, 99, 295, 400
Kuramoto–Sivashinsky equation, 384

L
l’Hospital’s rule, 4, 305
Lagrangian, 103, 256
Langmuir-Hinshelwood model, 103
Laplace’s approximation, 91, 408
Liènard equation, 348
Lindstedt’s method, 146
Liouville’s equation, 38
logarithmic perturbation expansion, 44
logistic equation, 157, 181

with delay, 355
Lyapunov–Schmidt method, 329

M
M(a, b, z), 400
macroscale, 300
Malkin’s theorem, 373
Manning’s condensation theory, 38
Maple, 54
mass–spring–dashpot, 44, 173
matching

boundary layer, 62, 75, 78, 119
corner layer, 109
interior layer, 96, 99
intermediate variable, 64, 65, 89, 90,

99, 239, 344
shock layer, 124
turning point, 239
Van Dyke method, 72
with transcendentally small terms, 87,

89, 390
Mathieu’s equation, 180, 339
Maxwell’s fish-eye lens, 277
Mercury’s perihelion, 164
metastability, 386
method of averaged Lagrangians, 256
method of strained coordinates, 146
metronome, 374
Michaelis-Menten reaction, 83
microscale, 300
Morse oscillator, 165

N
nonlinear Klein–Gordon equation, 204
nonlinear viscoelasticity, 385

O
order symbol, 4
oscillator

Brusselator, 366
chemical, 152
Colpitts, 366
Duffing, 158, 159, 326
Hartley, 355
Lennard-Jones, 147
Morse, 147, 165
pendulum, 147
Rayleigh, 182
relativistic damped, 148
stick-slip, 166
Toda, 147
van der Pol, 164, 356
weakly damped, 140
weakly nonlinear, 150

oscillators
chain, 212
weakly coupled, 168, 369

P
parabolic boundary layer, 122
parabolic wave approximation, 281
paraxial approximation, 283
Paul trap, 148, 193
pendulum

elastic, 367
inverted, 339
varying length, 180, 340
weak forcing, 164
weakly coupled, 173
weakly damped, 167
weakly nonlinear, 147

periodic substructure, 309
permanent-wave assumption, 197
permeability tensor, 321
phase front, 267
phase lines, 253, 256
phase transition, 385
plane of incidence, 280
Poincaré-Andronov-Hopf bifurcation

theorem, 363
Poisson–Boltzmann equation, 38
Poisson-Nernst-Planck system, 83
polyelectrolyte solution, 38
porous flow, 316
porous media, 32



436 Index

principle of minimum potential energy,
337

projectile problem, 1, 33, 41, 42, 52, 55
pseudoinverse, 33

Q
quantization condition, 246, 249
quasi-steady-state approximation, 343

R
Raman scattering, 165
Rankine–Hugoniot condition, 125
Rayleigh number, 383
Rayleigh oscillator, 182
Rayleigh–Schrödinger series, 32
Rayleigh-Bénard convection, 383
rays, 268
reduced wave equation, 264, 281
reflection coefficient, 274
relaxation oscillation, 348, 354
Reynold’s transport theorem, 320
Reynolds equation, 82
Riccati equation, 230, 344
Riemann problem, 122
rigid punch problem, 22
Rosenzweig MacArthur model, 364
Routh–Hurwitz criterion, 359
rule of mixtures, 309

S
scale functions, 10
Schlögl model for phase transitions, 385
Schrödinger equation, 44, 246, 247, 249
secular term, 285
Sel’kov model, 365
self-gravitating annuli, 45
shape resonances, 250
shock wave, 113, 122, 123
sine-Gordon equation, 386
sinh–Poisson equation, 38
slender annulus approximation, 45
slender-body approximation, 256
small disturbance theory, 130
Snell’s law, 280
solvability condition, 307, 378
solvability condition, 258
Sommerfeld radiation condition, 265,

282
Stewartson shear layer, 130
stick-slip, 166
Stieltjes function, 20
Stirling numbers of the second kind, 295

Stirling series, 233
string equation

weakly damped, 187, 189
subharmonic resonance, 163, 164
superharmonic resonance, 163
supersymmetric potential, 249
switchbacking, 19, 68
SWKB method, 249
symbolic computing, 54

T
Taylor’s theorem, 3, 393
theory of collective ruin, 235
thermokinetic problem, 35
transcendentally small, 6, 12, 86, 89, 90,

111, 387
transmission coefficient, 274
transport equation, 225, 229, 252, 266,

287
and balance of energy, 254
and solvability, 258

transversality condition, 354
tunneling, 247
turning point, 225, 228, 236, 259, 345

at infinity, 235
coalescing, 245
connection formulas, 261, 291
connection formulas, 240
simple, 245

U
uniform approximation, 63, 244

V
van der Pol equation, 164, 351, 356, 373
Voigt–Reuss bound, 315
Volterra delay equation, 367, 417

W
Wazewska–Czyzewska and Lasota

model, 338, 356
weakly inhomogeneous, 279
Webster horn equation, 255
Webster’s Collegiate Dictionary, 164
well ordered, 10
Westervelt equation, 206
Wigner function, 193

Z
Zeldovich–Frank–Kamenetskii (ZFK)

equation, 385
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